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Thermal  Expansion  of 
Three-Phase  Composite  Materials 

Exact  expressions  are  found  for  overall  thermal  expansion  coefficients  of  a  com¬ 
posite  medium  consisting  of  three  perfectly-bonded  transversely  isotropic  phases  of 
cylindrical  shape  and  arbitrary  transverse  geometry.  The  results  show  that 
macroscopic  thermal  expansion  coefficients  depend  only  on  the  thermoelastic  con¬ 
stants  and  volume  fractions  of  the  phases,  and  on  the  overall  compliance.  The 
derivation  is  based  on  a  decomposition  procedure  which  indicates  that  spatially 
uniform  elastic  strain  fields  can  be  created  in  certain  heterogeneous  media  by  super¬ 
position  of  uniform  phase  thermal  strains  with  local  strains  caused  by  piecewise 
uniform  stress  fields,  which  are  in  equilibrium  with  prescribed  surface  tractions.  The 
procedure  also  allows  evaluation  of  therma  stress  fields  in  the  aggregate  in  terms  of 
known  local  fields  caused  by  axisymmetric  overall  stresses.  Finally,  averages  of  local 
fields  are  found  with  the  help  of  known  mechanical  stress  and  strain  concentration 
factors. 


1  Introduction 

In  his  1967  paper,  Levin  found  that  macroscopic  thermal 
expansion  coefficients  of  an  elastic  heterogeneous  composite 
medium,  consisting  of  two  distinct,  perfectly-bonded  isotropic 
phases  of  arbitrary  shape,  depend  in  a  unique  way  on  the 
overall  elastic  moduli  of  the  aggregate  and  on  the  ther¬ 
moelastic  constants  of  the  phases.  Such  coefficients  are  the 
average  overall  strains  caused  by  a  uniform  thermal  change  of 
unit  magnitude  in  a  traction-free  composite.  Levin’s  results, 
and  their  extension  to  binary  systems  with  anisotropic  consti¬ 
tuents  (Rosen  and  Hashin  1970),  permit  a  direct  evaluation  of 
these  coefficients  in  terms  of  the  known  overall  elastic  moduli 
and  local  thermoelastic  constants.  However,  the  approach 
cannot  be  applied  to  compos:  s  of  three  or  more  constituents 
without  additional  information  about  local  stress  concentra¬ 
tion  factors.  Thermoelastic  constants  of  such  multiphase 
media  can  be  bounded  with  the  help  of  thermoelastic  ex¬ 
tremum  principles  (Schapery  1968,  Rosen  and  Hashin  1970), 
or  evaluated  in  terms  of  estimated  values  of  phase  stress  con¬ 
centration  factors  which  are  indicated  by  certain  averaging 
techniques  (Christensen,  1979),  but  their  direct  evaluation  ap¬ 
pears  possible  only  in  a  few  special  cases.  For  example,  Hashin 
(1984)  recently  found  an  exact  relation  between  the  thermal 
expansion  coefficients  and  the  bulk  moduli  of  certain 
statistically  isotropic  polycrystalline  aggregates. 
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This  work  is  concerned  with  the  macroscopic  response  of 
three-phase  fibrous  composite  materials  which  are  subjected 
to  simultaneous  increments  of  uniform  thermal  change  and 
uniform  overall  stress  or  strain.  In  particular,  we  derive  rela¬ 
tionships  between  overall  thermal  expansion  coefficients  and 
the  overall  elastic  moduli  of  a  composite  medium  which  con¬ 
sist  of  three  perfectly-bonded  cylindrical  phrses  of  arbitrary 
cross-section.  Similar  connections  are  iound  between 
mechanical  and  thermal  microstress  fields.  Each  of  the  phases 
can  be  transversely  isofiopic  or  isotropic;  phase  properties  are 
assumed  to  be  temperature  independent  within  the  applied  in¬ 
crement.  Unidirectional  hybrid  fiber  composites,  or  binary 
systems  reinforced  by  coated  aligned  fibers,  can  be  regarded  as 
particular  examples  of  such  three-phase  media. 

2  Governing  Equations 

The  composite  material  under  consideration  consists  of 
three  perfectly-bonded  homogeneous  phases.  Each  of  the 
phases  is  of  cylindrical  shape  and  is,  at  most,  transversely 
isotropic  about  the  “fiber”  direction  x,  of  a  Cartesian  coor¬ 
dinate  system.  In  the  transverse  jr,jr2-plane,  the  cross-sections 
and  the  distributions  of  the  phases  can  be  arbitrary,  providing 
that  all  such  transverse  sections  are  identical  and  the  com¬ 
posite  can  be  regarded  as  statistically  homogeneous  and  free 
of  voids.  Overall  isotropy  in  the  transverse  plane  is  permissible 
but  not  required;  thus,  the  composite  medium  may  have  only 
one  plane  of  elastic  symmetry.  The  thermoelastic  constants  of 
the  phases  are  known.  Also,  the  overall  elastic  stiffness  tensor 
L  and  the  compliance  tensor  M  of  the  aggregate  are  assumed 
to  be  known;  they  can  be  determined  experimentally  or 
estimated  by  various  averaging  methods.  For  example,  the 
self-consistent  method  (Hershey,  1954;  Budiansky,  1965;  Hill, 
1965),  the  Mori-Tanaka  (1973)  procedure,  and  the  differential 
scheme  (McLaughlin,  1977;  Norris,  1985)  lead  to  such 
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estimates.  Also,  Walpole  (1984)  gives  bounds  on  overall 
mechanical  properties  of  some  of  the  multiphase  materials 
considered  herein. 

A  representative  volume  element  V  of  the  composite  is 
selected  and  subjected  to  certain  uniform  overall  stress  a0  or 
strains  ia  which  are  imposed  by  prescribed  surface  tractions  or 
displacements  applied  at  the  surface  S  of  volume  V.  Also,  a 
certain  uniform  thermal  change  has  been  applied  such  that  60 
is  the  cnrrent  uniform  temperature  in  V.  Suppose  that  at  this 
particular  point  of  the  loading  sequence,  the  aggregate  is  sub¬ 
jected  to  simultaneous,  uniform,  infinitesimal  increments  of 
dO  and  d»,  or  of  dd  and  di.  The  response  of  the  aggregate  to 
these  load  increments  is  described  by  the  constitutive  equa¬ 
tions 

di  =  Mdi  +  md6.  d»=Ldi-ld$,  (1) 

where  L,  M  are  the  known  (6  x  6)  overall  stiffness  and  com¬ 
pliance  matrices,  and  I,  m  are  (6  x  1)  overall  thermal  stress  and 
strain  vectors  which  are  to  be  found  in  terms  of  L  or  M,  and 
the  thermoelastic  constants  and  volume  fractions  of  the 
phases. 

The  thermoelastic  properties  and  response  of  the  transverse¬ 
ly  isotropic  phases  can  be  described  by  phase  variants  of  equa¬ 
tion  (1).  A  particular  form,  which  will  be  useful  in  the  sequel, 
relates  the  axisymmetric  stress  and  strain  invariants  of  the 
transversely  isotropic  medium  (Dvorak,  1986): 


where  k,  /,  n  are  Hill’s  (1964)  elastic  moduli,  £*/i  -  P/k, 
a  =  2ar,  8  =  ctL,  and  a?-,  aL  are  the  linear  coefficients  of  ther¬ 
mal  expansion  in  the  transverse  plane  and  in  the  longitudinal 
direction,  respectively.  For  an  isotropic  phase  with  the  usual 
elastic  constants  K,  C,  and  »,  one  finds  that  k*G/(  1-2*), 
/=£-2G/3,  and  n«X>4G/3.  The  strain  and  stress  in¬ 
variants  are  defined  as: 


dt  |  —  dt  1 1  +  dt  22*  d&2  —  dc  33 , 

der,  =  '/2(dU|i  +don),  da1  =dan.  (4) 

In  the  sequel,  the  three  phases  will  be  denoted  by  letters  /,  g, 
and  m,  or  by  a  single  letter  r=f,  g,  m.  For  example,  the  phase 
volume  fractions  cf  +  c,  +  c„  =  1.  Equations  (2),  (3),  with 
appropriate  values  of  thermoelastic  constants,  will  describe 
the  response  of  each  phase  to  the  respective  axisymmetric  in¬ 
variants  (4). 

3  Decomposition  Procedure 

The  unknown  thermal  stress  and  strain  vectors  I,  m  of  the 
three-phase  composite  medium  will  be  found  with  a  special 
form  of  the  decomposition  procedure  of  Dvorak  (1983,  1986, 
1987).  In  the  first  step  of  the  procedure  which  is  illustrated  in 
Fig.  1 ,  the  three  phases  are  separated  and  surface  tractions  or 
displacements  which  preserve  the  current  local  stresses  and 
strains  «'  are  applied  to  each  phase  r  =  /,  g,  m.  Then,  a 
uniform  thermal  change  dB  is  applied  to  each  pv  ise.  This 
causes  uniform,  but  dissimilar  thermal  strains  or  stresses  (2), 
(3),  in  the  phases,  so  that  the  phases  are  no  longer  compatible 
and  cannot  be  reassembled.  To  make  the  phases  compatible, 
auxiliary  uniform  stress  increments  of  as  yet  unknown 
magnitude  are  applied  to  each  phase  simultaneously  with  dO. 
These  stress  increments  are  limited  to  the  components  which 
appear  in  (4),  and  are  axisymmetric,  i.e.,  dau  =  dan. 
Therefore,  the  corresponding  strains  are  also  limited  to  those 
in  (4),  with  dtn  =*  dtu,  and  follow  from  (2).  The  auxiliary 
uniform  fields  in  the  separated  phases,  which  are  denoted  in 


the  sequel  by  top  hats,  are  thus  given  by: 

d({  *  (nydd{  -  l/dd{)/kjEf  +  a/d0,  (5) 

di*i  *  (ntdd f  -  ltdd\)/ ktEt  +  atd8,  (6) 

d(7=  (nmdd7-  lmdd?  )/kmEm  +  amdB.  (7; 

d^  =  (-  l,d&{  +  kjdd{)/kfEf  +  8fd6  (8) 

<#!*■(- ltdd\  +  k,ddi)/k,E,  +  d,dd  (9) 

dt?-  ( -  lmdd?+  k^/k^  +  8md6.  (10) 


We  recall  that  each  of  the  contributing  fields  in  (5)  to  (10)  is 
axisymmetric  and  spatially  uniform.  Therefore,  internal 
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equilibrium  and  compatibility  of  the  phases  can  be  assured  by 
the  following  conditions  which  relate  the  total  uniform  fields: 


de{  =  di,t=diT  (II) 

da{  =  dd,l=da”=dQT  (12) 

de{  =  del  =  de"  (13) 

Cjdai  +  ctda\  +  cmda"=  dQA .  (14) 


Here,  dQA,  dQT  are  the  overall  stress  components  which 
must  be  applied  to  the  surface  S  c V  while  da\  and  da\  are  ap¬ 
plied  to  the  phases.  They  are  defined  by  the  overall  forms  of 
(4j,  44),  but  unless  the  composite  medium  has  an  axis  of  rota¬ 
tional  symmetry  x,  they  are  not  necessarily  invariant  in  the 
overall  stress  space. 

The  fourteen  equations  (5)  to  (14)  can  be  solved  for  the 
twelve  stresses  and  strains  da\ ,  da '2,  di\ ,  de'2,  and  for  dQA , 
dQT.  The  solution  gives  the  magnitudes  of  the  overall  stress 
components  dQA ,  and  dQr,  which,  if  applied  together  with 
the  uniform  thermal  change  d8,  would  create  a  spatially 
uniform  incremental  strain  field  in  the  heterogeneous 
medium.  In  reality,  such  overall  stresses  are  not  prescribed. 
Therefore,  they  must  be  eventually  removed  by  application  of 
-  dQA ,  and  -  dQr  to  the  surface  5  of  V. 

The  existence  of  the  solution  of  the  system  of  equations 
should  be  verified  in  each  case,  but  if  there  are  no  special  rela¬ 
tionships  between  phase  properties,  the  solution  exists  and  can 
be  found  as  follows:  Equations  (5)  to  (7)  are  substituted  into 
(11),  and  (8)  to  (10)  into  (12).  These,  together  with  (13)  and 


( 14)  are  then  solved  in  terms  of  dd.  The  result  is: 

dQA  -sAd8  (15) 

dQT=sTdS  (16) 

where, 

s>l  =  ((ajb1-a1b2)sr  +  a,6I-o1b,V(bl  -a,)  (17) 

sT~lBimCtf~BflCmf)/(At]Bfm  —  (18) 


with  scalar  quantities 


17  n» 

no 

1 p 

( 

'<  )] 

kr 

Kkptp 

kqEq)i 

B* 

=  ( lp  /kp 

-  Iq  /kq  )  /Ep 

Cw=/P  </3,-0,)/*p  +  (<*,-«„)  (21) 


where  the  subscripts  p ,  q,  assume  the  phase  designations  /,  g, 
m  for  the  phase  moduli  k„  /,,  nr,  and  p  *  q. 

The  remaining  terms  in  (17)  are: 


If  k.E.  I,  kmEm 

C/  +  C*  Mv’  i.  +Cm  */£,*  L 

k.E. 


(  nt 

_JVJ | 

'  k.E, 

kfEf) 

(22) 


.  -  kmEm  i  nm  rtf  ^ 

+c-— (23) 

o,  »  c,k,E,(a,  -  a,)/ 1,  +  cmk„Em  (am  -  af)/lm  (24) 

b*  mC/+ctEt/Ef  +  cmEm/Ef  (25) 

bl~c,E'  (26) 

bi’*ctE,tf/-8,)  +cmEm  (27) 


de{ i  =  de{1  =  -y  del  =  M,d8 

de 33  =  de{  =  h,d6 

di\\  =  di{ 2  =  -4-  =  b,  d8 

1  (28) 
di}3  =  de‘2  -  d8 

de"  =de^  =  ~  de^=  h, d8 

de”y  =  di"=  h2d0 


AtIBfm  ~A"/Bft 

The  local  auxiliary  stress  fields  are: 


0st')  /(k/l 


rEf)  4-  df. 


(29) 

(30) 


dd{  |  =  do{,  =  da{  =  Sjdd 
da{}  =  dal  ~  ysrd8 

ddf,  =dal2  =  da\  ~Sjd8 

(31) 

t/djj  -  dal  =PSrd8 
dd?t  =ddZ  =  do?=Srd8 
dd%=dd?=tsjd8 

where 

y=(Ag/Cm/-Am/Ct/)/(B/mCt/-B/llCnf)  (32) 

P—Dtf/Btf-e-  Cft /(SfBtf)  (33) 

*  =  Dmf/Bmf  t-  CfJ  ( sTBmf )  (34) 

and,  with  reference  to  the  notation  used  in  (19)  to  (21): 


17  ", 

n,  > 

k,E,J 

k, 

{kp£P 

k'B,)* 

The  final  results  that  appear  in  the  sequel  assume  a  more 
concise  form  with  the  definitions: 

h  =  [b,,  A|,  bj.  0.  0,  0)r 
s=[sr,  Syf  sA ,  0,  0,0] r 

T-[l.  l.y.0,0,01r  (36) 

p=ll.  Up,  o,  0,  0]r 

*-d.  u*.  o.  o.  or 

where  [  ]r  denotes  a  transpose  and  the  coefficients  appear  in 
(H),  (18),  and  (32)  to  (34). 

in  the  final  step  of  the  decomposition  procedure,  the  phases 
are  reassembled  and  the  auxiliary  surface  tractions  are  remov¬ 
ed  by  application  of  overall  stresses  -  dQA ,  -dQT.  This  leads 
to  the  results  described  in  the  next  section. 

4  Overall  Properties  and  Local  Fields 

The  aforementioned  results  make  it  possible  to  write  direct¬ 
ly  the  expression  for  the  overall  strain  increment  caused  in  the 
composite  by  superposition  of  simultaneous  increments  of  d6 
and  dl,  and  also  the  expression  for  the  overall  stress  increment 
in  a  composite  subjected  to  simultaneous  changes  d8  and  dt: 

dl  =  bd8+md»-»d6)  (37) 

d»  =  sd6+L(di-h  d8).  (38) 


The  solution  of  the  system  (5)  to  (14)  can  be  written  in  the 
following  form  which  reflects  a  change  from  the  invariants  (4) 
to  the  (6  x  1 )  vectors.  The  local  auxiliary  strain  fields  are: 


A  comparison  with  (1)  yields  the  unknown  overall  thermal 
strain  and  stress  vectors,  which  contain  the  desired  overall 
thermal  expansion  coefficients: 
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(51) 


m  =  h  -  M  s  (39) 

1=  -s+L  h.  (40) 

To  facilitate  applications  we  note  that  the  overall  thermal 


strain  vector 

m  =  (a,,  a2,  o3,  a4,  ar5,  as]7" 

(41) 

and 

1  =  L  m. 

(42) 

If  the  medium  has  only  one  plane  of  elastic  symmetry 
perpendicular  to  then  the  overall  compliance  M  in  (39) 
depends  on  13  independent  elastic  coefficients.  Examples  in 
Section  5  show  that,  in  this  case,  a4  =  as  =  0.  On  the  other 
hand,  if  the  medium  is  transversely  isotropic,  then  m  can  be 
written  in  the  form 

m  =  [a r,  aT,  a„ ,  0,  0,  0] T  (43) 

where  aT,  aA  are  the  overall  linear  coefficients  of  thermal  ex¬ 
pansion  in  the  transverse  plane  and  in  the  longitudinal  direc¬ 
tions,  respectively.  Then,  using  (39),  one  can  find  these  coeffi¬ 
cients  in  the  explicit  form: 


(44) 

aA=h2  nk_p  ( ksA  lsr). 

(45) 

*>/  =  sm  —  B/S 
b,  =  *tP~  B,s 
bn  =  sr*-Bms 

=  (A,-I)h,  r=  (f,g,m). 

5  Examples 

To  illustrate  the  results  (39)  to  (42)  we  consider  first  a  three- 
phase  composite  with  transversely  isotropic  phases.  Overall 
material  symmetry  elements  are  limited  to  a  single  plane  of 
elastic  symmetry  with  the  normal  xy.  The  overall  compliance 


matrix  M  has  the  following  form: 

'Mu 

m,2 

Mn 

0 

0 

M,<  ' 

M,  2 

Mn 

m23 

0 

0 

Mu 

M  = 

Mn 

M33 

0 

0 

My, 

0 

0 

0 

M» 

mas 

0 

0 

0 

0 

M„ 

M„ 

0 

M,  6 

Mu 

0 

0 

A*66  . 

The  stiffness  matrix  L  is  formally  similar  to  M.  Now,  h  is 
taken  from  (36)  and  substituted,  together  with  M,  into  (39). 
That  leads  to  an  explicit  form  of  (41): 


If  the  volume  fraction  of  one  of  the  phases  is  reduced  to 
zero,  then  one  recovers  from  these  formulae  the  results  for 
binary  composites  given  by  Dvorak  (1986). 

Note  also  that  the  decomposition  procedure  suggests  the 
following  connection  between  thermal  microstress  fields  in  the 
composite  and  mechanical  microstress  fields  under  axisym- 
metric  uniform  overall  stresses.  In  particular,  suppose  that  lat¬ 
ter  are  written  in  the  form 


hi  — Ml2sr  —  M„sa 

A|  —  M,2Sf— M^Sj  —  M23sA 
h2  —  M,isT—M2JsT  —  M)]sA 
0 
0 

~  MusT— M^Sj  —  M 


One  also  finds  from  (40)  that 


(53) 


<***,)  =  BOO  d*  (46) 

where  B(x,)  describes  the  spatial  distribution  of  the  local 
stresses  under  any  overall  stress  do.  As  a  minimum,  BOO  must 
describe  the  response  to  axisymmetric  uniform  stresses  dOn  = 
ddu  =  do,,  and  dOn  =  do2.  According  to  the  decomposition 
sequence,  the  local  thermal  stresses  after  the  reassembly  of  the 
aggregate  are  given  by  (31).  In  the  final  step,  one  must  remove 
the  axisymmetric  surface  stresses  dQA ,  dQr,  represented  by  s 
in  (36).  Of  course,  that  can  be  done  using  (46)  to  yield: 

In  phase  /:  d«0O  ~st  7  +  BOoKd*  -  s dB) 

In  phase  g:  do 00  =  sT  p  +  BOO (d*  -  s dB)  (47) 

In  phase  m:  da(x,)  =  sT  <1*  +  B0O(d* -  %d8) 

where  dB  and  do  are  the  prescribed  uniform  thermal  change 
and  overall  stress  vector,  respectively. 

Similarly,  if  instead  of  (46),  there  is  a  known  connection 
between  local  and  overall  strains  in  the  form: 

dt(x,)  =  A(x,)di  (48) 

then  one  finds  from  (28)  and  (36)  the  local  strain  field  in  the 
aggregate  loaded  by  a  uniform  thermal  change  dd  and  an  ar¬ 
bitrary  overall  strain  di : 

*00  =  hdB  +  AOO (di  -  b  dB).  (49) 

These  results  can  be  readily  reduced  to  those  for  average 
stresses  and  strains  in  the  phases,  if  the  mechanical  stress  and 
strain  concentration  factors  B,  and  A,  of  the  phases  are 
known,  then  the  local  averages  can  be  written  in  the  form 

do,  =  B  ,d0 + b  ,d6 

dt ,  =  A,dl-»,dB  (r=/,g,m)  (50) 

where  the  phase  thermal  stress  concentration  factors  are: 


1  = 


—sT  +  L„h,  +Ltih ,  +  L,3h2 
—St  +  L,2h,  +  L^h,  +  L23h2 

~SA  +£|J^l  +  ^23^t  +i-33^2 
0 
0 

L,6h,  +L2ih,  +/.J6/i2 


(54) 


if  the  arrangement  of  the  three  transversely  isotropic  phases 
is  such  that  the  composite  medium  is  transversely  isotropic, 
then  the  coefficients  Af,6  =  A/*  =  M*  =  Mt,  =  0  in  (50) 
and  also,  Ltt  -  LM  =  £*  =  Lti  =  0.  The  specific  forms  of 
(41)  and  (42)  then  follow  in  an  obvious  manner  from  (53)  and 
(54). 

6  Conclusion 

The  results  represent  exact  connections  between  overall 
elastic  thermal  stress  and  strain  vectors,  overall  stiffness  L  or 
compliance  M,  and  phase  thermoelastic  properties  of  a  three- 
phase  composite  medium  consisting  of  perfectly-bonded  cylin¬ 
drical  phases  of  arbitrary  transverse  geometry.  They  remain 
formally  unchanged,  except  for  L  and  M,  if  the  overall  elastic 
symmetry  properties  of  the  composite  are  modified  within  the 
indicated  constraints.  Application  of  the  decomposition  pro¬ 
cedure  is  limited  to  such  combinations  of  phase  properties  for 
which  the  governing  equations  can  be  solved.  The  exceptional 
cases  can  be  established  by  examination  of  (17)  and  (18).  For 
example,  one  such  exception  would  arise  if  all  three  phases 
were  isotropic  and  if  any  two  of  them  had  the  same  Poisson’s 
ratio.  Another  such  exception  occurs  when  the  three  phases 
have  identical  mechanical  properties  but  different  thermal  ex¬ 
pansion  coefficients.  Furthermore,  in  an  n-phase  fibrous 
medium  the  decomposition  leads  to  5n  -  I  equations  for  An  + 
2  unknowns.  Hence,  the  system  can  be  solved  for  n  *  3,  and  it 
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allows  a  choice  of  an  additional  constraint  if  n  =  2.  This  last 
property  was  utilized  by  Dvorak  (1986)  ih  an  application  of 
this  procedure  to  binary  fibrous  systems  with  an  elastic-plastic 
matrix. 

A  particularly  useful  result  is  given  by  (47)  and  (49)  which 
show  that  not  only  the  overall  response  (37)  and  (38),  but  also 
the  local  thermal  fields  can  be  evaluated  from  known 
mechanical  fields  by  a  modification  of  the  overall  stress  or 
strain  increment,  and  by  an  addition  of  a  piecewise  uniform 
stress  field  or  a  uniform  strain  field. 
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ABSTRACT 

Exact  expressions  are  found  for  overall  thermal  expansion  coefficients  of 
a  composite  medium  consisting  of  three  perfectly  bonded,  transversely 
isotropic  phases  of  cylindrical  shape  and  arbitrary  transverse  geometry. 


INTRODUCTION 

In  his  1967  paper.  Levin  (1)  found  that  macroscopic  thermal  expansion  co¬ 
efficients  of  an  elastic  heterogeneous  composite  medium,  consisting  of  two 
distinct  perfectly  bonded  isotropic  phases  of  arbitrary  shape,  depend  in  a 
unique  way  on  the  overall  elastic  moduli  of  the  aggregate  and  on  thermoelastic 
constants  of  the  phases.  Such  coefficients  are  the  average  overall  strains 
caused  by  a  uniform  thermal  change  of  unit  magnitude  In  a  traction  free  com¬ 
posite.  Levin's  results,  and  their  extension  to  binary  systems  with  aniso¬ 
tropic  constituents  [2],  permit  a  direct  evaluation  of  these  coefficients  In 
terms  of  the  known  overall  elastic  moduli  and  local  thermoelas tic  constants. 
However,  the  approach  cannot  be  applied  to  cosposltes  of  three  or  more  con¬ 
stituents.  Thermoelas tic  constants  of  such  multiphase  media  can  be  bounded 
with  the  help  of  thermoelastlc  extremum  principles  f 2, 3 1 »  or  estimated  with 
certain  averaging  techniques  f4),  but  the  r  direct  evaluation  appears  possible 
only  In  few  special  cases.  For  example,  hsshln  [51  had  recently  found  an 
exact  relation  between  the  thermal  expansion  coefficient  and  the  bulk  modulus 
of  certain  statistically  Isotropic  polycrystalllne  aggregates. 

The  present  work  develooe  an  exact  relationship  between  overall  thermal 
expansion  coefficients  and  the  overall  elastic  moduli  of  a  composite  medium 
which  consists  of  three  perfectly  bonded  cylindrical  phases  of  arbitrary  cross 
section.  IMldlrectlonal  hybrid  fiber  composites,  or  binary  systems  reinforced 
by  aligned  coated  fibers  can  be  regarded  as  particular  exasple*  of  such  three- 
phase  media. 
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The  unknown  thermal  strata  and  strain  vectors  1,  a  of  the  three-ohaae 
cosposlte  medium  will  ba  found  with  a  soeclal  forn  of  the  decomooa ltlon  pro¬ 
cedure  of  IVorak  {?].  In  the  first  step  of  the  procedure,  the  three  phaaes 
are  separated  and  surface  tractions  or  dlsplaeeaents  which  preserve  the 
current  local  scresses  o°  end  strains  c°  are  applied  to  each  phase  r  •  f.g.m. 
Also,  a  uniform  thermal  change  d6  Is  applied  to  each  phase.  This  causes  uni¬ 
form  but  dissimilar  thermal  strains  or  stresses  (2)  In  the  phases,  so  that  the 
phases  are  no  longer  compatible  and  cannot  be  reassembled.  To  make  the  phases 
compatible,  auxiliary  uniform  stress  Increments  of  as  yet  unknown  magnitude 
are  applied  to  each  phase  simultaneously  with  d6.  (The  auxiliary  uniform 
fields  are  denoted  by  top  hats.)  This  causes  the  following  strain  Increments 
In  Che  separated  phases: 

d£[  ■  (nj do j-1  f do^ ) /kf Ef •♦‘OfdS,  dtj  ■  (“lfdoj+kfdo^) /kjEf^Bfd 9 

*8  *8  *8  *8  *8  *8 
dej  ■  (ngdoi-lgd02)/kgEg*<jgde,  dt2  -  (-lgdoi+kgd02)/kgEg+Bgde  (4) 

de?  -  (nadoT-lmdo?)/k11lEa-ra111d8,  dij  -  (-l^^M^/k^E^dB 


Each  of  the  contributing  fields  in  (4)  Is  spatially  uniform.  Therefore. 
Internal  equilibrium  and  compatibility  of  Che  phases  can  be  assured  by  the 
following  conditions: 


*<  »* 
dej  ■  dtj  "  dt™ 

"f  “8  *m 
doj  -  doj  “  dOi  "  dQf 


*f  *8  *— 

d c ^  *  dt2  ■  dej 

Cfd02  *  cgd02  *  cm<lo2  “  dOg 


(5) 


Here,  dQy,  dQA  are  the  overall  stress  conponents  which  must  be  applied  to 
che  surface  S  of  V  while  dor  and  doj  are  applied  to  the  phases.  Thev  are  de¬ 
fined  by  Che  overall  forms  of  (3),  but  unless  the  composite  medium  has  an  axis 
of  rotational  symmetry  X|,  they  are  not  necessarily  Invariant  In  the  overall 
stress  space.  The  fourteen  equations  (4)  and  (5)  can  be  solved  for  che  twelve 
stresses  and  strains  doj,  doj,  dej,  dej,  and  for  dQy,  dQA.  The  solution  gives 
the  megnltudes  of  the  overall  stress  conponents  dQy,  and  dQA  which.  If  applied 
together  with  che  uniform  thermal  change  dB,  would  create  spatially  uniform 
Incremental  stress  and  strains  fields  In  the  heterogeneous  medium.  In 
reality,  such  overall  s cresses  are  not  prescribed.  Therefore,  they  must  be 
removed  by  sppllcation  of  -dQy,  and  -dQA  to  the  surface  S  of  V.  After  some 
algebra  one  finds: 


dQy  •  SjdB, 

doj  -  gjdB, 

dey  ■  hjds 

d<lA  *  *Ade* 

do|  »  g^*. 

dc|  *  hjd® 

where  r  •  f,g,m,  and  the  constants  sy,  sA,  hj,  h2,  gj,  82  depend  only  on  the 
themoelastlc  constants  and  volume  fractions  of  the  phases.  Space  limitation 
prevents  eosplete  listing  of  the  constants. 
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GOVERNING  EQUATIONS 

The  composite  material  under  cone ideration  consists  of  three  perfectly 
bonded  homogeneous  chases.  Each  of  the  phases  Is  of  evlindrical  shane  and  is 
at  most  transversely  isotropic  about  the  "fiber"  direction  *3  of  a  Cartesian 
coordinate  system.  In  the  transverse  X]X2-olane,  the  cross  section  and  the 
d is trlbutiona  of  the  phases  can  be  arbitrary,  providing  that  all  such  trans¬ 
verse  sections  are  identical  and  the  composite  can  be  regarded  as  statisti¬ 
cally  homogeneous  and  free  of  voids.  Overall  isotropv  in  the  transverse  nlane 
is  permissible  but  not  required;  thus  the  composite  medium  may  have  only  one 
plane  of  elastic  symmetry.  The  thermoelastic  constants  of  the  phases  are 
known.  Also,  Che  overall  elastic  stiffness  tensor  L  and  the  compliance  tensor 
M  of  the  aggregate  are  assumed  to  be  known;  they  can  be  found  bv  several 
available  averaging  methods  (6). 

A  representative  volume  element  V  of  the  composite  is  selected  and  sub¬ 
jected  to  certain  uniform  overall  stresses  o°  or  strains  c°  which  are  imoosed 
by  prescribed  surface  tractions  or  displacements  applied  at  the  surface  S  of 
volume  V.  Also,  a  certain  uniform  thermal  change  has  been  applied  such  that 
60  is  the  current  uniform  temperature  in  V.  Suppose  that  at  this  particular 
point  of  the  loading  sequence,  the  aggregate  is  subjected  to  simultaneous, 
uniform.  Infinitesimal  Increments  of  d8  and  do,  or  of  d8  and  <fC.  The  response 
of  the  aggregate  to  these  load  increments  is  described  by  the  constitutive 
equations 

dc  *  N  do  ♦  m  d8  ,  do  ■  L  dc  -  1  d8  ,  (1) 

where  M  are  the  known  (6x6)  overall  stiffness  and  compliance  matrices,  and 

1,  m  are  (6x1)  overall  thermal  stress  and  strain  vectors  which  are  to  be  found 
in  terra  of  L  or  M,  and  the  thermoelastic  constants  and  volume  fractions  of 
the  phases. 

The  thermoelastic  properties  and  response  of  the  transversely  isotropic 
phases  can  be  described  by  phase  variants  of  (1).  A  particular  form,  which 
will  be  useful  In  the  sequel,  relates  the  axlsymoetrlc  stress  and  strain 
invariants  of  the  transversely  Isotropic  medium  f7): 


where  k,  1,  n  are  Rill's  elastic  moduli,  E  •  n  -  l^/k,  a  ■  2ay,  8  •  and 
ay.aL  are  the  linear  coefficients  of  thermal  expansion  In  the  transverse  plane 
and  In  the  longitudinal  direction,  respectively.  The  strain  and  stress  Invar¬ 
iants  are  defined  as: 

dej  ■  dC||4dC22*  d*2"de33»  doj  •  y  (doj ^^022).  d°2  “  **033 

In  the  sequel,  the  three  phases  will  be  denoted  by  letters  f,  g,  and  a, 
or  by  a  a  ingle  letter  r  ■  f  ,g,m.  For  exavl*.  the  phase  volume  fractions 
cf  ♦  Cg  ♦  Cg  ■  1.  Equations  (2),  with  appropriate  values  of  thermoplastic 
constants,  will  describe  the  response  of  each  phase  to  the  respective  axlaym- 
metrlc  invariants  (3). 


OVERALL  PROPERTIES  AND  LOCAL  FIELDS 


!3 


The  ebove  results  jnake  It  possible  to  write  the  expression  for  the  over¬ 
all  strain  Increment  d e  caused  in  the  composite  by  superposition  of  simultan¬ 
eous  Increments  of  d9  and  do,  and  also  the  expression  for  the  overall  stress 
increment  do  In  e  composite  subjected  to  slmulteneous  changes  d9  and  d?: 


de  ■  h  d9  ♦  M( do  -  s  d9) 

*  'a 

where 

T 

h  -  [h  ,  h  ,  h  ,  0,  0,  0] 

1  1  2 


do  ■  s  d9  +  Udt  -  h  d9) 

a  ' 


s  •  Is  ,  s  ,  s  ,  0,  0,  0| 
a  T  T  A 


(7) 


A  comparison  with  (1)  yields  the  unknown  overall  thermal  strain  and 
stress  vectors,  which  contain  the  desired  overall  thermal  expansion  coeffi¬ 
cients.  One  can  also  easily  recover  expressions  for  averaxes  of  local  fields 
in  the  phases  caused  by  the  above  changes  In  d9  and  do,  or  In  d9  and  de. 


CONCLUSION 

The  results  represent  exact  connections  between  overall  elastic  thermal 
stress  and  strain  vectors,  overall  stiffness  L  or  compliance  M,  and  phase 
thermoelastic  properties  of  a  three-phase  composite  medium  consisting  of  per¬ 
fectly  bonded  cylindrical  phases  of  arbitrary  transverse  geometry,  lhey  re¬ 
main  unchanged,  except  for  L  and  M,  If  the  composite  becomes  transversely 
Isotropic,  as  In  the  case  of  hybrid  unidirectional  piles  or  of  unidirectional 
binary  aysteaa  with  coated  fibers. 
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A  micromechanics  model  is  presented  for  the  prediction  of  stress  fields  in  coated  fiber  composites.  The  method  is  based  on 
the  “average  stress  in  the  matrix"  concept  of  Mori  and  Tanaka  and  is  formulated  for  the  case  of  thermoelastic  loading.  A 
general  description  of  the  model  is  first  given  for  three-phase  materials  and  then  specialized  to  the  case  of  coated  fiber 
composites.  Results  are  presented  for  typical  coated  fiber  composite  systems  under  a  variety  of  mechanical  loading  situations 
and  uniform  temperature  change. 


I.  Introduction 

Micromechanics  analysis  of  composite  materi¬ 
als  often  relies  on  Eshelby’s  (1957)  finding  that 
the  strain  field  in  an  ellipsoidal  inclusion  bonded 
to  a  uniformly  strained  infinite  medium  is  also 
uniform.  This  result  is  commonly  used  to  evaluate 
overall  properties  and  average  local  fields  in  com¬ 
posite  aggregates  in  terms  of  the  phase  strain  and 
stress  concentration  factor  tensors,  which  have 
been  determined  for  many  practically  useful  inclu¬ 
sion  shapes.  Unfortunately,  the  above  result  no 
longer  holds  when  the  inclusion  is  surrounded  by 
a  layer  of  coating  which  is  then  bonded  to  the 
surrounding  medium.  Local  fields  in  coated  inclu¬ 
sions  are  generally  not  uniform,  hence  the  phase 
concentration  factors  cannot  be  easily  evaluated. 
Therefore,  analysis  of  composites  reinforced  by 
coated  fibers  or  particles  is  one  of  the  more  dif¬ 
ficult  problems  in  micromechanics. 

Available  solutions  of  problems  of  this  kind 
can  be  found  in  the  papers  by  Walpole  (1978)  and 
Hatta  and  Taya  (1986).  Walpole  considers  a  com¬ 
posite  with  dilute  reinforcement  under  mechanical 
loading.  He  develops  his  solution  from  the  as¬ 
sumption  that  a  very  thin  coating  has  no  effect  on 
strain  distribution  in  the  particles.  The  analysis 
thus  becomes  similar  to  that  of  an  uncoated  par- 

*  On  sabbatical  leave  from  Tel-Aviv  University. 


tide,  and  the  fields  in  the  coating  are  found  using 
Hill’s  (1972)  interface  conditions.  As  Walpole  re¬ 
marks.  the  procedure  does  not  give  reliable  results 
even  for  thin  coatings  when  the  coating  is  either 
extremely  weak  or  extremely  strong.  Hatta  and 
Taya  consider  the  heat  conduction  problem  in 
composites  reinforced  by  short  coated  fibers,  in 
the  context  of  the  original  Mori-Tanaka  method. 

The  present  paper  is  concerned  with  evaluation 
of  local  fields  and  overall  thermomechanical 
properties  of  composites  reinforced  by  coated 
fibers  or  particles.  The  results  are  derived  from  a 
variant  of  Benveniste’s  (1987)  reexamination  of 
Mon -Tan aka’s  method.  In  particular,  the  local 
fields  in  a  coated  inclusion  are  approximated  by 
those  found  when  the  coated  inclusion  is  em¬ 
bedded  in  an  unbounded  matrix  medium  sub¬ 
jected  to  the  average  matrix  stresses  (or  strains)  at 
infinity.  The  advantage  of  this  approach  is  that 
the  local  fields  in  the  coating  and  inclusion,  and  in 
the  adjacent  matrix  can  be  evaluated  by  using  the 
solution  of  a  single  coated  particle  in  an  infinite 
matrix  and  particle  interaction  is  taken  into 
account  through  the  yet  unknown  average  matrix 
stresses.  The  first  two  sections  describe,  respec¬ 
tively,  the  procedure  for  evaluation  of  local  fields, 
and  overall  or  effective  thermomechanical  proper¬ 
ties,  of  matrix-based  composites  consisting  of  three 
anisotropic  phases  of  arbitrary  geometry.  We  show 
that  the  results  are  consistent  in  that  the  overall 
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compliance  tensor  is  the  inverse  of  the  stiffness 
tensor,  and  that  the  required  connections  between 
the  predicted  overall  thermal  strain  tensors  and 
stiffness  tensors  are  satisfied.  Then,  specific  results 
are  found  for  systems  reinforced  by  aligned  coated 
fibers,  where  the  phases  are  isotropic.  The  case  of 
coated  anisotropic  fibers  will  be  considered 
elsewhere. 


2.  Stress  and  strain  fields  in  three-phase  com¬ 
posites 

Consider  a  three-phase  composite  material  con¬ 
sisting  of  a  continuous  matrix  phase  m,  in  which 
there  are  embedded  inhomogeneities  of  a  particle 
or  fiber  phase  f.  and  a  third  phase  g  which,  in 
Section  4.  will  represent  a  layer  of  coating  that 
encapsulates  each  particle  or  fiber  of  the  f  phase. 
However,  the  results  of  this  and  the  next  section 
are  valid  for  any  microstructural  geometry  of  a 
matrix-based  three-phase  medium,  so  the  phases  f 
and  g  can  be  thought  of  as  two  different  rein¬ 
forcement  materials.  The  thermoelastic  constitu¬ 
tive  equations  of  the  phases  are  given  in  the  form 

or“L4,  +  l,6  (1) 

«,  =  M/sr  +  mfi  (2) 

where  r»  f,  g,  m;  £,,  and  Mr  *(£,)"'  are  the 
stiffness  and  compliance  tensors;  /,  is  the  thermal 
stress  tensor  and  m,  is  the  thermal  strain  tensor  of 
the  expansion  coefficients,  such  that 

l,  =  -  Lrmr  (3) 

Define  tne  following  thermomechanical  loading 
problems: 

«(S)-€0*.  *(S)-0O  (4) 

e„(S)  mo0n,  «(S)»0O.  (5) 

where  aJS)  and  u(S)  are  the  traction  and  dis¬ 
placement  vectors  at  the  external  boundary  S  of  a 
representative  volume  V  of  the  composite  under 
consideration,  «  is  the  outer  normal  unit  vector  to 
5;  o0  and  <0  are  the  applied  constant  stress  and 
strain  fields;  x  denotes  the  coordinate  system; 
$(S)  is  the  temperature  nse  at  S,  and  60  is  a 
constant  quantity. 


The  composite  medium  is  statistically  homoge¬ 
neous,  with  arbitrary  phase  geometry.  The  inclu¬ 
sion  phases  can  in  principle  have  a  certain  distri¬ 
bution  in  the  orientation  of  the  symmetry  axis  but 
are  chosen  herein,  for  simplicity,  to  possess  a  fixed 
orientation. 

Our  first  objective  is  to  find  certain  general 
relations  between  the  local  and  overall  stress  and 
strain  fields  in  the  aggregate.  These  relations  will 
be  established  using  the  concepts  which  were  in¬ 
troduced  by  Mori  and  Tanaka  (1973),  and  reex¬ 
amined  by  Benveniste  (1987). 

Consider  the  composite  subjected  to  boundary 
conditions  (4)  and  denote  the  solution  for  the 
strain  field  in  the  phases  symbolically  as 

t,(x)  =  ,4r(x)co  +  a,(x)0o,  r»f.g,  m,  (6) 

where  A,(x)  and  a,(x)  are  fourth  and  second 
order  tensors,  respectively,  whose  volume  averages 
A,  and  a,  (no  argument  x)  are  usually  referred  to 
as  mechanical  and  thermal  strain  concentration 
factors.  Determination  of  the  tensors  Ar(x)  and 
a,(x)  is  achieved  in  this  paper  in  an  approximate 
way  by  using  the  ideas  in  the  original  work  of 
Mori  and  Tanaka  (1973).  Specifically,  the  strain 
field  in  each  part  of  the  reinforcement  phases  f  or 
g.  i.e.,  in  each  particle  or  fiber,  are  assumed  to  be 
equal  to  the  fields  in  a  single  inclusion  of  phase  f 
or  g  which  is  embedded  in  an  unbounded  matnx 
medium  m  and  subjected  to  remotely  applied 
strains  tm  which  are  equal  to  the  yet  unknown 
average  strain  in  the  matrix,  and  also  to  a  uniform 
temperature  change  80. 

Suppose  therefore  that  the  single  inclusion  is 
surrounded  by  a  large  matrix  volume  V'  with 
surface  S',  Fig.  la.  The  boundary  conditions  are 

u(S')  *<mi,  0(S')«*O.  (7) 

where  cm  is  the  unknown  average  matrix  strain.  In 
analogy  with  (6)  we  write  the  solution  in  the 
symbolic  form 

c,(x)-  rr(x)cm  +  Mx)0o,  r-f.  g.  (8) 

where  T,(x)  and  tr(x)  relate  to  single  particles  in 
an  infinite  matnx  and  have  phase  volume  averages 
T„  t,  which  are  the  strain  concentration  factors. 
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Fig.  1.  A  schematic  representation  of  Mon-Tanaka's  method 
for  thermoelastic  problems. 


To  determine  tm,  we  recall  that  the  overall 
uniform  strain  <  and  the  local  average  strains  t,, 
which  were  found  in  the  solution  of  the  original 
problem  (4)  are  connected  by  the  relations 

e»£c^r-c0.  r-f,  g,  m.  (9) 


and  5,,  is  the  Kronecker  symbol.  Finally,  substitu¬ 
tion  of  (10)  in  (8)  yields  the  desired  approximation 

for  e,(x). 

An  entirely  similar  procedure  can  be  applied 
under  stress  boundary  conditions  (5).  For  the 
composite  aggregate  we  write  in  place  of  (6) 

o,(x)**B,(x)eo  +  *,(x)0o.  r-f.  g,  m,  (13) 

where  Br(x )  and  b,(x)  have  volume  phase  aver¬ 
ages  Br  and  br  which  are  referred  to  as  the  mecha¬ 
nical  and  thermal  stress  concentration  factors.  In 
the  limiting  case  of  a  single  inclusion  in  volume  V' 
surrounded  by  S',  Fig.  lb,  the  solution  assumes 


the  form 

ff,(x)  -  H',(x)om  +  hv(x)0o,  r-f,  g,  (14) 

The  tensors  HKt(x)  and  **>r(x)  are  related  to  their 
counterparts  in  (8)  by  (Benveniste.  1987) 

Wr(x)-LrT,(x)Mm,  r-f.  g.  m,  (15) 

*v(x)  *  LrTr(x)mm  +  Lrtr(x)  +  (16) 

Of  course,  according  to  the  arguments  leading  to 
(11)  there  is 

”  /•  •* -m-0.  (17) 

Next,  write  (9)  in  terms  of  stresses  for  the 
problem  (5): 

o-Lca-Oq.  r-f,  g,  m.  (18) 


where  c,  denote  the  phase  volume  fractions.  cf  + 
cg  +  cm  -  1.  When  (6)  is  averaged  over  the  volume 
of  each  phase,  and  the  result  introduced  into  (7), 
one  finds  the  unknown  average  matrix  strain  as 


I  Cjr 


«  I 


«o-*o 


r-  f,  g  m. 


(10) 


Since  the  Tr  and  tr  tensors  refer  to  a  single 
inclusion  in  volume  V  of  the  matrix,  the  state  of 
strain  in  the  matrix  is  affected  only  in  a  small 
volume  adjacent  to  the  inclusion,  hence  it  follows 
that  in  this  special  case 

rm-/.  tm  -  o,  (ID 


and  use  (14)  to  find  the  unknown  average  matrix 
stress  in  the  aggregate.  The  result  is: 


£c,fK 


-1 


°0-*0  LCrK 


(19) 


which,  when  substituted  into  (14)  gives  the  desired 
approximation  of  o,(x). 


3.  Effective  therraomechankai  properties 

In  analogy  with  (1)  and  (2).  define  the  thermo- 
elastic  constitutive  relations  of  the  composite 
medium  as 


where  /  is  the  fourth-order  unit  tensor  defmed  by  e  -  £c  + 
A/*/“  +  (12)  c-Ms  +  nttf. 


(20) 

(21) 
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where  c,  <  and  6  denote  representative  volume 
averages,  and  L,  M,  and  /,  m  have  the  same 
interpretation  in  the  overall  sense  as  their  counter¬ 
parts  in  (1)  and  (2)  had  locally. 

To  find  L  and  /,  note  that  under  boundary 
conditions  (4),  the  uniform  field  d(x)  —  80  is  a 
solution  of  the  problem  in  the  representative 
volume.  Also,  from  (1),  (9),  and  (20): 

Y,cr(L4r  +  lr60)  *  Lt0  + 160,  rm  f,  g,  m.  (22) 

r 

The  volume  average  of  (8),  together  with  (10),  can 
be  substituted  into  (22)  to  give 

(23) 

Ec,£,r,J|£c,r, 

+  X>r(*r«,  +  0.  (24) 

r 

Similarly,  under  boundary  conditions  (S),  one 
can  use  (2),  (18)  and  (21)  to  find  that 

£c,(W^,  +  «A)  -Afoo  +  »*^o.  (25) 

r 

which,  through  (14)  and  (19)  furnishes 


Mm 

I  crMrWr 

,  r 

£  crwr 

r 

m  ■ 

H^MrWr 

r 

Zc,fK 

r 

+  £c,(Af>,  +  «,).  (27) 

r 

We  now  prove  the  consistency  of  the  method 
which  requires  that  the  relations 

M-L-\  (28a) 

I-  -Lm  (28b) 

be  satisfied  by  the  effective  properties  L,  M ,  and 
/,  m. 

Rearrange  (26)  to  get 


Similarly.  (IS)  and  (29)  lead  to 

M  Y.c  LJr  -  £  crT,  , 

r  L  r 

which  allows  one  to  write  (23)  in  the  form 

L\l.crT,]-\Zc,LrT,], 


cMJ*,  • 

,  r  r 


and  thus  show  that  (28a)  is  indeed  satisfied. 

To  prove  that  (28b)  is  fulfilled  by  the  l  and  m 
found  in  (24)  and  (27),  substitute  (26)  and  (16) 
into  (27)  and  write 


m-  -M\Y.c,(LrTrmr  +  L,t,  +  /,) 
+  £c,(r,mr  +  tr) 


Multiply  both  sides  of  (32)  by  L  »  M ~ ',  and  recall 
(23)  to  get 

-Im-  £c,(f.,r,  +  /r)  (33) 

r  r 

which  is  equal  to  the  right  hand  side  of  (24). 

We  now  examine  certain  limitations  of  the  re¬ 
sults  found  with  the  Mon-Tanaka  method.  First, 
when  the  matrix  volume  fractions  cm  —  0,  and 
c,  +  cg  -  1,  one  would  expect  to  recover  the  prop¬ 
erties  of  a  binary  composite  consisting  of  the 
latter  phases  in  which  the  matrix  properties  would 
play  no  role.  However,  according  to  their  defini¬ 
tions,  the  tensors  T(,  Tv  and  t„  depend  on 
matrix  properties,  but  not  on  em.  Therefore,  com¬ 
posite  properties  would  contain  elements  of  ma¬ 
trix  properties  even  in  the  limit  cm  —  0.  Of  course, 
the  method  does  not  admit  the  phases  on  equal 
footing,  it  reserves  a  distinct  role  for  the  matrix 
and  is  not  applicable  to  aggregates  without  a 
continuous  matrix  phase.  Therefore,  the  above 
limit  can  be  taken  only  with  the  understanding 
that  one  of  the  remaining  phases  assumes  the  role 
of  the  matrix.  However,  it  is  interesting  to  note 
that  in  the  limit  cm  -  c,  -*  0,  one  recovers  L  -  L,, 
m  “  m, ,  etc.  Also,  it  can  be  proven  that  the  matrix 
properties  happen  to  cancel  out  when  the  limit 
cm  -*  0  is  taken  in  Mon -Tan aka  estimates  of  the 
properties  of  a  composite  reinforced  by  coated 
spherical  particles. 


Y  Benvenute  et  al  /  Composites  with  coated  inclusions 


309 


We  mention  here  that  Benveniste  (1987)  has 
proved  that  the  Mon-Tanaka  predictions  of  effec¬ 
tive  stiffnesses  and  compliances  of  two-phase 
composites  with  randomly  onentated  inclusions 
are  bracketed  by  the  Hashin-Shtnkman  bounds 
(Hashin  and  Shtokman.  1963).  For  a  discussion  of 
Mori-Tanaka's  method  in  multiphase  composites, 
see  also  a  recent  work  by  Norris  (1989).  Effective 
moduli  estimates  by  this  method  in  the  case  of 
uncoated  composites  have  been  shown  to  exhibit 
satisf  ctory  agreement  with  expenmental  results 
(We  .g,  1984):  Tandon  and  Weng.  1986).  Finally, 
in  connection  to  thermomechanical  problems  in 
coated-fiber  composites  it  should  be  mentioned 
that  recent  results  by  Dvorak  and  Chen  (1988) 
show  that  in  three-phase  fibrous  composites  made 
of  cylindrical  phases,  the  overall  /  and  m,  can  be 
derived  in  a  unique  way  from  local  thermomech¬ 
anical  moduli,  volume  fractions,  and  the  overall  L 
and  M  without  the  knowledge  of  the  respective 
mechanical  concentration  factors  Ar.  B,.  Further¬ 
more,  the  tensors  a(x),  b(x).  r(x),  «(x).  and 
their  phase  volume  averages  can  be  derived  in  a 
similar  unique  way  in  terms  of  the  corresponding 
mechanical  concentration  factors. 

4.  Application  to  coated  fiber  composites 

4  1  Solution  procedure 

We  now  turn  our  attention  to  a  specific  three- 
phase  composite  and  consider  a  system  reinforced 
by  coated  cylindrical  fibers  of  circular  cross-sec¬ 
tion.  The  fibers  are  aligned  and  distributed  in  the 
matrix  in  a  statistically  homogeneous  manner.  We 
assume  that  each  of  the  three  distinct  phases  is 
isotropic. 

The  composite  is  subjected  to  traction  boundary 
conditions  and  to  a  uniform  change  in  tempera¬ 
ture.  We  wish  to  find  the  stress  distribution  in  the 
fiber  (f),  coating  (g)  and  in  the  matrix  (m)  which 
surrounds  the  periphery  of  the  coated  fiber.  Also, 
we  find  the  overall  effective  properties  of  the 
system.  The  problem  is  linear  and  therefore  solved 
as  a  superposition  of  the  following  loading  cases: 
Case  1  -  Transverse  hydrostatic  stress.  Fig.  2a. 
Case  2  -  Transverse  shear  stress.  Fig.  2b. 

Case  3  -  Transverse  normal  stress.  Fig.  2c. 


3  0  G  O  ©  ©f« 

(e)  (M 

Fig.  2.  Mechanical  and  thermal  loading  configurations 


Case  4  -  Axial  normal  stress.  Fig.  2d. 

Case  5  -  Longitudinal  shear  stress.  Fig.  2e. 

Case  6  -  Uniform  change  in  temperature.  Fig.  2f. 

The  solution  of  Case  3  can  be  obtained  as  a 
superposition  of  Cases  1  and  2.  The  implementa¬ 
tion  of  the  Mon-Tanaka  theory  calls  for  the 
solution  of  auxiliary  problems  in  which  a  single 
coated  fiber  is  bonded  as  an  inclusion  to  an  in¬ 
finite  medium  which  is  subjected,  in  turn,  to  the 
six  loading  cases  listed  above.  The  information 
needed  in  Cases  1,  4,  and  6  can  be  obtained  by 
solving  the  auxiliary  problem  shown  in  Fig.  3. 
Cases  2  and  5  call  for  solution  of  two  additional 
auxiliary  problems  described  in  Fig.  4. 

4.2.  Auxiliary  problems 

(i)  Cases  1,  4,  and  6 

Let  a  denote  the  outer  radius  of  the  fiber,  and 
b  the  outer  radius  of  the  coaling.  In  what  follows. 
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1  i  1  1  i  i  i  1  l 
transverse  section 

Fig.  3.  Auxiliary  problem  for  Cases  1,  4,  and  6. 


where  r  —  0  is  the  fiber  axis,  and  u'.  with  the 
superscript  r  —  f,  g,  m.  are  the  radial  displace¬ 
ments  in  the  respective  phases;  u'.  denotes  the 
axial  displacements  in  the  z  direction.  <?.  is  a 
uniform  strain  field  to  be  determined  together 
with  the  constants  A„  Br.  The  third  boundary 
condition  in  (34)  cannot  be  satisfied  pointwise  by 
the  present  solution.  Instead,  we  demand  that  the 
average  stress  o.,(±l)  be  equal  to  p0.  This  is  a 
generalized  plane  strain  problem  in  which  the 
stresses  do  not  depend  on  the  z  coordinate,  hence 

o.T  =  /»0-  *36) 

In  addition,  the  solution  must  satisfy  the  fol¬ 
lowing  five  equations;  four  equations  of  continu¬ 
ity  of  radial  stresses  and  displacements  at  the  two 
interfaces,  and  the  condition  that  o™  =  a0  at  r  — 
ao.  It  can  be  readily  verified  that  the  displacement 
field  (35)  causes  uniform  aZ!  stresses  in  each  phase, 
so  (36)  is  readily  implemented. 

Define  now  the  stress  invariant 

of  *  °xx  +  ®;,  “  o,;  +  ar„ ,  (37) 

where  all  stresses  denote  phase  a'  rages  and  let  a[ 
stand  for  the  average  lcngitudin.  stress  a/,.  The 
solution  of  the  auxiliary  problem  can  now  be 
written  in  the  form 

of  “  Po  ¥  ^tt®?  +  "'t^o 


the  cylindrical  coordinate  directions  are  r,  $,  and 
z;  when  they  appear  with  the  respective  stress  or 
strain  components  they  are  always  written  as  sub¬ 
scripts.  whereas  the  phase  designation  symbol  r  is 
always  written  as  a  superscript.  The  boundary 
conditions  on  the  surface  S'  which  surrounds  the 
matrix  with  the  single  coated  fiber  are,  Fig.  3: 

o„l,-*-o0  o„\'m±l-p0 

®„l,-.-®0  *(S')-0O-  K  V 

A  simple  solution  of  the  above  boundary  value 
problem,  valid  away  from  the  boundaries  z  “  ±  /, 
can  be  derived  from  the  following  axisymmetric 
displacement  field: 


u'f~A,r  u?-Amr+  B„/r 

u'r-Atr+BJr 


(35) 


®[  -  W^p0  +  iV[Ta°  +  wl$0.  (38) 

where,  for  example.  W denotes  the  average  stress 
Oj  due  to  a  unit  longitudinal  stress  p0  and  of  is 
given  by  of»2o°;  wT  and  wL  define,  respec¬ 
tively,  the  average  stresses  oT  and  oL  due  to  a  unit 
temperature  change. 

We  note  that  equation  (38)  is  a  special  case  of 
the  general  equation  (14)  where  the  coefficients 
must  be  found  from  the  solution  of  the  auxiliary 
problem.  These  components  of  the  tensors  If',  and 
wr  will  be  used  in  the  implementation  of  the 
*ion- Tanaka  method  in  the  sequel. 

(ii)  Loading  Case  2 

The  solution  of  this  problem  depends  on  the 
coordinate  0,  but  it  can  be  obtained  from  an 
existing  solution  to  a  similar  problem  found  by 
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Christensen  and  Lo  (1979).  The  corresponding 
displacement  field  is 


u,r»  (ba°/Ap,)  -  3)(  ^ )  +  <*,(£ 


stants.  It  can  be  readily  verified  that  the  displace¬ 
ment  field  (40)  to  (46)  results  in  vanishing  overall 
a ..  stress 

»  0  (47) 


X  cos  28,  0  <  r  <  a 


(39)  and  fulfills 


utm (ba°/4pt)  aj(i|r  +  3)^J  ~  sin  20 


(40) 


m?-(6o0/ 4(1, )  «,(ng-3)(J)  +  d2(£) 

+  f2(,l,+  !)(*)  +fti(7)  j 


I  r  —  ao  “  °0  ■  (48) 

We  now  write  the  solution  as 

«x'x  “  W'rsflb •  ~  »rs°o •  '  =  f .  g,  (49) 

where  now  the  subscript  TS  simply  refers  to  trans¬ 
verse  shear,  and  in  the  last  equation  a'x,  a'y  de¬ 
note  phase  averages. 


x  cos  2  8,  a^r^b  (41) 

uj«  (6<t°/4M|)  a2(i?B+3)(£) 

-c2(^,-l)(*)  +  62(f ) 

x  sin  20  (42) 

u?-(bo0/ 4Mm) 

[2(^)  +  (7m  +  1)a,(*)+c3(;) 


x  cos  28,  b  <  r  <  oo 
u?  -  (bo°/^J 


(43) 


+Cj(  r)3]  Si 


u‘u  »  0, 


sin  20  (44) 
(45) 


where  a  and  b  denote  the  inner  and  outer  radii  of 
the  coating,  a,,  b„  c,,  d,  are  unknown  constants, 
fi,  are  phase  shear  moduli,  and 


(iii)  Loading  Case  5 

It  can  be  verified  that  the  displacement  field 


ul  =  A,r  sin  8 


u'  -  u'  -  0  r  *  f,  g,  m. 


satisfies  the  Navier  equations  for  displacements, 
which  in  the  present  case  turns  out  to  be  a  Laplace 
equation.  The  five  constants.  A,,  Av  Am,  Bt,  Bm, 
are  again  obtained  from  continuity  of  the  u.  dis¬ 
placement  and  the  ori  stresses  at  interfaces  r  -  a, 
and  r  -  b,  as  well  as  from  the  boundary  condition 
oyl  ”  o0  at  r  -*  oo.  The  o„  stresses  are  identically 
equal  to  zero  in  this  case. 

The  solution  is 

H^o.  '-f.g.  (5D 

where  the  subscript  LS  denotes  the  longitudinal 
shear  loading  case  and  o',  is  again  the  stress 
average  in  phase  r. 


ij,  -  3  -  4»,  (46) 

where  r,  denote  Poisson’s  ratio. 

The  interface  conditions  to  be  satisfied  are  the 
continuity  requirements  for  the  stresses  <j„,  o* 
and  displacements  u,,  u,  at  interfaces  r  -  a  and 
r  -  b.  These  yield  eight  equations  for  the  con- 


4.3.  Stress  fields  and  effective  properties 

(i)  Loading  Cases  l,  4  and  6 
For  each  of  the  loading  cases  listed  in  Section 
4.1,  we  now  find  the  stress  fields  in  the  phases  and 
also  the  overall  moduli  of  the  composite  which 
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can  be  detected  under  the  particular  loading  con¬ 
ditions.  As  in  4.2  (i),  Cases  1.  4,  and  6  can  be 
treated  in  a  unified  manner  using  the  boundary 
conditions  (34).  Specific  values  are  obtained  by 
setting,  in  turn,  two  of  the  three  loading  parame¬ 
ters  a0,  Pq .  »0  equal  to  zero.  With  the  coefficients 
defined  in  (38).  the  average  of  equation  (14)  can 
be  written  in  the  form 

W'tl®l  +  K'frOT+H'Ttfo  (52) 

°i  -  +  "lt°t  +  w'A  •  (53) 

where  Oj  is  given  by  (37)  and  o'L  stands  again  for 

<■ 

We  now  use  the  relations 

<rT~  <4  =  200  (54) 

to  find  a  special  form  of  (19): 

(c.H'f.  +  +  (cm  +  e.W'ft-  +  cM T)o? 

*•0%-  (c,w[  +  ctwl)0 0,  (55) 

(<«  +  +  Cf^L!>r  +  (ctW£ T  +  *»&)•? 

=  Po-  (cfH/{.  +  cgwt)«o.  (56) 

which  can  be  solved  for  oj"  and  a™. 

The  method  presented  in  4.2(i)  is  now  imple¬ 
mented  with  the  help  of  another  solution  of  the 
problem  of  single  coated  fiber  in  an  infinite  ma¬ 
trix.  this  time  under  boundary  conditions 


°JII  I  r  o 

°yy  I  c  -•  a 


»(S')-60, 


where  Oj  and  o™  are  solutions  of  (55)  and  (56). 
The  results  represent  the  actual  stresses  in  the 
fiber,  coating,  and  in  the  surrounding  matrix,  un¬ 
der  external  loads  applied  in  Cases  1,  4,  and  6. 

One  can  also  find  estimates  of  the  effective 
properties.  The  axial  Young’s  modulus  E  follows 
from  the  relation 

-  °,z/E  =  +  <:&  +  •  (58) 

Since  o„  -  p0,  this  can  be  written  as 
Po/E  "  £M(*l/£-)  -  («T'A)]. 

r 

r-f,  g,  m.  (59) 


The  stresses  a™,  found  by  solving  (55)  and 
(56)  for  =  0,  $0  =  0  depend  only  on  the  external 
load  p0.  The  stresses  Oj,  oj..  r  =  f.  g.  tn  the  other 
two  phases  are  given  by  (52)  and  (53).  When  these 
expressions  are  substituted  into  (59).  p0  cancels 
out  and  there  remains  one  equation  for  the  mod¬ 
ulus  £. 

A  similar  procedure  yields  the  effective  plane 
stress  bulk  modulus  k 
ao 

■7j'Lc,[(\-vr)aVEr-(vfi[jEr)\.  (60) 

2  k  r 

where,  in  this  case,  a™,  a ™  are  solutions  of  (55) 
and  (56)  for  p0  »  0,  60  «  0.  and  0^.  o[  are  again 
given  by  (52). 

The  effective  transverse  and  longitudinal  coeffi¬ 
cients  of  thermal  expansion  aT,  aL  are  obtained 
from 


2aT0O  =  £<V(<^r  +  <»«) 

r 

aL®0  = 


r  «  f,  g,  m 


Consequently, 

2M>-£c,{((l-rrK/E,] 

r 

-  (21-,/E,  K  +  2o  A)  (63) 

aL®0  “  £ Cr  [ ( °L/Er )  -  (  OtK/E,  )  +  are0 ] .  (64) 

r 

where  again  0™.  0™  are  solutions  of  (55)  and  (56), 
but  for  p0»of» 0.  The  stresses  Oj.  o[  follow 
from  (52)  and  (53),  where  or  are  the  linear  expan¬ 
sion  coefficients  of  the  isotropic  phases. 

(ii)  Loading  Case  2 

We  now  use  the  definitions  (49)  to  implement 
the  average  of  (14)  in  the  form 

°«=WtsOx“  '-f.  8-  (65) 

where  again  the  stresses  denote  average  quantities. 
Note  that 


to  obtain 

^  =  (cm  +  cf»4s  +  cg^)',0o 
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(b) 

Fig.  4.  Auxiliary  problems  for  Case  2(a);  and  Case  3(b). 


The  stress  field  in  the  coated  fiber  now  follows 
if  the  load  in  Fig.  4a  is  redefined  as 

±ao“±®«-  (68) 

and  if  the  previous  solution  of  (39)— (45)  is  now 
used  with  (68). 

The  effective  transverse  shear  modulus  pT  then 
follows  from 


■(c.  +  c^  +  c,^)-*,  (69) 

where  ft,  are  the  phase  shear  moduli.  This  equa¬ 
tion  takes  advantage  of  the  fact  that  in  the  aux¬ 
iliary  problem  of  Fig.  4a,  the  shear  stress  o'-,-,  in 
a  coordinate  system  routed  by  43°  about  z  is 
equal  to  o'x. 


(iii)  Loading  Case  6 

Here  we  use  definitions  (51)  and  write  the 
average  of  (14)  in  the  form 

(70) 

Note  now  that 

«y*-t 6  (71) 

and  find 

<-(cm  +  cf^  +  ct^)',T0.  (72) 

The  stress  field  in  the  coated  fiber  is  obtained 
by  redefining  r0  in  Fig.  4b  as  r0  =  o”  and  by 
using  the  solution  of  (SO)  with  this  value. 

The  effective  longitudinal  shear  modulus  turns 
out  to  be 


-  cm~  +  c  >  WL  +  W&) 

l  2fim  '  2jif  u  «2/ig  uj 

(cm  +  ctiV'li  +  ctfV£s)-'. 


(73) 


4.4.  Numerical  results 

Stress  distributions  and  effective  moduli  of 
coated-fiber  composites  are  illustrated  for  several 
systems  whose  properties  are  given  in  Table  1.  It 
is  noted  that  all  of  the  constituents  are  isotropic 
except  for  the  transversely  isotropic  fiber  in  sys¬ 
tem  2.  The  fiber  volume  fraction  is  0.4  throughout. 

Numerical  results  are  presented  only  for  trans¬ 
verse  shear  loading  (Case  2),  transverse  normal 
loading  (Case  3),  longitudinal  shear  loading  (Case 
3)  and  a  uniform  change  in  temperature  of  1°C 
(Case  6). 

Figures  3-7  illustrate  the  average  stresses  in  the 
coating  as  a  function  of  the  angle  0,  for  the  case 
of  system  4  (Table  1). 

Figure  8  illustrates  the  stresses  in  the  coating 
and  in  the  immediate  surrounding  fiber  and  ma¬ 
trix  for  the  case  of  uniform  temperature  change  of 
1°C,  in  system  4  (Table  1).  The  average  stresses  in 
the  Tiber,  coating  and  matrix  for  thermal  loading 
in  all  of  the  four  composite  systems  have  been 
summarized  in  Table  2.  It  should  be  noted  here 
that  system  2  has  a  transversely  isotropic  fiber  and 
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Table  1 

Stress  distributions  and  effective  moduli  of  coated-fiber  composites 


System 

Ea 

(Gpa) 

Ej 

(Gpa) 

Ca 

(Gpa) 

CT 

(Gpa) 

aT  (10" 

*i/°o 

e 

> 

o 

'*  i/°o 

c  (Volume  fraction) 

1 

Nicalon  Tiber 

172.38 

172.38 

71.78 

71.78 

3.8 

3.8 

0.4 

Carbon  coating 

34.48 

34.48 

14.34 

14.34 

3.3 

3.3 

0.01616 

LAS  matrix 

103.43 

103.43 

43.09 

43.09 

2.8 

2.8 

0.583384 

2 

Carbon  fiber 

689.5 

7.58 

15.17 

3.99 

11.0 

— 1.32 

0.4 

Ytria  coating 

172.38 

172.38 

71.83 

71.83 

6.0 

6.0 

0.084 

SiC  matrix 

482.65 

482.65 

201.10 

201.10 

4.8 

4.8 

0.516 

3 

Tungsten  fiber 

345.0 

345.0 

135.0 

135.0 

5.0 

5.0 

0.4 

Carbon  coating 

34.48 

34.48 

14.34 

14.34 

3.3 

33 

0.0107 

Nickel  matrix 

214.0 

214.0 

81.6 

81.6 

13.3 

13.3 

0.5893 

4 

SiC  fiber 

431.0 

431.0 

172.0 

172.0 

4.86 

4.86 

0.4 

Carbon  coating 
Titanium  alumina te 

34.48 

34.48 

14.34 

14.34 

3.3 

3.3 

0.0107 

matrix 

96.5 

96.5 

37.1 

37.1 

9.25 

9.25 

0.5893 

Table  2 

Uniform  thermal  change  + 1* 

C 

Material 

MPa 

5*  • 

•A 

°r‘r 

(interface) 

°s$ 

(interface) 

1 

-0.0968 

-0.00603 

0.066S 

-0.0405 

0.00458 

0.0968 

2 

2.064 

-0.791 

-1.471 

-0.0394 

-0225 

0.137 

3 

1.826 

0.412 

-1.247 

0.774 

0.304 

0.777 

-1.845 

4 

0.383 

0.157 

-0.399 

0.200 

0.126 

0.201 

-0.479 

*  Top  ban  indicate  phase  stress  averages 


0. 
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Fig.  S.  Avenge  stress  distributions  in  the  coating  tor  transverse 
shear  loading  (1  MPa)  versus  the  angle  f  in  the  case  of 
composite  system  4  (Table  1). 


I _ I _ I _ I _ I 

90.0  13S.0  180.0  223.0  270.0 

9 

Fig.  6.  Same  as  Fig.  3,  but  for  traasvsras  normal  loading  of  1 
MPa. 
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Fig.  7.  Same  as  Fig.  S,  but  for  longitudinal  shear  loading  of  1 
MPa. 


RADIAL  DISTANCE/FIBER  RADIUS 

Fig.  8.  Stress  distributions  in  system  4  (Table  1)  for  the  case  of 
uniform  temperature  change  of  1*C. 


Table  3 

Comparison  of  Effective  Properties  Predications  by  Mon- 
Tanaka  Method  and  Composite  Cylinder  Assemblage  (C.C.A.) 
Model 


Material 

Mon-Tanaka 

C.C.A. 

B^/Em 

1 

1.255 

1.249 

3 

1.23d 

1.234 

4 

2.379 

2.376 

*/Mm 

1 

1.766 

1.739 

3 

2.158 

1.996 

4 

3.073 

2.979 

ML/^m 

1 

1.188 

1.188 

3 

1.171 

1.171 

4 

1.655 

1.655 

1 

0.3224x10- 5 

0  3222x10' 5 

3 

0.1009  xlO'4 

0.1008  X10'4 

4 

0.7638x10' 5 

0.7637x10'* 

aLrc-'] 

1 

0.3332x10' 5 

0.3327x10'* 

3 

0.9071  x  10- 4 

0.9074x10'* 

4 

0.5998X  10'* 

0.5999x10'* 

Key:  £A  longitudinal  Young’s  modulus,  i  plane  stress  bulk 
modulus.  Ml  longitudinal  shear  modulus.  aT  transverse  linear 
thermal  expansion  coefficient,  and  aL  longitudinal  linear  ther¬ 
mal  expansion  coefficient. 

the  analysis  given  in  4.2(i)  can  be  applied  with  the 
same  displacement  field  (35)  with  the  proper  con¬ 
stitutive  equation  for  the  fiber. 

The  effective  moduli  and  thermal  expansion 
coefficients  of  the  coated  fiber  composites  have 
also  been  calculated  using  the  method  presented 
in  the  paper.  Due  to  the  very  small  thickness  of 
the  coating  in  the  considered  systems  the  effective 
properties  are  almost  equal  to  their  counterparts 
in  the  uncoated  fiber  case.  Results  for  the  com¬ 
posite  systems  1,  3,  4.  without  the  coating  are 
exhibited  in  Table  3  and  compared  to  the  corre¬ 
sponding  composite  cylinder  assemblage  results 
(H&shin  and  Rosen,  1964)  in  loading  situations  for 
which  they  exist. 
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Addendum 

We  address  here  the  question  of  symmetry  of 
the  L  and  /  tensors  in  equations  (23)  and  (24).  In 
particular,  we  prove  that  the  diagonal  symmetry 
of  the  L  tensor  (L,/kl  -  LkUj)  exists  in  the  follow¬ 
ing  cases: 

a.  Multiphase  composites  reinforced  by  aniso¬ 
tropic  ellipsoidal  inclusions  of  identical  shape 
and  orientation. 

b.  Two-phase  composites  reinforced  by  aniso¬ 
tropic  ellipsoidal  inclusions  with  aligned  axis  of 
anisotropy,  but  several  different  shapes  which 
may  be  non-aligned. 


The  remaining  symmetries  of  L  (L,jkl  -  L  kl  = 
Ll/Ik)  can  be  shown  to  follow  from  the  corre¬ 
sponding  symmetries  of  the  L,  and  Tr  tensors, 
and  are  always  satisfied.  Similarly,  the  symmetry 
of  the  second  order  tensor  /  depends  on  the  rela¬ 
tions  L^l,  -  L\'l,  and  l\]'  - l)'\  and  is  again  au¬ 
tomatically  satisfied. 

So  far,  we  are  not  in  the  position  to  make  a 
conclusive  statement  about  the  diagonal  symmetry 
of  the  L  tensor  of  coated  fiber  composites,  predic¬ 
ted  by  the  Mori-Tanaka  theory.  The  outcome 
depends  on  the  structure  of  the  Tr  tensors  which 
are  generally  not  available  in  explicit  form.  We 
should  point  out,  however,  that  recent  numerical 
results  for  the  case  of  coated  cylindrical  fibers 
with  a  circular  cross-section  confirm  the  symmetry 
of  the  L  tensor  in  this  situation. 

It  is  clear  that  similar  comments  can  be  made 
about  the  Af  and  m  tensors  given  by  eqns.  (26) 
and  (27).  The  proofs  of  symmetry  of  L  in  the  two 
systems  can  be  obtained  as  follows. 


Case  a. 

Let  (23)  represents  a  multiphase  medium  with 

r  -  0,  T . N,  where  r  -  0  denotes  the  matrix 

phase.  Recall  that  the  tensor  Tr  for  inclusions  of 
ellipsoidal  shape  is  given  by 

T,-[i  +  SLZl(L,-L0)\~l,  (A.l) 

where  S  is  the  Eshelby  tensor.  Note  that  5  de¬ 
pends  only  on  the  elastic  moduli  of  the  matrix, 
and  on  the  aspect  ratios  of  the  ellipsoid.  There¬ 
fore.  it  is  identical  for  all  inclusions.  Define  the 
tensor  L%  as 

L°0-L0S-l-L0.  (A.2) 

Since  L0S~X  is  diagonally  symmetric  (see.  for 
example,  Walpole,  1981),  it  follows  that  Lq  is  also 
diagonally  symmetric.  Tr  can  be  also  written  as 

7>(z.g  +  £rrl[Z.g +  £<>]•  (A.3) 


Substitution  of  this  equation  into  (23),  and  some 
algebra  eventually  yield  the  following  expression 
for  L : 


L 


Lc,(Lr  +  L°0) 

r 


\ 


*-0* 


(A.4) 
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which  proves  the  diagonal  symmetry  of  L.  This 
form  of  the  Mori-Tanaka  model  for  multiphase 
composites  was  noted  by  Norris  (1989). 


Case  b. 

Write  (23)  in  the  form 


M 


L  =  L0+  Zc,(Lr-L0)Tr 


r  -  l 


M 


c0/+  LcJ, 


J- 1 


-1 


(A.5) 


which  for  a  two-phase  system,  with  anisotropic 
inclusions  having  aligned  axis  of  symmetry,  can  be 
reduced  to 

m 

rm  1 

(A.6) 


M 


c0/+  I  c,Ts 


j- i 


where  Lp  and  L0  denote  the  stiffness  tensors  of 
the  particulate  and  matrix  phase,  respectively.  Re¬ 
call  that  the  inclusions  may  have  different  shape, 

and  let  cr.  r=*  1,2 . M.  denote  the  volume 

fraction  of  the  set  particles  of  the  same  shape.  Tr 
is  the  partial  concentration  factor  for  that  set. 
After  some  algebra,  eqn.  (6)  assumes  the  form 


L  =*  L0  + 


(Lp-L0)Zc,T, 


+  (Lp-Loyl 


(A. 7) 


We  further  recall  that  the  tensor  Tr  can  be 
written  as 

!>[/•*■  l.p)].  (A. 8) 

such  that  Pr  is  a  diagonally  symmetric  tensor 
related  to  the  P  -  SLq  1  tensor  by  (Walpole,  1981): 

P{Lp-L0)P,-P-P,  (A.9) 


Substitution  of  (A.8)  into  (A.7)  gives 


L  ”  Ln  + 


Co 


M 


Lcr(Ip-L0) 


r-  1 


1-1 


-c,{Lp-L0)Pr(Lp-L0) 


+  (Lo-Lp)~' 


(A. 10) 


which  shows  that  L  is  diagonally  symmetric. 
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ABSTRACT 


This  paper  presents  a  micromer  nical  analysis  of  stress  fields  in  coated  and  irnmmtmA 
fiber  composites  subjected  to  both  l  -  namcal  and  thermal  load  fluctuations.  The  analysis  of 
unidirectional  materials  is  based  on  t 'avertfe  stress  in  the  matrix'  concept  of  Mori  and 
Tanaka  (1973)  [6].  In  the  present  work,  the  concept  is  extended  to  coated  fibers.  The 
advantage  of  this  approach  is  that  it  permits  one  to  introduce  exact  elasticity  solutions  of  the 
coated  fiber  problem  into  die  analysis.  Such  relations  were  derived  far  the  case  of  distinct 
transversely  isotropic  phases.  All  possible  mechnaical  inarffap,  and  a  uniform  temperature 
change  were  considered.  Results  are  given  far  severe!  specific  systeme. 

INTRODUCTION 

Micromechanics  analyses  of  composite  mawials  are  often  teheed  to  Eshelby's  (1957)  [4] 
result  that  the  strain  field  in  an  ellipsoidal  inclusion  bonded  to  a  uniformly  strained  infinite 
medium  is  also  uniform.  This  result  is  commonly  used  to  evaluate  overall  properties  and 
average  local  fields  in  composite  aggregates  in  terms  of  the  phase  stress  and  strain 
concentration  tensors.  UnfartunatelyTTocal  fields  in  coated  inclusions  are  generally  not 
uniform,  hence  the  phase  concentration  tensors  cannot  be  easily  evaluated.  Therefore,  the 
analysis  of  composite  reinforced  by  coated  fibers  or  particles  is  one  of  the  more  difficult 

Walpole  (1978)  [8]  was  among  the  first  to  consider  problems  of  this  kind.  He  assumed 
that  a  very  thin  coating  has  no  effect  on  strain  distribution  in  the  inclusion  Hatta  and  Taya 
(1986)  [5]  considered  the  heat  conduction  problem  in  composites  reinfbroed  by  short  coated 
fibers  in  the  context  of  the  original  Mori-Tanaka  method.  Recently,  Pagano  and  Tendon 
(1988)  [7]  analysed  a  multidirectional  coated  fiber  composite  by  means  of  a  three-phase 
concentric  cylinder  model. 

The  present  paper  is  concerned  with  evaluation  of  local  fields  and  overall  properties  of 
composites  reinforced  by  coated  fibers  .  The  results  ire  derived  from  a  variant  of 

Benveniste's  (1987)  [1]  reexamination  of  the  Mon-Tanaka's  method.  In  particular,  the  local 
fields  in  a  costed  inclusions  are  approximated  by  those  found  when  the  coated  inclusion  is 
embedded  in  an  unbounded  matrix  medium  subjected  to  die  average  matrix  stresses  at 
infinity.  The  advantage  of  this  approach  is  that  the  local  fields  in  the  coating  and  inclusion. 
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and  in  the  matrix  can  be  evaluated  by  using  the  solution  for  a  single  coated  fiber  in  an 
infinite  matrix.  Specific  results  ait  found  for  systems  reinforced  by  aligned  coated  fibers, 
where  the  phases  axe  isotropic  or  transversely  isotropic  elastic  solids.  We  also  consider  the 
possibility  of  plastic  yielding  in  the  unidirectional  composites. 

STRESS  AND  STRAIN  FIELDS  IN  THREE-PHASE  COMPOSITES 

Consider  a  three-phase  composite  material  consisting  of  a  continuous  matrix  phase  m.  in 
which  there  are  embedded  a  fiber  phase  f,  and  a  third  phase  g  which  represents  a  layer  of 
coating  that  encapsulates  each  fiber  of  the  f  phase.  The  fibers  have  a  circular  crosssection. 
The  phases  are  assumed  elastic  and  perfectly  bonded  during  deformation.  The  composite 
medium  is  statistically  homogeneous.  The  thermoelastic  constitutive  equations  of  the  phases 
are  given  in  the  form 


°r  *  Lref*  ,r0 


ef  ■  Mrof+  mf0 


where  r-f,  g,  m;  Lr  and  Mr»(Lr)'1  are  the  stiffness  and  compliance  tensors;  I,  is  the  thermal 
stress  vector  and  m,  is  the  thermal  strain  vector  of  the  expansion  coefficients,  such  that 


(3) 

(4) 


where  oa(S)  is  the  traction  at  the  external  boundary  S  of  a  representative  volume  V  of  the 
composite  under  consideration,  n  denotes  the  exterior  normal  to  the  surface  S;  oo  is  the 

applied  uniform  stress  field;  8(S)  is  the  temperature  rise  at  S,  and  0#  is  a  constant  quantity. 

The  composite  is  subjecred  to  boundary  conditions  (4).  The  solution  for  the  stress  field  in 
the  phases  can  be  expressed  in  the  form: 

o,  (x)  •  Br  (x)  oo  +  br  (x)  «o  r  -  f,  g,  m  (5) 

where  Br(x)  and  br(x)  are  fourth  and  second  order  tensors,  respectively.  Their  volume 
averages  Br  and  br  are  usually  referred  to  as  mechanical  and  thermal  stress  concentration 
factors. 

In  the  Mori-Tanaka  method,,  the  stress  fields  in  phases  f  and  g  are  assumed  to  be  equal  to 
the  fields  in  a  single  coated  fiber  which  is  embedded  in  an  unbounded  matrix  medium  and 
subjected  to  remotely  applied  stresses  which  are  equal  to  the  yet  unknown  average  stress  in 
the  matrix.  Also  a  uniform  temperature  change  is  applied. 

Suppose  that  the  single  inclusion  is  surrounded  try  a  large  matrix  volume  V  with  surface 
S',  Fig  1.  The  solutions  of  this  dilute  problem  assumes  the  form 


at(x)  m  Wf(x)  oB  +  wffr)  «0  t-f,g  (6) 

we  will  solve  this  auxiliary  problem  in  the  next  section.  To  determine  am,  we  recall  that  the 
overall  uniform  stress  and  the  local  average  stress  are  connected  by  the  relations 


fl#  r  *  f,  g,  m  (7) 

r 

where  cr  denote  die  phase  volume  fractions,  Cf+cg+cB*l.  From  equations  (6)  into  (7),  one 
finds  that  the  unknown  matrix  stress  is  equal  to 

<,..[! c,",|  <» 


This  opens  the  way  for  evaluation  of  die  partial  stress  concentration  Cretan  in  (6)  and  of  the 
average  matrix  stress  (8).  One  can  then  obtain  the  solution  (3).  An  entirely  similar 
procedure  can  be  applied  under  strain  boundary  conditions. 

The  efifecnve  thermoelastic  constitutive  telaaons  of  the  composite  medium  are  defined  as: 

a  *  L  e  +  1 6  (9) 

t  ■  Mo  ♦  in 8  (10) 


where  o,  e  and  8  denote  representative  volume  averages  and  L ,  M,  1 ,  m  are  overall 
stiffness,  compliance,  thermal  stress  and  thermal  strain  tensors,  respectively.  Using 
equations  (6),  (7).  and  (8).  one  can  derive: 


M* 

X 

IK' 

(11) 

m« 

ihtm- 

Xct(M,  *,♦■,) 

(12) 

r 


We  note  here  that  Benveniste  et  al  (1989)  PI  has  proved  that  the  results  are  consistent  in 

that  the  overall  compliance  tensor  is  the  inverse  of  stiffness  tensor.  Also,  we  have 
numerically  verified  that  the  effective  stiffness  L  and  compliance  M  are  sysmetric. 


AUXILIARY  PROBLEMS 


In  the  evaluation  of  Wr  and  wT,  the  composite  U  subjected  to  several  traction  boundary 
conditions  and  to  a  uniform  temperature  change.  We  wish  to  find  the  stress  distribution  in 
the  fiber,  coating  and  matrix  which  surrounds  the  periphery  of  the  coated  fiber.  The  loading 
cases  are  shown  in  Fig.  2 : 

Case  1  •  Transverse  hydrostatic  stress 
Case  2  -  Transverse  shear  stress 
Case  3  •  Transverse  normal  stress 
Case  4  -  Axial  normal  stress 
Case  5  •  Longitudinal  shear  stress 
Case  6  -  Uniform  change  in  temperature 

Case  3  can  be  obtained  as  a  superposition  of  cases  1  and  2.  In  what  follows,  the  cylindrical 

coordinates  r,  6,  z  are  used;  the  respective  stress  or  strain  components  are  always  written  as 
subscripts,  while  the  phase  designation  is  always  written  as  a  supcrcript 

(i)  Cases  1,4,6 

The  solution  of  the  above  boundary  value  problems  can  be  derived  from  the  following 
admissible  displacement  field: 


v 


Afr  +  iyr 


u;  -  e" 


(13) 


where  u/O,  with  the  superscript  (i)«f.g,m,  are  the  radial  displacements  in  the  phases;  u,*') 

denotes  the  axial  displacement  in  the  z  direction .  The  constants  Af,  Ag,  A^,  BJt  Bm  and  ez° 

are  to  be  determined  from  the  conditions  of  continuity  of  displacements  and  tractions  at  the 
two  interfaces,  and  from  the  traction  boundary  conditions  at  infinity. 

(ii)Case2 


The  admissible  displacement  field  of  this  problem  has  the  form  given  by  Christensen  and  Lo 
(1979)(3]: 


,  0£r£a 


,  OSrSa 


cos  29 


(14) 

(15) 

(16) 


uj  -( bo*/4Pj  *3)^]  -  d^] -Cj^-DfyJ+b^]3 j  in  29  (17) 

<  -  ( b  °°/  “^ )  [  (Tlm*  1 )  t,[r]»  ^[l]3]  M«  29  (18) 

"•  — <•»  [  af-sJ-H  (t,.-!  >  «,[^-  <=>[t]  ]“29  (1 

U*  m  0  (20) 

where  a  and  b  denote  the  inner  and  outer  radii  of  the  coating,  pr  are  phase  shear  moduli,  and 

3  -  4  vf ;  vf  denotes  the  Poisson's  ratio;  a^  b,,  c{,  and  dj  are  unknown  constants  to 
be  determined  from  the  interface  conditions. 

(hi)  Case  3 

The  general  displacement  field  of  anti-plane  shear  is 

f  ,  B. 

uz«A,rsm9  uz •  (A  r  +  — *)  sin 9 

B  *  r 

u“*  (Anr+-JS)  sin 9  u[»  0  (21) 

The  five  constants  A,,  Ag,  A,,  Bg,  Ba  are  obtained  from  continuity  of  the  u,  displacement 
and  the  on  streu  at  the  interfaces,  as  well  is  from  the  boundary  condition  oy|«o°asr*~. 

NUMERICAL  RESULTS 


The  stress  distributions  in  coated  and  uncoated  composites  are  illustrated  for  several 
systems.  The  fiber  volume  fraction  is  assumed  to  be  0.4 . 

Table  i  shows  the  thermal  stresses  in  the  fiber,  coating  and  matrix  under  uniform 
temperature  change  of  1°C  Since  the  volume  fraction  of  the  coating  is  very  small  ( less  than 
1%),  the  results  for  coated  fiber  composites  are  not  much  different  from  those  for  the 
uncoated  fiber  composites.  However,  very  different  stress  magnitudes  are  found  in  different 
systems. 

Figure  3  illustrates  the  thermal  stress  distribution  in  the  radial  direction  for  the  system 
consisting  of  SiC  fiber,  carbon  coating  and  TijAl  matrix.  The  coating  thickness  is  1  pm; 

fiber  radius  is  75  pm.  The  fiber  stresses  are  uniform  in  this  case.  Table  2  presents  the 
average  thermal  stress  caused  by  cooling  from  the  processing  temperature  to  the  room 
temperature,  for  4  different  uncoated  systems.  Figures  4  and  5  show  yield  stress  and  the 


effective  sees  vs  temperaure  during  cooling  in  s  system  consisting  of  an  AljQj  fiber,  in 
T13AI  or  NijAl  matrix.  These  results  indicate  that  yielding  may  take  place  during  cooling. 
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The  present  paper  is  concerned  with  coated-fiber  composites  in  which  the  fibers  possess 
cylindrical  orthotropy  and  may  have  an  arbitrary  orientation  distribution.  A  micromechanics 
model  is  developed  which  predicts  the  effective  thermal  conductivity  and  estimates  the  local 
fields  of  such  composites  which  may  be  subjected  to  uniform  heat  fluxes  on  its  boundary.  The 
micromechanics  model  is  based  on  the  Mon-Tanaka  mean-field  concept  [T.  Mori  and  K. 
Tanaka.  Acta  Metall.  21,  571  ( 1973)  ]  and  provides  explicit  expressions  for  the  effective 
conductivity  of  the  considered  composite  aggregate  which  is  highly  complicated.  The  analysis 
shows  that  special  care  is  needed  in  formulating  an  effective  theory  of  composites  with 
constituents  possessing  curvilinear  anisotropy. 


I.  INTRODUCTION 

The  subject  of  the  effective  thermal  conductivity  of 
composites  is  one  of  the  classical  problems  in  heterogeneous 
media  which  has  recently  drawn  renewed  interest  due  to  the 
increasing  importance  of  high-temperature  systems.  For  an 
extensive  list  of  references  in  the  subject,  the  reader  is  re¬ 
ferred  to  the  works  of  Hatta  and  Taya, 1,2  Miloh  and  Benve¬ 
niste,2  and  Benveniste  and  Miloh.4 

Highly  complicated  systems  of  coated-fiber  composites 
in  which  the  fiber  may  have  cylindrical  orthotropy  are  now 
in  use,  and  there  is  a  need  for  rational  micromechanics  mod¬ 
els  which  predict  the  effective  thermal  conductivity  and  also 
provide  information  on  the  local  fields.  Systems  of  such  coat¬ 
ed  fibers  which  are  aligned  have  recently  been  analyzed  by 
the  authors  in  the  context  of  the  mechanical  properties. 9 

The  fiber  arrangement  in  a  composite  aggregate  can, 
however,  have  a  certain  orientation  distribution  which  may 
be  due  to  processing.  The  present  paper  presents  a  microme¬ 
chanics  model  of  a  composite  containing  coated  fibers  which 
are  nonaligned  and  possess  cylindrical  orthotropy.  The  first 
section  of  the  paper  presents  a  general  framework  for  the 
determination  of  the  effective  thermal  conductivity  of  such 
composites.  It  is  specially  seen  tha.  particular  care  is  needed 
in  dealing  with  constituents  which  possess  curvilinear  ani¬ 
sotropy  and  also  have  an  orientation  distribution.  The  sec¬ 
ond  section  formulates  the  employed  micromechanics  mod¬ 
el  which  is  based  on  the  mean-field  concept  of  Mori  and 
Tanaka.6  The  analysis  given  here  is  in  the  spirit  of  the  appli¬ 
cation  of  this  theory  to  heat-conduction  problems  by  Ben¬ 
veniste.7  The  treatment  in  both  sections  is  general  and  appli¬ 
cable,  in  principle,  to  short-fiber  composites.  The  last  section 
illustrates  the  method  for  the  case  of  cylindrical  coated  fibers 
with  a  circular  cross  section.  The  effective  thermal  conduc¬ 
tivity  is  given  for  some  chosen  examples  of  fiber  distribution, 
and  an  example  for  the  local  fields  is  also  presented. 


II.  GENERAL  THEORY 
A  CurvHIn— rty  anisotropic  conallfuenta 


Consider  a  composite  reinforced  with  coated  carbon  fi¬ 
bers  which  are  transversely  isotropic  or  cylindrically  ortho¬ 
tropic  and  which  may  be  aligned  or  have  a  certain  orienta¬ 
tion  distribution.  In  order  to  evaluate  the  effective  thermal 
conductivity  and  temperature  fields  in  various  systems  of 
this  kind  which  may  be  subjected  to  certain  heat  fluxes  on 
their  boundaries,  we  develop  in  this  paper  a  micromechani¬ 
cal  analysis  of  coated-fiber  composites  in  which  the  fiber 
may  be  at  most  cylindrically  orthotropic  and  the  coating 
and/or  matrix  transversely  isotropic. 

The  phase  constitutive  relations  for  a  cylindrically  orth- 
o tropic  fiber  is  given  by 


8 

9, 

0  O' 

h; 

9* 

•- 

0  k4  0 

h4 
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0  0  k. 

Me. 

(1) 


where  the  vector  q  is  the  heat-flux  vector  expressed  in  a  cy¬ 
lindrical  coordinate  system  (r,4jc)  (see  Fig.  1).  H  is  the 
intensity,  defined  as 
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h»  -ve- 


ae' 

dr 

d6_ 

99 


(2) 


where  9  is  the  temperature,  and  k„  k4,  and  k„  are  the  con¬ 
ductivities  in  the  r,  4,  and  z  directions,  respectively.  It  is  seen 
that  three  constants  of  conductivity  describe  this  kind  of 
cylindrical  orthotropy  which  is  characterized  by  the  fact 
that  properties  in  tangential,  radial,  and  axial  directions  are 
different  from  each  other,  in  other  words,  the  material  is 
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FIG.  1.  A  cylindncally  onhocroptc  liber. 


orthotropic  in  a  Cartesian  axis  located  at  a  generic  point 
within  the  fiber  with  the  three  axes  pointing  in  the  axial, 
tangential,  and  radial  directions,  respectively.  If  kr>k4,  the 
material  is  radially  ortbotropic,  and  if  kr  <k4,  it  is  called 
circumferentially  orthotropic.  In  the  special  case  of  trans¬ 
verse  isotropy,  we  have  kr  =*  k4,  and  for  isotropic  solids,  of 
course  k,  =  k4  =*  k,  prevails. 

In  general,  the  determination  of  the  effective  conductiv¬ 
ity  of  a  system  containing  phases  with  curvilinear  anisotropy 
requires  special  attention  since  from  a  fixed  Cartesian  sys¬ 
tem  point  of  view  such  a  phase  is  like  an  inhomogeneous 
medium.  We  now  proceed  to  establish  a  framework  of  the 
determination  of  the  effective  conductivity  of  such  systems. 

Let  the  composite  be  subjected  on  its  outside  boundary  5 
to  homogeneous  temperature  or  flux  boundary  conditions, 
defined  as 

0(5)  Hox,  «,-«■.  (3) 

where  x  denotes  the  components  of  a  fixed  Cartesian  system 
in  the  composite,  n  is  the  outside  normal  to  5,  and  H„  and  fib 
are  constant  intensity  and  heat  flux  vectors.  In  this  paper 
when  two  quantities  A  and  B  are  vectors,  AB  will  denote  the 
dot  product  A,B,,  when  A  is  a  second-order  tensor  and  B  is  a 
vector,  then  AB  will  mean  AvBr  As  it  is  known,  the  bound¬ 
ary  conditions  (3)  are  useful  in  the  determination  of  the 
effective  behavior  of  the  composite.  We  will  now  show  that 
under  such  boundary  conditions,  and  as  (hr  as  the  computa¬ 
tion  of  the  effective  properties  are  concerned,  it  is  uscfbl  to 
represent  a  phase  with  curvilinear  anisotropy  by  an  effective 
rectilinearly  anisotropic  phase.  To  this  end,  suppose  that  the 
heat  flux  and  intensity  fields  in  tlx  composite  under  (3), 
and  (3),  are  known  in  a  current  curvilinear  system  |  [Fig. 
2(a)]  and  are  denoted  by  primed  quantities  q'(()  and 
H'(|). 

Similarly,  let  the  conductivity  tensor  K'  and  resistivity 
tensor  R'  »  (K’) " 1  in  such  a  system  be  defined  by 

*(t)  -  k;h;(0,  h;(|)  -  R;q,'(|).  (4) 

where  the  subscript  s  denotes  a  certain  phase. 

Since  in  this  paper  we  will  be  eventually  concerned 'with 
cylindrically  orthotropic  fibers  with  a  certain  orientatioo 
distribution,  it  is  useful  to  introduce  an  additional  auxiliary 
Cartesian  coordinate  system  (q)  whose  axis  coincides 


FIG.  2.  (a)  Local  coordmaua  in  a  cunnlmemrty  (nootropic  system  <()  and 
mCartanaaiyiUn  (e)  fcud  in  a  phaac.  (b)  The  ooentaoon  of  *  Sber  in  a 
Hxad  Canaaan  tyttm  (a). 


with  the  axis  of  symmetry  of  the  fiber  (Fig.  2).  More  gener¬ 
ally,  this  system  can  be  thought  of  as  a  local  Cartesian  system 
which  is  fixed  in  a  certain  phase.  Field  quantities  in  this  Car¬ 
tesian  system  will  be  denoted  by  a  tilde  and  the  transforma¬ 
tion  between  the  current  curvilinear  and  Cartesian  compo¬ 
nents  of  the  fields  denoted  by  a  prime  and  a  tilde, 
respectively,  and  are  described  by 

i(D-QC(t).  ft,(l)«QH,'(l).  (5) 

where  Q  is  the  orthogonal  transformation  matrix  between 
the  q  and  (  systems  and  defined  as 

Note  that  Q  is  usually  a  faction  of  fc  for  example,  if  the 
transformation  is  between  the  cylindrical  and  Cartesian  sys¬ 
tem.  Q  is  a  faction  of  the  angle  4- 

The  constitutive  taws  in  the  (  system  can  be  now  de¬ 
scribed  by 

C-K,'H or  H,'-R,'C. 

with  R;  -  (K;>  ■  Equations  (5)  and  (7)  yield 

1-qk;q  ft..  A.-QRQ  i.  <» 

at  any  point  q  in  phase  s.  As  mentioned  above  Q  is  usually  a 
faction  of  {  (or  q).  For  the  sake  of  simplicity  in  notation, 
however,  these  quantities  will  be  denoted  without  the  argu- 
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ment  q  in  the  sequel. 

Averaging  ( 8 )  over  the  volume  of  the  phases  yields 


q,  =4-  f  QK.'Q-'fi.OlW. 

V,  Jy, 

H,  =  4"  f"  QRJQ'^ltDdK,. 
V,  Jy, 


(9) 


Let  now  the  local  flux  and  intensity  fields  in  the  composite 
aggregate  be  related  to  the  applied  uniform  fields  through 
certain  influence  functions  A,(q),  B,  (t|),  given  by 

4.01)  =B,d|)qo.  OO) 


under  ( 3 ) ,  and  ( 3 )  2 ,  respectively,  where  the  overall  intensi¬ 
ty  and  flux  vectors  have  also  been  referred  to  the  q  frame 
relative  to  phase  s.  Similar  relations  can  be  written  for  aver¬ 
age  quantities 

H,  =  A, Hq,  <L=§,4o.  (ID 


In  this  paper  we  will  denote  local  fields  with  an  argu¬ 
ment  and  quantities  without  an  argument  will  refer  to  aver¬ 
ages.  The  tensors  A,  and  B,  in  ( 1 1 )  are  called  concentration 
factors. 

Next  let  us  write  the  average  flux  and  intensity  under 


( 3 ) ,  and  ( 3 )  2 ,  respectively: 

4.  =  (j~J  QK.'Q-'AJqld^fl,,, 

(12) 

h,  ~(*T  \v  QR.'Q"1B.(ti)</f/*)4o- 

(13) 

Solving  for  Ho  and  4,  in  (11),  and  substituting  in  ( 12)  and 
(13),  respectively,  yields 

4,  =  K,H,.  H,«R,4,.  (14) 

where  the  effective  properties  K,  and  R,  have  been  defined  as 


=  QK;Q-,AI(q)dKI)AJ-,1  05) 

QR.'Q-'B.OiXfK^B,-1.  (16) 

Note  that  in  view  of  their  definition  in  ( 1 5 )  and  ( 16), 
and  R,  are  second-order  tensors.  Very  much  like  the  overall 
effective  behavior  of  the  composite  aggregate,  those  effective 
tensors  depend  on  the  nature  of  the  influence  functions 
A,(q)  and  B,(q).  Since  these  functions  are  approximated 
differently  in  different  micromechanics  models,  K,  and  R, 
may  vary  from  model  to  model.  Furthermore,  tojqualify  as 
effective  properties,  the  reciprocity  relation  K,  ■  R,' 1  needs 
to  be  proved  in  the  context  of  the  used  theory.  Such  a  reci¬ 
procity  relation  is  also  usually  necessary  to  prove  that  the 
overall  conductivity  tensor  and  resistivity  tensor  as  predict¬ 
ed  by  the  model  are  the  inverse  of  each  other. 

With  the  quantities  K,  and  R,  defined  in  ( 15)  and  ( 16), 
a  proper  framework  can  be  now  formulated  for  the  computa¬ 
tion  of  the  effective  conductivity  and  resistivity  tensors. 


B.  Coated  fibers  with  curvlllnearty  anisotropic  fiber  and 
given  orientation  and  distribution 

Let  us  first  start  with  a  proper  definition  of  average 
quantities  in  a  composite  in  which  the  fibers  may  assume 


some  given  orientation  distribution.  Recall  that  a  Cartesian 
frame  x  and  an  auxiliary  one  q,  whose  rji  axis  coincides  with 
the  fiber  axis,  have  already  previously  been  defined.  The 
transformation  between  the  x  and  q  systems  is  described  as 

x  =  Dq,  (17) 

with  D  being  given  by  [see  Fig.  2(b)  ]: 

(cos  0  cos  4>  —  sin  <t>  sin  0  cos  <t>\ 

cos©  sin  4>  cos  <t>  sin0sin$|.  (18) 
—  sin  ©  0  cos  ©  / 

The  framework  presented  in  this  section  is  valid  for  short 
spheroidal  coated  fibers  with  an  axis  of  symmetry.  Imple¬ 
mentation  of  the  method  in  the  last  section  will  be  given  for 
the  case  of  long  cylindrical  fibers  with  circular  cross  sec¬ 
tions. 

Consider  now  a  quantity  tf,(0,  <b),  be  it  scalar,  vector, 
or  tensor,  which  has  already  been  averaged  over  the  fiber 
core  or  coating  of  a  single  fiber,  and  which  depends  on  the 
specific  orientation  (©,  <t>)  of  that  fiber.  The  average  of  this 
quantity  over  all  possible  fiber  orientations  will  be  now 
sought.  To  this  end,  define  an  orientation  distribution  by  the 
function  of  p(0,  4>)  which  represents  the  number  of  fibers 
intersecting  a  unit  area  of  the  unit  sphere  in  Fig.  2(b).  The 
average  of  the  quantity  (©,  4>)  over  all  possible  fiber  ori¬ 
entations  is  therefore  given  by 


<#,  (©,*)>  = 


SonSlwt,  (®.4>)p (©.<*>) sin  0  d®  d< t> 
/o'*/o,P(©.*)»n  ®  d© 

(19) 


Consider  next  the  boundary  condition  (3), ,  under  which 
the  average  intensity  H  is  given  by 

H  =  Ho,  (20) 

with 

H  =  cmH„+  X  c.<Hf (©.♦)>.  (21) 

»-/■* 

where  all  the  intensity  fields  are  referred  now  to  the  fixed 
coordinate  system.  In  (21 ),  H  denotes  the  overall  intensity, 
H„  is  the  average  intensity  in  the  matrix,  and  H,  (©,<*> )  are 
the  average  intensities  in  the  fiber  and  coating  of  a  coated 
fiber  which  has  an  orientation  (©,♦).  Using  the  proper 
transformation  between  the  H,  and  H  vectors,  and  invoicing 
(11),  and  (20)  in  (21)  provides 

c„H„  «  (l-  2^c,<DA,D-'>)Ho.  (22) 

Next  define  an  overall  conductivity  tensor  K  referred  to  the 
fixed  coordinate  system  x: 

q-KH  =  K  Hq.  (23) 

Writing  (23)  in  the  form 

KH0«cmK.nHm+  £  c,<0.  (24) 

•  •r* 


and  using  proper  transformation  between  coordinate  sys¬ 
tems  together  with  (14),  and  (22)  provides,  after  some 
manipulations. 
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K  =  Km  +  £  cI<(DK,D-,)(DAsD-,)> 

-I.  £c,<DA,D-,>.  (25) 

i-/4 

where  in  the  above  development  the  matrix  is  assumed  to  be 
homogeneous  and  recti  linearly  anisotropic. 

Under  boundary  conditions  ( 3  )2 ,  using 

<l  =  c«q.+  T  c,<(L(0,*))=4,.  (26) 

««/* 

and  ( 1 1 )  2  and  ( 1 4 )  2 ,  yields  the  following  equation  for  the 
effective  resistivity  tensor  R: 

R  =  R„  +  X  c,<(DRJD-,)(D§,D-')> 

» -/* 

-R.Xf^Di.D-1),  (27) 

1-/4 

which  is  counterpart  to  (25). 


III.  THE  MICROMECHANICS  MOOEL 


We  employ  here  the  Mon-Tanaka  mean-field  theory  to 
determine  the  effective  thermal  conductivity  of  the  above- 
described  composite  systems.  The  essential  assumption  of 
this  theory  consists  in  estimating  the  concentration  factors 
in  (11)  by  those  obtained  in  an  auxiliary  configuration  of 
one  fiber  in  an  infinite  matrix  subjected  at  infinity  to 

d(S)  -  Hmx,  or  fa(5)*4.a,  (28) 


where  H„  and  q„  are  the  average  intensity  and  the  flux 
vectors  in  the  matrix  to  be  determined. 

Consider  first  the  boundary  conditions  (3),  and  let  the 
intensity  in  the  fiber  core  and  surrounding  coating  of  a  single 
coated  fiber  embedded  in  an  infinite  matrix  subjected  to 
(28),  be  given  by 

H,(ti)-ff(iDH,-f,(t|)D-'Hm.  (29) 

Use  of  (29)  and  (21)  provides 

H--(e-I+  ^  c*<Df«D‘,>)  M®'  <*» 

Substitution  of  (30)  back  in  (29)  and  recalling  the  definition 
of  A,  in  ( 1 1 )  gives 


A,(n)=f.(s|)D-'(c.I+  X 

(31) 

Finally,  employing  (31)  in  (25)  provides  the  following 
expression  for  K: 

K  *  +  (  X  c.((Dt,D-,)(Df.D-,)> 

\>-/4 

-Km  Xc.Utf.D-')) 

,r?4  / 


x(cmI+  X  c.atf.D-))'1.  (32) 

'  '-/■*  ' 

Similarly,  under  boundary  conditions  ( 3 ), ,  defining  the 
tensor,  counterpart  to  f ,  in  (29),  as 

q,(H)  »^,(q)4..  (33) 


yields  equations  for  qm  and  B„  and  the  resistivity  tensor  R 
counterpan  to  (30),  (31),  and  (32): 

<U  „I+  X  c,(U*r,D-')Y'qB.  (34) 

1-/4  / 

B,(H)  =  WI(TDD-1(cmI+  £  (DW.D-1))'^-', 

(35) 

R  =  Rm+(X  c,  ((DR,D~ 1  )(DW,D*  ‘)> 

'*-/•* 

-R*  X  c,(DVt,D-')) 

1-/4  • 

x(cmI+  X  D- (36) 

Two  consistency  propenies  need  now  to  be  proved:  first, 
that  the  effective  phase  propenies  as  predicted  by  the  model 
in  conjunction  with  (IS),  (16),  (31),  and  (35)  satisfy 

K,  -fi,-1.  (37) 

and  second,  that  the  predicted  effective  propenies  (32)  and 
(36)  satisfy  a  similar  relation: 


K  =  R-'.  (38) 

Let  us  first  prove  (37).  Substitution  of  (31)  into  (15) 
and  (35)  into  ( 16)  yields 

K,  *  qk;q- 'f  ADdr.)  Tf (39) 

ft,  =  \V  qr;q  - '  W,  (q  )rfKf )  Wf- (40) 

Consider  now  (29)  and  transform  it  consecutively  to 
the  following  equivalent  forms: 

H,(q)  =T,(t,)H„,  QH;=ff(T,)5„i., 

QR;q;  -TJqlR^q.,  QR.Q  'q,  =T,(q)Rwqm, 

(41) 

q,»QKf'Q'f,(q)Rwiw, 
which,  when  compared  with  (33),  implies  that 

(42) 

Substitution  of  (42)  into  (40)  provides,  after  some  manipu¬ 
lation. 


ft.  -t.  (-pr£  WQ-f.HW)'1 .  («) 

whose  comparison  with  (39)  shows  that  (37)  is  fulfilled. 

Let  us  now  prove  that  K  and  R  as  given  by  (32)  and 
(36)  fulfill  (38).  To  this  end,  write  first  (36)  as 


*(cml+  X  c,<D*fD-'>) 

\  t-/4  / 

-(R-.C..+  X 

\  lm/4  / 

+  (  X  cf<(DR,D-')(D*.D''» 

\*-/t 

-R„  X 

1-/4  > 


(44) 
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Next  note  that  integrating  ( 42 )  over  V,  and  comparing  with 
(39)  provides 

Wt=K,TtRm.  (45) 

Substitute  now  ( 45 )  in  ( 44) ,  and  obtain,  after  some  manipu¬ 
lations. 


r(c„K„  +  2  ^((DK.D-'HDT.D-1))) 

Vi-/*  / 


=  (<-.!+  I  c,<Df,D-'>). 


(46) 

■  -/* 

where  we  have  used  the  fact  that 
(DK,f,D"  'DRmD~ ')  =  <DK,T,D “  ')R„.  Noting  finally 
that  ( 32 )  can  be  written  as 


K(c„I  +  X«.(W.D''> 

=  (cmKm+  £  c,<(DKJD-|)(Df,D-,)))>  (47) 

and  comparing  (46)  and  (47)  shows  that  (38)  is  fulfilled. 

The  local  fields  in  a  coated  fiber  and  the  immediate  sur¬ 
rounding  matrix  can  be  obtained  in  the  framework  of  the 
present  model,  by  solving  the  auxiliary  problem  of  a  single 
coated  fiber  taken  at  an  orientation  (0,<t>)  and  embedded  in 
an  infinite  matrix,  and  subjecting  it  at  infinity  to  boundary 
conditions  (28),  .The  implementation  of  the  theory  present¬ 
ed  herein  for  the  case  of  cylindrical  coated  fibers  with  circu¬ 
lar  cross  section  will  be  presented  in  the  next  section. 


d 

d 


</>  _ 

(o  _ . 


_ 4t("lit,t,fll 

{klmi  +  k  +  k  <*>)  —  (aVd  *)  ( k «-» 

2Jfc<""(A*</’  +  *««') 

(it  «-•  +  k  <•» ) Uk «/»  +  *  «*>)  -  (aVfi J) (* 


IV.  APPLICATION:  COMPOSITES  WITH  COATED 
FIBERS  OF  CYLINDRICAL  SHAPE  WITH  A  CIRCULAR 
CROSS  SECTION 

Let  us  now  consider  long  coated  fibers  in  which  the  fiber 
core  is  cylindrical^  orthotropic,  the  coating  is  transversely 
isotropic,  and  the  matrix  is  isotropic.  The  conductivities  of 
the  phases  are,  respectively,  denoted  by  k\f  \  k‘/\  kl/K, 
k  <*>:  (k,  )*;  k l"".  We  will  be  concerned  in  this  section  with 
boundary  conditions  of  type  (3),  only  and  chose  to  imple¬ 
ment  Eq.  (32).  The  temperature  field  6  in  the  coated  fiber 
and  surrounding  matrix  can  be  obtained  by  solving  the  prob¬ 
lem  of  a  single  coated  fiber  in  an  infinite  matrix  and  subject¬ 
ing  it  to  (28),,  with  Hm  given  in  (30). 

The  solution  of  the  auxiliary  problem  leading  to  the  ten¬ 
sor  T,  is  given  in  the  Appendix.  It  turns  out  that 


where  A  is  given  by  A.  =  (k'/^/k\f))'/1,  andd(/l  withd(,) 
are  constants  defined  as 


~*t«>)W*^/,-*<*,)  ’ 


(49) 


*(*,)U(fc‘/>  -*<*')  ’ 


(50) 


and  a  and  b  denote  the  inner  and  outer  radii  of  the  coating. 

The  effective  conductivity  K,  of  the  cylindricaily  ortho- 
tropic  fiber  is  obtained  from  ( 15)  with  Kf  being  defined  in 
(31),  resulting  in 

=  (t~ L  qk‘q  ,^/(1,)</k*) '•  (5l) 

where  an  expression  for  the  T  (tj)  tensor  depending  on  the 
position  within  the  fiber  is  again  to  be  found  in  the  Appen¬ 
dix.  After  performing  the  integration  in  (51 ),  Kr  results  as  a 
diagonal  matrix  with 

k‘f>  1  +.k{f) 

(K/)„  =  (K/)u - <*/>»  *  k" 

(52) 

so  that  Eq.  (32)  can  readily  be  implemented. 

In  the  case  of  completely  random  distribution,  the  ex¬ 
plicit  form  of  ( 32 )  is  given  as 

^ii  =  Ku  * 

—  A^*)]^  -he. [i(A‘*» 

—  k,m')d(l>  •+■  j(Jki*'  —  k("’)]i4.  (53) 


where 


d  -  [cm  +  c,(jd ‘ '  V  - 1  +  J>  +  c, <*/ '"  +  J)  ]  ’  ‘, 

(54) 


= 


1  +  A 


/> 


(55) 


For  cosine-type  distribution,  p  =  p0  cos  0,  the  effective 
conductivities  in  transverse  and  axial  direction  have  the 
form 

jC,,  «*<->+  c/[J(Jk^'-Jk-)d‘/V-‘ 

+  !(*/’ -*<’",)JB 
+  c,  [*(*<*>-*<«»)</<*> 

+i(*  ;«'-*'-»)]*  (56) 

JC„  «  k +  c,[{{k (/>  -  Jk l-')d</'tf‘- 1 

+  cf  [J<*  »*»  -  *  <-»)d‘»>  +  }(k p  -  k '"’)  ]C. 

(57) 

where 

B»  [cm+c/(ldi/'aA-,+V+ct()d,t>  +  i)]-'.  (58) 
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C=  [c,  +c/(i</'/,<r‘-,+i)+cf(i</(*,  +  i)]  -  (59) 

For  binary  systems  with  uncoated  cylindrical  fibers  with  cir¬ 
cular  cross  section  and  isotropic  constituents,  Eqs.  (S3), 
(56),  and  (57)  reduce  to  Eqs.  (25),  (30),  (31),  (35),  and 
( 36)  of  Hatta  and  Taya. 1 

Just  as  an  illustration,  numerical  results  are  given  for  the 
following  chosen  parameters:  k  (/'/k <m’  =  10, 

k\f'/k<m'  =  20,  k\n/k  (m>  —  20,  k  '*'/k  1  ""  =  *;*’/* <"> 
=  10,  k\*'/k ,ml  =  15,  and  b/a  =  1.1.  Figure  3  illustrates 
the  effective  thermal  conductivities  of  completely  random 
and  cosine-type  distribution  of  fibers  in  which 
p(0.'I')  =p0  cos©  in  Eq.  ( 19).  In  Fig.  4  we  consider  the 
case  of  unidirectionally  reinforced  composite  with  an  ap¬ 
plied  intensity  transverse  to  the  fiber;  the  figure  illustrates 
the  thermal  intensity  distribution  in  the  fiber,  coating,  and 
matrtx  along  the  angles  6  =  0'  and  90*. 
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APPENDIX 

We  derive  in  this  Appendix  the  temperature  flux  and 
intensity  fields  in  a  coated  cylindrical  fiber  with  a  circular 
cross  section  which  is  embedded  in  an  infinite  matrix  and 
subjected  at  infinity  to  a  constant  intensity  [see  Fig.  A1  (a)  ] . 
The  core  of  the  fiber  is  cylindrically  orthotropic  and  de¬ 
scribed  by  Eq.  ( 1 ),  the  coating  is  transversely  isotropic,  and 
the  matrix  is  isotropic. 

In  accordance  to  the  notation  used  in  the  paper,  a  Carte¬ 
sian  system  tj  is  centered  at  the  fiber  with  the  rjy  axis  coincid¬ 
ing  with  its  axis  of  symmetry,  and  the  intensity  field  at  infln- 


c.  ♦  c. 


FIG.  3.  A  composite  with  fibers  which  are  randomly  oriented.  The  nondi- 
meimonalized  effective  thermal  conductivity  K  /km  vs  the  volume  fraction 
of  the  coated  fiber  er  +  c,. 


FIG.  4.  UniaxiaUy  reinforced  composite.  The  nondimensionalized  thermal 
intensity  field  H,/H0  vs  the  ratio  of  the  radial  distance  to  the  fiber  radius, 
given  at  locations  d  -  O’  and  9CT. 


I  |  t  |  t- 


lilt! 


FIG.  Al.  The  auxiliary  problem  of  a  tingle  coated  fiber  in  infinite  matrix. 
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ity  is  described  by  (  Hq  ) .  Due  to  the  axisymmetric  nature  of 
the  described  boundary-value  problem,  it  is  sufficient  to  con¬ 
sider  only  an  external  intensity  in  the  form 
[(/fo),,0,(//o)3  ]•  The  solution  due  to  (H0)  y  is  trivial  and 
consists  in 

Hu>=  [0.0,(ff0)i].  q1”*  [0,0.*i*'(ffo>i].  (Al) 

so  that  wejvill  solve  here  the  problem  due  to  a  transverse 
intensity  ( H0 ) ,  [see  Fig.  A 1  (b)  ] . 

The  described  problem  is  therefore  two  dimensional 
with  the  heat  flux  in  each  phase  being  given  by 


where  in  this  case,  k\v  =  klJ)^kk[,)  in  the 

coating,  and  k\m'  =  kl4ml  =  k[m>  in  the  matrix.  Under 
steady-state  conditions, 

V-q  =  0  (A3) 


prevails.  Using  the  expressions  given  for  H  in  (2)  and  writ¬ 
ing  (A2)  in  a  cylindrical  coordinate  system  provides 


d*6l 
dr 1 


nag1" 

r )  dr 


+*r 


/ 1  \  d1eu 1 
VrV  df 


=  0. 

(A4) 


Using  separation  of  variables, 

0“'  =  FU)(r)G{,>(4),  (A5) 

yields  the  following  solutions  for  the  temperature  field  in 


each  phase: 

gif)  =  1 />r  "*  sin  d. 

$<«>  =  +  sind. 

(A6) 

<?<"»  =  [d<mV  +  —  jsind. 

where  d  and  eu>  are  five  constants  to  be  determined  from 
the  interface  conditions  and  boundary  conditions  at  infinity. 
Continuity  of  the  temperature  field  and  radial  heat  flux  at 
material  interfaces  demand 

at  r  =  a. 


=  dim\ 

at  r  =  b, 

d8u'  _ 

.kt„ 

dr 

dr 

d61*'  _ 

dr 

dr 

at  r  =  a, 


at  r  —  b, 


(A7) 


where  a  and  b  denote  the  radius  of  the  fiber  core  and  radius 
of  the  coating-matrix  interface,  respectively.  The  condition 
at  infinity,  on  the  other  hand,  requires 

( A8) 


Solution  of  ( A7)  and  ( A8)  provides  the  constants  of  inter¬ 
est,  and  the  expression  for  the  T(>>  tensor  therefore  results  as 
given  in  (48). 
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Local  fields  and  effective  thermoelastic  properties  are  derived  for  coated  Tiber  composites  with  cylindrically  orthotropic 
fibers  and  transversely  isotropic  coating  and  matrix  phases.  Thermomechanical  loading  situations  are  considered  in  which  a 
uniform  stress  and  a  uniform  temperature  change  are  applied  to  the  boundary  of  the  composite  aggregate.  A  micro  mechanical 
model  based  on  the  Mori  and  Tanaka's  concept  of  average  stress  in  the  matrix,  is  used  to  account  for  phase  interaction.  It  is 
found  that  a  special  treatment  is  needed  in  formulation  of  effective  properties  of  composites  reinforced  by  constituents  which 
are  curvihnearly  anisotropic.  Results  are  presented  for  a  pitch  precursor  carbon  fiber,  carbon  coating  and  titanium  alumina tc 
matrix  system. 


1.  Introduction 

The  present  paper  is  a  continuation  of  our 
earlier  study  of  stress  Fields  in  composites  rein¬ 
forced  by  coated  inclusions  (Benveniste  et  aL, 
1989),  which  will  be  referred  to  as  (I)  in  the 
sequel  In  that  work  we  evaluated  the  overall 
properties  of  such  composites,  and  examined  in 
detail  the  local  fields  in  fibrous  composites  with 
isotropic  phases.  A  general  overall  uniform  stress 
state  and  a  uniform  temperature  change  repre¬ 
sented  the  external  loads.  The  results  are  useful  in 
applications  to  many  actual  systems,  but  not  in 
situations  where  the  phases  are  anisotropic  A 
particular  example  is  a  composite  reinforced  by 
carbon  fibers  which  are  transversely  isotropic  or 
cylindrically  orthotropic  and  also  a  system  which 
contains  carbon-coated  fibers.  To  evaluate  the  lo¬ 
cal  fields  and  overall  properties  in  various  systems 
of  this  kind,  we  develop  herein  a  micromechanical 
analysis  of  coated  fiber  composites  in  which  the 
fiber  may  be  at  most  cylindrically  orthotropic  and 
the  coating  and/or  matrix  transversely  isotropic. 

*  Permanent  addreee:  Department  of  Solid  Mechanics 

Materials  aad  Structures.  Family  of  Pngi  wring  Td-Aviv 

University,  Ramat-Aviv  69978,  Israel. 


In  addition  to  the  earlier  studies  of  coated  fiber 
composites  described  in  (I),  we  mention  here 
the  work  of  Avery  and  Herakovich  (1986)  who 
considered  a  single  composite  cylinder,  with  a 
cylindrically  orthotropic  fiber,  under  uniform 
thermal  change.  Pagano  and  Tandon  (1988)  treat 
a  thermomechanically  loaded  system  reinforced  by 
randomly  oriented  short  coaled  fibers  in  which  the 
constituents  may  be  transversely  isotropic.  Mikata 
and  Taya  (198Sa,  1986)  used  the  Boussinesq-Sa- 
dowsky  stress  functions  to  find  stress  fields  in 
coated  ellipsoidal  inclusion  in  an  infinite  matrix 
tinder  transverse  dilatational  axial  and  thermal 
loadings.  In  another  paper  (Mikata  and  Taya, 
198Sb),  they  considered  the  problem  of  four  con¬ 
centric  cylinders  with  transversely  isotropic  phases 
as  a  model  of  a  composite  reinforced  by  aligned 
coated  fibers;  overall  stresses  were  limited  to  uni¬ 
form  temperature  change  and  to  axisymmetric 
mechanical  loading. 

In  contrast,  the  present  results  are  not  limited 
to  special  loading  conditions.  The  applied  load 
may  consist  of  any  uniform  overall  state  of  stress, 
and  a  uniform  change  in  temperature.  As  in  (I), 
the  micromechanical  model  employed  here  is  based 
on  the  Mori -Tanaka  approximation.  The  stresses 
in  the  fiber  and  coating  are  derived  from  the 
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solution  of  an  auxiliary  dilute  problem  in  which 
the  coated  fiber  is  embedded  in  a  large  volume  of 
matrix.  The  interaction  between  fibers  is  accounted 
for  in  an  approximate  way:  The  actual  stress  in 
the  matrix  is  replaced  by  its  average  value  em, 
which  is  applied  together  with  the  prescribed  uni¬ 
form  thermal  change  at  the  remote  boundaries  of 
the  matrix.  The  magnitude  of  om  is  obtained  from 
the  Mon-Tanaka  model  described  in  the  sequel. 
The  advantage  of  this  approach  is  that  the  ap¬ 
proximation  affects  only  the  boundary  conditions 
of  the  modified  dilute  problem,  but  the  problem 
itself  can  be  solved  exactly  for  the  stress  field  in 
the  fiber  and  coating,  in  the  adjacent  volume  of 
the  matrix,  and  at  the  respective  interfaces. 

The  paper  starts  with  the  solution  of  several 
auxiliary  dilute  problems  which  focus  on  a  single 
coated  fiber  while  certain  uniform  overall  stress 
states,  and  a  uniform  temperature  change  are  ap¬ 
plied  to  the  matrix  at  infinity.  These  solutions 
show  that  even  under  uniform  overall  states,  the 
local  fields  in  the  phases  are  not  uniform.  The 
results  are  found  in  cylindrical  coordinates  associ¬ 
ated  with  the  fiber  axis,  whereas  the  evaluation  of 
overall  properties  must  be  based  on  phase  stress 
averages  in  Cartesian  coordinates.  In  the  cylin¬ 
drical^  orthotropic  fiber,  the  phase  properties  are 
not  uniform  in  the  Cartesian  system  and  the 
transformation  of  the  stress  fields  and  phase  prop¬ 
erties  requires  special  attention.  This  opens  the 
way  for  implementation  of  the  Mori-Tanaka 
scheme,  and  for  a  proof  of  its  consistency.  Finally, 
examples  of  computed  overall  properties  and  local 
stress  fields  are  presented  for  a  pitch  precursor 
carbon  fiber,  carbon  coating  and  titanium 
aluminide  matrix  system  which  is  of  interest  in 
applications. 


2.  Auxiliary  dBute  proMens 

2.1.  Phase  properties 

We  now  proceed  to  find  solutions  to  the  dilute 
problems  in  which  the  coated  fiber  is  embedded  in 
a  large  volume  of  matrix  subjected  to  certain 
remotely  applied  tractions  derived  from  uniform 
stress  states.  Invariably,  the  analysis  will  be  per¬ 


formed  in  cylindrical  coordinates,  r.  <p,  z,  where 
the  z  direction  coincides  with  the  fiber  axis. 

The  phase  constitutive  equations  employed  in 
the  analysis  can  be  summarized  as  follows.  The 
cylindrically  orthotropic  fiber  is  a  particular  ex¬ 
ample  of  a  cylindrically  anisotropic  solid  with  the 
constitutive  equation  written  as: 
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where  CtJ,  G^,  and  G„  are  the  stiffness  coeffi¬ 
cients,  a,  are  linear  coefficients  of  thermal  expan¬ 
sion,  and  4,  is  the  prescribed  change  in  tempera¬ 
ture.  Nine  stiffness  coefficients  and  three  thermal 
expansion  coefficients  describe  this  kind  of  ani¬ 
sotropy.  Cylindrical  orthotropy  is  characterized  by 
the  fact  that  the  properties  in  the  tangential,  radial 
and  axial  directions  are  distinct;  in  other  words, 
the  material  is  orthotropic  in  a  Cartesian  system 
which  is  located  at  any  point  within  the  fiber,  with 
the  three  axes  pointing  in  the  axial,  tangential  and 
radial  directioa  respectively.  If  Qr  >  C*,,  then  the 
material  is  called  radially  onhotropic.  and  if  C„  < 
it  is  called  circumferentially  orthotropic. 

In  the  special  case  of  transversely  isotropic 
solids,  which  may  represent  the  coating  and  the 
matrix,  as  wdl  as  some  fibers,  the  nine  indepen¬ 
dent  constants  in  (1)  are  related  by  the  connec¬ 
tions 

Cf  “  C,  “  Cm , 


(2) 
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TRANSVERSE  SECTION 


Fig.  1.  The  auxiliary  problem  for  axisymmetnc  loading 


This  reduces  the  number  of  independent  constants 
to  five.  It  is  often  convenient  to  represent  the 
stiffness  coefficients  of  a  transversely  isotropic 
solid  by  Hill’s  (1964)  moduli  k,  /,  m,  n,  and  p, 
as: 

+  C^~k-m,  Q-/ 

C„  ■  n,  G„  mp,  ■  w. 

2.2.  Axisymmetric  deformation 

We  refer  to  Fig.  1  for  definition  of  the  geome¬ 
try  of  the  coated  fiber  assemblage,  and  of  the 
applied  loads.  The  cylindrical  coordinates  are  de¬ 
noted  by  the  symbols  r,  +,  z;  they  appear  as 
subscripts  when  used  with  the  respective  stress  or 
strain  components.  The  phase  designation  symbol 
s  -  f,  g,  m  for  fiber,  coating  and  matrix,  is  always 


written  as  a  superscript.  The  boundary  conditions 
on  the  surface  which  surrounds  the  large  matrix 
volume  are: 

or  —  o0  at  r  -*  ao 

at  r-±L.  (4) 

It  should  be  emphasized  here  that  in  this  auxiliary 
problem  and  in  those  which  will  follow  the  stresses 
at  infinity  are  denoted  by  a0.  The  stress  fields  in 
the  composite  will  be  derived  from  the  solution  of 
the  same  auxiliary  problems  but  this  tune,  accord¬ 
ing  to  the  main  assumption  of  Mori-Tanaka’s 
method,  the  average  stress  in  the  matrix  om  will 
replace  o^. 

A  general  solution  to  the  above  boundary  value 
problem,  valid  away  from  the  fiber  ends  z  *  ±L. 
can  be  derived  by  substituting  (1)  into  the  equa¬ 
tions  of  equilibrium  with  the  boundary  condition 
that  the  hoop  displacement  u4  is  zero.  Also,  the 
stresses  and  strains  must  be  independent  of  <*>. 
Cohen  and  Hyer  (1934)  found  such  a  general  form 
of  the  axisymmetric  displacement  field,  for  a 
cross-ply  composite  tube.  This  field  can  be  utilized 
in  the  present  situation: 

«J-,4Wff,€?r+/f2r$) 

(5) 

u?  -  Amr  +  Bm/r 
tij  -  t°r  s  -  f,  g,  m. 

where  r-0  is  the  fiber  axis  z,  and  uj'*,  uj” 
denote  the  radial  and  axial  displacements  in  the 
phases  s.  A',  B‘,  and  the  uniform  strain  «?  are 
unknown  constants  which  follow  from  the 
boundary  conditions  (4)  and  from  the  usual  dis¬ 
placement  and  traction  continuity  conditions  at 
the  interfaces  r-a,  and  r-b.  If  the  fiber  is 
transversely  isotropic,  then  Hx  and  bf2  m  (5)  are 
reduced  to  zero,  and  ij  - 1.  As  in  (I)  the  second 
boundary  condition  in  (4)  cannot  be  satisfied 
pointwise  by  the  present  solution.  Instead,  we 
demand  that  the  avenge  stress  o,(±L)  be  equal 
to  Po-  Since  an  infinite  matrix  surrounds  a  single 
coated  fibers,  this  latter  condition  u  implemented 
by  simply  demanding  that  the  a,  stress  in  the 
matrix  (which  turns  out  to  be  constant  in  the 
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present  case)  be  equal  to  pQ.  The  additional  con¬ 
stants  in  (5)  are  defined  as: 


V  -  v  C+JC„ 

C  -  C 

u  _  •'  r; 

1  c„-c„ 

hi  *  {(C, -C^,)a,+  (C^-C^)a* 
+  (Q-C4>,} 
*(C,-C„)'\ 


(6) 


The  stress  fields  in  the  three  phases  are  now 
obtained  from  the  above  displacement  fields  as: 

nr'-'  +  C„r'-x)A' 

+  -  <*,)  +  Q(/f2  -  aj  -  CrA]«0 

a*f-(C,nr,-I  +  C^r’'-1)V 

+(c^t  +  c^  +  cj«; 

+  [c^(/f2  -  a,)  +  C^(H2  -  «*)  -  C„a,]*0 

(7) 

®/  “  ( 1  +  C^r'1- 1 ) 

+  [C,  ( -  «,)  +  C„(//2  -  aj  -  C„a,]«0 

a*  -  2*M*  -  2m*^  +  /•«?  -  (2*»af  +  /*ai)*0 

a*  -  2/cM*  +  2m«^  +  lh°  -  (2 **a*+  /M*)*, 

(8) 

a*  -  2/M*  +  n't0,  -  (2/»af  +  n*al)^ 
a™  -  2kmAm  -  2mm~-  +  /“«? 

-(2  *ma?  +  /“a?)«0 
a4m  -  2/cM"  +  2m"~  +  /“c° 

-(2*"a? +  /“«?)*,  (9) 

<i™  -  2lmAm  +  -  (2/"a“  +  nma?)^. 

There  are  several  axisymznetric  solutions  in  mi- 
cromechamcs  of  fibrous  media  which  have  been 


found  for  transversely  isotropic  fibers.  To  provide 
contact  between  those  ar  the  present  results,  we 
evaluate  m  the  Appendix  the  effective  thermo- 
mechamcal  properties  of  a  substitute  transversely 
isotropic  fiber  which,  if  used  in  the  present 
axisymmethc  loading  case,  would  preserve  the 
stress  fields  (8)  and  (9)  in  the  coating  and  matrix. 
Under  axisymmethc  loading,  the  substitute  fiber 
has  the  same  overall  response  as  the  cylindncally 
orv  otroptc  fiber,  and  the  uniform  stress  and  strain 
found  in  the  substitute  fiber  is  equal  to  the  fiber 
volume  average  of  the  field  (7). 

Chen  and  Diefendorf  (1985)  pointed  out  that  a 
nonuniform  thermal  stress  field,  similar  but  not 
identical  to  (7),  may  develop  in  a  cylindncally 
orthotropic  fiber  which  is  not  bonded  to  a  m?trix. 
The  existence  of  such  fields  in  embedded  fibers  is 
accounted  for  by  the  present  solution. 

2.3.  Transverse  shear  loading 

The  statically  admissible  displacement  field  in 
the  cylindncally  orthotropic  fiber,  and  in  the 
transversely  isotropic  coating  and  matrix,  for  the 
loading  described  in  Fig.  2,  can  be  found  as  fol¬ 
lows.  For  a  homogeneous  elastic  medium  sub¬ 
jected  to  a  uniform  held  of  simple  shear  deforma¬ 
tion,  the  displacement  components  are  defined  by  : 

ux-cx  uy  -  -cy  u,-0,  (10) 

where  c  is  a  constant.  In  cylindrical  coordinate 
this  becomes: 

u, "  cr  cos  2$  -cr  sin  2$  u,-  0.  (11) 
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Fig.  2.  The  auxiliary  problem  for  transverse  shear  loading. 
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Fig.  3  The  auxiliary  problem  for  longitudinal  shear  loading. 


In  the  semi-inverse  solution  of  the  present 
problem.  Fig.  3,  we  therefore  assume  that  the 
displacement  field  in  the  anisotropic  phases  will 
have  the  form 


uV  -  U,U)(r)  cos  2$ 


■  l/Jl>(r)  sin  2<t> 

■0, 


(12) 


where  U,{l)(r),  U^a)(r)  are  unknown  functions  of 
r  which  need  to  be  determined  from  the  equations 
of  equilibrium.  In  particular,  the  substitution  of 
(12)  in  the  stress-strain  relations  of  the  fiber  (1) 
gives  stresses  which,  when  substituted  into  the 
equations  of  equilibrium  in  cylindrical  coordi¬ 
nates,  provide  the  following  equations  for  evalua¬ 
tion  of  uy\r),  U±’\ry. 

iU'"  -{^g-*7cAu!‘' 


dluy)  C. 
C- - ^  + 


dr2  '  r  dr 

2(C»  +  Q  d U?' 

+  r  dr 

2 (G„  +  CJ  d U,(’>  2 (C^CJr 

r  dr  r1  ' 


(13) 


(14) 


Note  that  a  change  in  temperature  does  not 
contribute  to  the  present  loading  case.  Moreover, 


according  to  our  original  intent,  we  admit  cylin¬ 
drical  orthotropy  only  in  the  fiber  domain  and  use 
a  reduced  form  of  the  general  solution  to  recover 
the  fields  in  the  transversely  isotropic  coating  and 
matrix. 

The  above  equations  can  be  solved  using  the 
substitution  r  *  e';  this  yields  two  coupled 
ordinary  differential  equations  with  constant  coef¬ 
ficients  for  the  unknown  functions.  The  result  is: 

Ur  ( r )  -  2  [  ( G*  +  )  -  v  i  ( Q,  +  G„ )  ]  A  r  ’ - 

+  2[(G„  +  O  +  t>i(C,  +  GJ\  Br-”> 

+  2[(G„  +  C„)-  t,2(C„  +  GJ j  Cr'> 

+  2[(G^  +  C„)  +  Tjj (C^  +  gJ]  Dr'" 

(15) 

U.(r)-[c„n\-{AG*  +  C„)]Ar* 

+  (Ct,?-(4^  +  C^)]Sr-’' 

f  1  ( 1 w) 

+  [Cni-(^+c^»c^ 

+  [CM-(^+0]Dr-^ 
where  ijf  and  tjf  are  the  roots  of 
C,<vr4  +  [4C$  +  8C^  -  4  c„c„ 

-<^(C,  +  C^)]n2  +  9G^#-  o, 

and  A,  B,  C  and  D  are  certain  constants. 

As  already  noted,  (IS)  and  (16)  are  admitted 
only  in  the  fiber  domain.  However,  to  assure 
boundedness  of  the  displacements  at  the  origin, 
the  terms  which  contain  the  negative  powers  of  tj, 
and  must  be  excluded.  The  displacements  in 
the  fating  and  matrix  domains  are  special  forms 
of  (IS)  and  (16).  The  resulting  admissible  displace¬ 
ment  fields  in  the  phases  can  be  eventually  sum¬ 
marized  as: 

U'  ”  +  *-♦♦)  ~  1h(C-*  +  *%)] 

Xai(y)  +2  [(G^  +  C*,) 

-ni(C»  +  G^)]c,(y)  J  cos  2*  (17) 
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u*  “  *5*  {[^  _  (4<% + c~)]  °i(  i) 

+  [C,r»i  -  (4(7*  +  sin  2+ 

u|-0 


cos  26 


,  *»°b 


+  (^f  +  !)(  r)C2  +  (  r)  ^ 

U,  +  3)(^)  fl2”(£K 

“($«”  !>(  r)Cj  +  (  r)  **] 


(18) 


u*«0 


<”  - 


bap 

4m" 

„■»  .  J!2l 

♦  4m“ 


5''+  (£■+  l)7a3  +  (7]  C,  COS  24 


sin  26 
uf-0 

where 


(19) 


€,-(2  m« +  **)/**,  £„- (2m" +  *“)/*“ 

and  <%  is  normal  transverse  stress  applied  at  infin¬ 
ity,  Fig.  2. 

Observe  also  that  the  equations  have  been  writ¬ 
ten  in  terms  of  a  nondimensional  radial  coordi¬ 
nate  (r/b),  and  that  as  yet  unknown  constants  a,, 
a2,  °j<  bi,  c,,  c2,  Cj,  and  d3  have  been  intro¬ 
duced  to  replace  the  A,  B,  C,  D  constants  in  (15) 
and  (16). 

Since  both  the  coating  and  the  matrix  are  re¬ 
garded  as  transversely  isotropic,  we  have  used  the 
connections  (2)  between  elastic  constants  to  intro¬ 
duce  the  Hill’s  moduli  It*.  km,  and  m‘,  m“.  We 
finally  mention  that  when  applied  to  isotropic 
phases,  eqns.  (17)  to  (19)  become  identical  with 
(39)  to  (45)  in  (I),  and  are  also  in  agreement  with 
the  results  obtained  by  Christensen  and  Lo  (1979, 
1986).  The  latter  were  obtained  for  an  isotropic 


fiber  and  coating  in  a  transverse!  '  isotropic  ma¬ 
trix. 

The  stress  fields  for  overall  transverse  shea 
loading  can  be  derived  from  the  displacement 
fields  (17)  to  (19),  using  the  appropriate  constitu¬ 
tive  relations  (1)  or  (3).  Since  these  fields  are  of 
interest  in  applications,  and  their  derivation  is 
cumbersome,  we  reproduce  them  here: 


o' m  {[C,/ii»i  +  C*(2 g,  +/i)]at  ^pr 

+  [  +  C*(2$2  ■j-  {3  )]  Cj  | 

x  Op  cos  2$ 

’•m{[C*f' |i»i  +  C„{2g1  +/,)]a,^ir 

+  [ +  C„(2g2  +/l)]  Cl  £*,'  | 

x  0^  cos  26 


“  |[^ir/i9i  4“  Cr#(2g,  +/i)|  flj 

[ Ctrftfl  Q*(2gl  +  /j)]  Cl  J,,  '  | 


+ 

x  ap  cos  26 


r».-> 

,  *<%  (~2/j +g,tj, -gj)a,-pp 


+  (  ”  2/j  +  gjTfj  —  gj)c,  —jpfi 


ob  sin  26 
(20) 


o«  -  |[3*»(€f  -  1)  -  6m*]  rva3  +  m*^ 

-  [**(*,  *“  1)  +  2m*]  ~c,  -  Sm*^  J 


bop 

x^co.26 


»♦  “  |  [3*'(^s  “ !) + 6m*]  ^ra2  - 

-  [**U« -  1)  -  2m*]  -pc3  +  3m*^jbj| 


X2>“2* 
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bl* 

x  ~to0  cos  24 


,r2  dx  b  b\ 

6b]ai  *>  rjCj~  r4*2 


x  jo0  sin  24 


(21) 


^ -[*"(«■. -l)  +  2«-]£«, 

-3«m^c3|^2-cos20 

[*"(*«  -  1)  -  2m"]  ±a3 
+  3m“^Cjj  ^5 cos  24 


a"- 


(!  “€")72aj]l^co*2^ 
(*  +  (^)  fli)  +  l(  r  )  Cj 


Oo  sin  2* 


(22) 


where 


/l  *  [(Gr*  +  c^)  -  ih(C*  +  G^)] 

fi  "  [(G^  +  C^J-rj^C,  +  G^)] 


(23) 


The  interface  conditions  to  be  satisfied  are  the 
continuity  requirements  for  the  stresses  o„, 
and  the  displacements  u„  u#  at  interfaces  r  -  a 
and  r~b.  These  conditions  provide  the  equations 
for  evaluation  of  the  eight  unknown  constants,  but 
the  solution  is  best  obtained  numerically.  It  can  be 
verified  that  the  displacements  (17)  to  (19) 
guarantee  that  the  average  of  the  stress  e„  in  the 
solution  domain  does  vanish,  and  that  at  infinity 
there  is: 

®*x  I  r  —  m  m  — ~ ®0’  (2^) 


2.4.  Longitudinal  shear  loading 

For  this  loading  case,  which  is  described  in  Fig. 

з,  we  retrace  the  steps  outlined  in  the  previous 
sections.  The  displacement  field  has  only  one  non¬ 
vanishing  component,  which  must  have  the  form: 

и, -0,  u,-0,  u,  ■  u,(r ,  4).  (25) 

The  corresponding  nonvanishing  strain  compo¬ 
nents  are: 


1  3u,  1  9  u, 

”  I  “57 1  *♦* "  2r  I4 

(26) 

and  the  stresses  are: 

■ 

vps 

1 

(27) 

Note  that  these  stresses  automatically  satisfy 
the  first  two  equilibrium  equations  in  cylindrical 
coordinates,  while  the  third  equation 

d°r,  1  9e„  o„ 

n5r  +  7*54"  +  i4  +t“° 

(28) 

yields  the  relation 

,9  2u.  9  u.  j32«, 

'V+'^+,V° 

(29) 

for  the  unknown  displacement  u,. 

Letting 

where  q 

ut-fi(r)*(4) 

leads  readily  to  the  solution 

-  Alrn  sin  4 

(30) 

uf  -  |v4*r+  —•  j  sin  4 

(31) 

The  stresses  are  then  obtained  as 


a'n  -  G^V*”1  sin  4 
oh  -  G^V*"1  cos  4 
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+  ^f)  COS  « 

(om  \ 

Am  -  -T-  sin  * 

+  cos*  (32) 

where,  we  recall,  p*.  pm  are  the  longitudinal  shear 
moduli  of  the  phases. 

This  completes  the  solution  of  the  auxiliary 
problems.  The  solutions  will  be  implemented  in 
the  micromechanic  model  described  in  Section  4, 
in  order  to  obtain  the  effective  properties  and 
stress  fields  in  the  composite. 


3.  Phase  stress  and  strain  averages 

The  stress  fields  obtained  in  Section  2,  and  the 
phase  properties  employed  in  finding  the  fields, 
were  both  written  in  the  cylindrical  coordinates 
associated  with  the  fiber  axis.  However,  utilization 
of  such  fields  in  evaluation  of  overall  properties, 
e.g.,  by  the  Mori-Tanaka  method,  requires  that 
they  be  written  in  the  Cartesian  system.  Further¬ 
more,  since  the  composites  contain  a  curvilinearly 
anisotropic  phase,  special  care  is  needed  in  the 
determination  of  effective  properties.  This  section 
presents  the  framework  for  dealing  with  such  sys¬ 
tems. 

A  representative  volume  of  the  composite  is 
subjected  to  homogeneous  displacement  or  trac¬ 
tion  boundary  conditions  and  to  a  uniform  tem¬ 
perature  change  defined  as 

«(S)-«0x  *(S)-«0 

where  m  and  o,  denote  the  displacement  and  trac¬ 
tion  vectors  respectively,  c„,  q>  and  8$  are  uni¬ 
form  strain,  stress  and  temperature  fields  and  a 
denotes  the  outside  normal  of  5.  Suppose  that  the 
actual  stress  and  strain  fields  in  the  phases  are 
known  in  the  current  coordinate  system  and  are 
denoted  by  primed  letters  e'(£)  and  «'(€)•  The 
phase  properties  in  the  (  system  are  denoted  by 
£',  M',  m  and  I'.  For  example,  if  the  system  is 
identified  with  the  cylindrical  coordinates  of  Sec¬ 


tion  2.  then  (1)  and  the  phase  stress  fields  ob¬ 
tained  in  the  solution  of  the  auxiliary  problems 
represent  such  primed  fields.  The  corresponding 
quantities  in  the  Cartesian  coordinates  are  de¬ 
noted  by  similar  but  unprimed  letters. 

Let  the  transformation  between  the  current  and 
fi»c  Cartesian  components  of  the  fields  at  any 
point  in  a  given  phase  s  be  described  by  as: 

^(x) -**,'(*),  e,(x)-Ge;(*).  (34) 

where,  according  to  the  conventional  use  in  the 
literature,  with  the  factor  2  in  the  shear  terms  of 
the  6  x  1  strain  vector,  the  transformation  matrices 
R  and  Q  are  related  by  RT  —  Q~l.  In  a  transfor¬ 
mation  between  the  cylindrical  and  Cartesian  sys¬ 
tems,  R  and  Q  are  functions  of  the  angle  <t>. 

Next,  write  the  phase  constitutive  relations,  such 
as  (1),  in  the  symbolic  form: 

c;({)-l;u)«;(o +  /;({)«„, 

os> 

where 

and/;  -  -£>; 

Equations  (34)  and  (35)  provide  the  relations 

a}(x)~RL:Q-lt,(x)^RrA, 

«,(*)  ■  +  Qm'A 

at  each  point  x.  Note  that  Q,  R,  L'„  l\  and  m' 
may  now  be  functions  of  x,  but  for  brevity  in 
notation  the  argument  will  be  omitted  in  the 
sequel.  Averages  over  the  volume  of  the  phases  are 
given  by  the  expressions: 


+  rJyQm:8oAV.- 


(37) 
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The  local  fields  (36)  in  the  composite  aggregate 
are  related  to  the  uniform  fields  through  certain 
influence  functions  A,(x),  a,(x),  B,(x),  b,(x) 
given  by 

«,(x)-<4,(x)c0  +  «,(*)«o  , 

<*,(*) ’mB,(x)eo  +  b,(x)0o. 

In  this  paper  strain  and  stress  symbols  followed 
by  the  argument  (x)  will  denote  local  fields  and 
those  without  an  argument  will  refer  to  averages. 
Similar  relations  can  also  be  written  for  the  phase 
volume  averages 

.,-Af,  +  aA,  (y9) 

o,-BjOo  +  b,0o 

where  the  constant  tensors  A,,  a„  B,,  b,  are  the 
concentration  factors.  The  average  stress  in  the 
phases  under  boundary  condition  (33,),  is  given  in 
accordance  to  (37,)  and  (38,)  by 

°imvf  RL'*Q~'\A>(X)1  o  +  a»(*)*ol  &K 
vs  Jyt 

+  y  I  *I'A  dV„  (40) 

v,  Jv, 

where  we  have  used  the  fact  that  a.  uniform  tem¬ 
perature  field  8-00  prevails  in  the  composite. 
Similarly,  the  average  strain  t,  under  (37, )  is: 

t,-yt  ^QM;K-'[B,(x)a0  +  6,(xK]  dV, 

+  y  /  Q"A  dV,.  (41) 

V,  Jv> 

Solve  for  c0  and  eb  (39)  and  substitute  in  (40) 
and  (41): 

o.-l/.  +  'A  (42) 

«,  -  Mp,  +  m,0o. 
where 

L,-  f  RL',Q~xA,(x)  dV,  A ~l 

Y  s  JVt 

|  -  -1  ly*L',Q-'A,{x)  dV,  A7xa, 

+  yJyRL;Q-'a,{x)dV,  +  yJyRi;dV,}  (43) 


M,-  yJvQM;R-xB,(x)dV,  B,~l 
",  -  {  -JT  jv QM;r-'B,(x )  dV,  B,-'b, 

+  jr  jQM;R~xbs(x)  dV,  +  -pr  f^Qm;  dFf 

(44) 

Note  that  in  view  of  their  definitions  in  (43)  and 
(44),  the  quantities  L,  and  Af,  are  fourth  order 
tensors  and  I,  and  m,  are  second  order  tensors. 
Like  the  overall  effective  behavior  of  the  com¬ 
posite  aggregate,  these  effective  tensors  depend  on 
the  nature  of  the  influence  functions  A,(x ),  B,(x), 
a,(x),  and  A,(x).  Since  the  latter  are  approxi¬ 
mated  differently  in  different  micromechanical 
models,  L„  M„  /,,  and  m,  may  vary  from  model 
to  model.  Furthermore  for  these  tensors  to  qualify 
as  effective  properties,  they  must  obey  the  relation 

(45) 

in  the  context  of  the  used  theory.  Proofs  of  similar 
relations  between  the  overall  effective  properties 
tensors  may  also  be  needed. 


4.  The  mkromechanical  model 

The  effective  properties  and  stress  fields  will  be 
calculated  using  the  Mon-Tanaka  model.  This 
method  of  evaluation  of  the  influence  functions  in 
(38)  and  of  the  effective  properties  of  the  com¬ 
posite  aggregate  has  been  described  in  (I).  Here 
we  summarize  only  those  expressions  which  will 
be  needed  in  the  sequel.  The  first  step  is  the 
evaluation  of  local  fields  in  the  dilute  problem, 
where  a  single  coated  fiber  is  embedded  in  a  large 
volume  of  matrix.  Fig.  4.  A  uniform  stress  am  or 
strain  tm  and  temperature  change  0O  are  applied 
to  the  matrix  at  infinity,  such  that  om  and  <m  are 
the  as  yet  unknown  averages  stress  and  strain  in 
the  matrix,  while  the  composite  is  subjected  to  the 
boundary  condition  (33,)  and  (33j),  respectively. 
The  solution  of  this  dilute  problem  can  be  ex- 
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Fig.  4.  A  whfmi&c  repraencmoo  of  the  Mon-Ttnaki’i 
method  for  thennoeUstic  problems. 


pressed  in  terms  of  the  influence  functions  T,(x), 
t,(x),  H^(jr),  nt,(jc)  as  follows: 

«,(*)“  T,(*)*m  +  *,(*)6o  (46. 

*.(*)- W,{*)*m+*(x)4>- 

The  magnitudes  of  tm  and  are  derived  from 
the  requirement  that 

«-£<*»-«  o 

1  (47) 

*-f,  g,  m, 

S 

where  c,  are  the  phase  volume  fractions  such  that 
Zc,  - 1,  and  c,  and  o,  are  the  phase  volume 
averages  of  the  local  strains  and  stresses.  The  final 
result  is 

I'.*] 

j  |^>  “  %^ctwt j*  s  •  f»  g» 


Note  that  in  the  dilute  configuration  there  is 
7"m  ”  f .  tm-  0 

where  /  is  the  identity  tensor. 

In  this  way,  the  evaluation  of  the  quantities  of 
interest  in  (38)  is  reduced  to  finding  of  the  con¬ 
centration  factors  T„  t„  Wt  and  w,,  which  are 
defined  as  the  phase  volume  averages  of  the  in¬ 
fluence  functions  r,(x),  t,(x),  W'(x)  and  h-,(x) 
in  (46). 

Substitution  of  (48)  into  (46)  provides  the  in¬ 
fluence  functions  indicated  by  the  Mon- Tanaka 
model  These  are: 

m  T,(* ) 

l;  rtr  <»> 


B,-W,(x)\Zc,W,  j 

+%(*)• 

(51) 

Use  of  (30)  and  (SI)  and  (43)  and  (44)  gives 

i,-  I- j  rl:q-'tAx)  av\tt' 

vt  Jv, 

l,  -  ~L,t,  +  y(  KL'.Q-'t.ix)  dV,  (52) 

vt  Jv, 

+  jr(Ki',  dV, 
rt  Jv, 

M,-[jrJyQAf;*-lfrAx)dK  wrl 

m,  +  QM;*~1wAx)  dV,  (53) 

Yt  Jv, 

+  y(Q-:  dK- 

ri  Jv, 

On  the  other  hand,  knowledge  of  the  local 
fields  (46)  results  in  the  prediction  of  the  effective 
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stiffness  and  compliance  tensors  L,  M,  and  effec-  which,  when  compared  with  (462)  under  0O  ~  0, 
tive  thermal  tensors  /  and  m.  These  are  implies  that 


.  s  s 

IP  1 -Ip 

/ -  ]TcJZ,,]rJ  £c,r,  -£c,f,  (54) 

.  s  s  s 

+  Lci(^»r»  +  /i) 

s 

M-  Z'tM.W^c.W, 


(55) 

I 


We  now  prove  that  L,,  I,,  M,  and  m„  as  predic¬ 
ted  by  the  micromechanical  model  in  (52)  and 
(53),  satisfy: 

L,-M;\  /,-  (56) 

Consider  (46, ),  with  0O  -  0,  and  write  this  equa¬ 
tion  in  an  equivalent  form: 


®i(x) "  RL'tQ~xT,{x)Mtflm, 


W'(x)-RL:Q-lT,(x)Mm.  (58) 

Substitution  of  this  last  equation  into  (53,)  yields 

1  r1 

M-T,  y  f  RL’,Q-'T,(x)  dV,  .  (59) 

Ts  Jvt 

Finally,  compare  (59)  with  (52,),  to  show  that 
(56,),  is  in  fact  satisfied. 

Let  us  now  proceed  to  prove  the  second  rela¬ 
tion  in  (56).  Start  with  (46,),  let  <m  -  0,  and  write 
it  in  the  following  equivalent  forms: 


«,(*)“  *,(*)*o 

°i(x)  “  RL’,Q~lt,(x)80  -  RL',m’,60 


(60) 


or 


o,(x)-RL:Q-'t,(x)90-RL',m'A 

+  »S(*)/BA-^(x)f11A.  (61) 

where  it  should  be  noted  that  ljl0  is  the  stress 
induced  on  the  outside  boundary  of  the  matrix  by 
a  temperature  change  under  zero  overall  strain. 
Compare  (61)  with  the  last  of  (46): 

w,(x)-XL:Q~lt, (*)-«.>;-  WM(x)lm. 

(62) 


Table  1 

ThermoeUsuc  constant* 


Fibw 

Coating 

Matrix 

E*  (GPa) 

13.S 

34.4 

96.3 

£.  (GPa) 

77X2 

34.4 

96.5 

E,  (GPa) 

77X2 

34.4 

96.5 

(OPa) 

20.7 

14.3 

37.1 

Gu  (GPa) 

6S.9 

14J 

37.1 

G„  (GPa) 

20.7 

14J 

37.1 

% 

0.23 

OX 

0.3 

Vt 

0 

OX 

0J 

•n 

0X3 

OX 

OJ 

«,(io-V*C) 

2S.0 

3.3 

9X 

«,(io-V*C) 

-1.8 

3J 

9.3 

«,  (io- VQ 

-1.8 

3.3 

9.3 

Pitch  precursor  carbon  fiber  c,  -  0.4 
Carbon  coating  c,  -  0.0107 

Titanium  ihuouauk  matrix  ca  m  0.5893 


Integrate  now  (62)  over  Vt  to  get  wt  and  substitute 
both  w,  and  w,(z)  into  (53]): 


+  M.jr  fyr,(*)  d V,lm  +  jr  fy',(x)  dVt 

-jrf  RM,R * lW,(x)  d V,lm.  (63) 

Futally,  multiply  (63)  from  the  left  by  -L„  recall 
the  definition  of  M,  in  (53,),  and  compare  with 
(52j),  to  show  that  (56,)  is  in  fact  fulfilled.  Since 
(56)  are  satisfied  by  the  model  the  proof  of  con- 
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sistency  relations  L  -  M'1,  /  -  -  Lm,  between 
the  effective  properties  follows  along  the  lines 
shown  in  (I). 

It  should  finally  be  noted  that  the  thermal 
stress  influence  functions  a,(x),  b,(x)  and  effec¬ 
tive  thermal  stress  tensors  could  also  be  found 
from  a  correspondence  between  mechanical  and 
thermal  fields  in  heterogeneous  aggregates.  We 
follow  here  the  direct  approach;  the  latter  route, 
outlined  by  Dvorak  and  Chen  (1989),  gives  en¬ 
tirely  equivalent  results,  but  the  quantities  of  in¬ 
terest  are  obtained  from  exact  connections  be¬ 
tween  b,(x)  and  B,(x),  and  also  between  m  and 
M.  The  results  in  that  work  have  been  derived 
only  for  systems  with  transversely  isotropic  phases, 
but  they  can  be  extended  to  composites  with  cy- 
lindrically  orthotropic  fibers  if  the  actual  fiber 
properties  are  expressed  by  effective  ones,  as  out¬ 
lined  in  the  Appendix.  The  resulting  forms  are 
very  simple,  this  may  be  preferable  in  some  appli¬ 
cations. 

It  is  now  necessary  to  assemble  the  Ws  and  w, 
tensors  from  the  solutions  of  the  auxiliary  prob¬ 
lems,  and  also  to  construct  the  Af,  and  m,  tensors 
in  accordance  with  (44).  To  this  end,  suppose  that 
we  have  already  obtained  from  (33j)  the  Cartesian 
components  of  the  local  stresses  in  the  auxiliary 
problems.  Let  the  external  boundary  stresses  p0  in 
Fig.  1  with  80  »  0  be  denoted  by  0^(1),  and  the 
Cartesian  components  of  the  local  stresses,  under 
a  unit  load  o^(l)  - 1,  be  given  by  0,(1).  Similarly, 
<>q(2)  denotes  stress  <*>  in  Fig.  1  with  80  -  0.  and 
0,(2)  the  corresponding  local  Cartesian  stress  field 
under  <n,(2)  - 1.  The  external  stresses  in  Figs.  2 
and  3  are  respectively  denoted  by  ^,(3)  and  <%( 4), 
and  the  corresponding  local  Cartesian  stresses  un¬ 
der  external  loads  by  0,(3),  0,(4). 


The  external  stress  vector  in  the  Cartesian  sys¬ 
tem  can  be  therefore  written  as 


K) 

[®o(2)  +  0q(3)]/2 

*,° 

(ob(2)  -  ob(3)j/2 

°o(l) 

_0 

°x. 

«b(4) 

< 

°o(4) 

a*r 

°o(3)' 

where  Oq(3)'  denotes  the  external  loading  config¬ 
uration  in  Fig.  2  rotated  by  43°.  Denote  the 
average  of  these  stresses  over  the  fiber  and  matrix 
by  «,  (i  “  f,  g).  By  definition,  the  W,  tensor  repre¬ 
sents  the  resulting  average  Cartesian  stresses  in 
the  constituents  due  to  a  unit  Cartesian  stress 
tensor  at  infinity.  Therefore  the  columns  of  the 
(6  x  6)  W,  matrix  can  be  written  as: 

W}1)  -  [0,(2)  +  0,(3)]/2  r-f.g 
W™  -  [5,(2)  -  0,(3)]/2  ' 

r,(3'  -0,(1).  wr-  <?,(4),  *(4). 

IF/* -0,(3)', 

with  the  last  column  being  equal  to  the 
average  stress  tensor  0,(3)  routed  by  43°  about 
the  fiber  axis.  Finally  the  vector  w,  (s  -  f,  g)  is 
equal  to  the  average  Cartesian  stress  components 
in  the  fiber  and  coating  due  to  a  unit  temperature 
80  - 1  at  infinity. 

This  completes  the  derivation  of  the  concentra¬ 
tion  tensors  W,  and  w,.  The  stress  fields  can  now 
be  obtained  from  (46),  where  the  average  matrix 
stress  0^  is  determined  from  (48).  Numerical  re¬ 
sults  for  these  fields  under  different  loading  con- 


Table  2 

Effective  compliance  matrix 


^  &***  *t  ol  /  Composites  with  coated  fibers 


29 


40 

30 

20 


-Of :  ■■I'll 

j.o  o.z  o!3  o!o  o!»  to  T5  1.4  to 
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Fig.  5.  Stress  distributions  for  the  case  of  uniform  temperature 
change  -1*C. 


RADIAL  DISTANCE  /  FIBER  RADIUS 
Fig.  7.  Stress  distribution  for  transverse  normal  loading  1  MPa 

along  P-0*. 


figurations  will  be  given  in  the  last  section  of  the 
paper,  together  with  the  effective  compliance 
tensor  M  for  the  system  considered. 

Finally,  we  mention  here  that  numerical  calcu¬ 
lations  show  that  the  resulting  M  matrix  as  pre¬ 
dicted  by  the  Mori-Tanaka  model  is  symmetric. 


P 

Fig.  6.  Average  stress  in  the  coating  for  transverse  normal 
loading  1  MPa  versus  the  angle  p. 


Such  behavior  was  also  observed  in  (I),  in  the 
simpler  system  made  of  isotropic  constituents. 
Unfortunately,  due  to  the  complicated  nature  of 
the  concentration  factors,  an  analytical  proof  of 
this  property  cannot  be  given  for  the  present  sys¬ 
tems. 


RADIAL  DISTANCE  /  FIBER  RADIUS 
Fig.  I.  Stress  distribution  for  transverse  normal  loading  1  MPa 
along  P- 90*. 
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5.  Numerical  results 

We  consider  a  fibrous  system  made  of  pitch 
precursor  carbon  fiber,  carbon  coating  and 
titanium  aluminide  matrix.  Stress  fields  are 
evaluated  both  for  thermal  changes  and  for  typical 
mechanical  loading  situations.  Of  particular  inter¬ 
est  are  the  thermal  stresses  caused  in  these  systems 
by  a  uniform  temperature  change. 

Table  1  shows  the  thermomechanical  properties 
and  phase  volume  fractions  of  the  constituents  of 
this  system;  the  fibers  are  cylindrically  ortho¬ 
tropic,  the  coating  and  the  matrix  are  isotropic. 
Material  constants  do  not  vary  with  temperature. 
The  values  of  material  constants  were  taken  from 
work  in  progress  by  Diefendorf  (1989).  When 
material  properties  are  functions  of  temperature, 
the  results  developed  here  can  be  readily  imple¬ 
mented  in  an  incremental  form,  using  the  proce¬ 
dure  described  in  Dvorak  et  al.  (1989). 

The  effective  compliance  matrix  predicted  by 
the  model  is  given  in  Table  2.  For  axisymmetric 
loading,  however,  the  replacement  scheme  de¬ 
scribed  in  the  Appendix  can  also  be  used  to  obtain 
certain  effective  properties.  For  the  system  consid¬ 
ered,  the  properties  of  the  equivalent  transversely 
isotropic  fiber,  as  furnished  by  eqns.  (A.9)  and 
(A.10)  are; 

k  -  53.4  GPa,  /  -  26.7  GPa,  n  -  786.2  GPa, 
aA  ■  - 1.69  X  10“V°C  ar- 2.086  X  10" V°C. 

(66) 

With  these  values,  eqns.  (7-10)  can  be  readily 
evaluated,  in  the  form  applicable  to  systems  with 
transversely  isotropic  properties. 

Local  field  are  illustrated  in  Figs.  5-8.  Figure  5 
shows  the  thermal  stress  distribution  as  a  function 
of  a  normalized  radial  distance  for  the  case  of  a 
uniform  temperature  change  of  - 1°  C.  It  is  seen 
that  the  hoop  stress  attains  a  maximum  at  the 
fiber-coating  interface  and  that  the  stress  field  is 
not  uniform  within  the  fiber.  We  note  here  that 
for  radially  orthotropic  fibers  (C„  >  C„),  the 
stress  field  becomes  infinite  at  the  center  of  the 
fiber,  as  already  pointed  out  by  Avery  and 
Herakovich  (1986),  for  the  case  of  a  single  fiber. 


This  may  require  a  reexamination  of  the  present 
solution. 

Figures  6-8  show  the  average  stress  in  the 
coating  for  the  case  of  pure  mechanical  loading  in 
simple  tension.  Figure  6  shows  the  stresses  in  the 
coating  as  a  function  of  4>,  and  Figs.  7  and  8  give 
the  stresses  in  the  fiber,  coating  and  matrix  under 
simple  tension  at  p  “  0°,  and  $  —  90°,  respec¬ 
tively.  Since,  both  tj,  and  i)2  are  greater  than  1  in 
the  present  system  (see  eqn.  16),  it  is  interesting  to 
observe  that  the  radial  and  hoop  stress  become 
zero  at  the  center  of  the  fiber.  We  note,  however, 
that  t}\  "  1.  m  3,  in  an  isotropic  fiber,  and  the 
stresses  at  the  center  of  the  fiber  have  a  finite 
value.  If  for  certain  material  properties  tj,  and 
are  less  than  1,  the  stresses  at  the  center  of  the 
fiber  become  singular. 
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Appendix 

In  this  Appendix  we  prove  a  result  which  is  of 
interest  when  the  fibers  are  cylindrically  ortho- 
tropic. 

Consider  a  composite  specimen  containing 
aligned  fibers  of  circular  cylindrical  shape  and  let 
the  specimen  be  subjected  to  an  axisymmetxic 
loading  together  with  a  uniform  temperature 
change  (see  Fig.  A.1).  The  loading  conditions  on 
the  specimen  are 

<UC)-o,°,  o„(±H)-0  (A.l) 

where  C  denotes  the  cross-section  of  the  specimen 
perpendicular  to  the  fibers  and  2  H  is  the  height  of 
the  specimen.  For  sufficiently  long  fibers  the  load- 


Fig.  A.1.  A  «*«Mig  repraamtanoe  of  equivalent  fib*r. 


ing  condition  (A.l2)  can  be  replaced  by  o.  ■  0.  so 
that  it  is  satisfied  in  the  St.  Venant’s  sense.  We 
will  now  show  that  it  is  possible  to  replace  the 
cylindncally  orthotropic  fiber  by  an  equivalent 
transversely  isotropic  fiber,  without  changing  the 
stress  field  in  the  surrounding  matrix.  To  achieve 
this,  proceed  in  the  following  manner.  Take  out  a 
single  orthotropic  fiber,  load  it  by  certain  radial 
tractions  o°.  and  uniform  temperature  change  0O 
and  also  allow  a  linear  displacement  in  the  r-di- 
rection  given  by 

U{m€°,2.  (A.2) 

Then,  obtain  the  solution  for  the  radial  dis¬ 
placement  u,  |  and  a J  where  the  latter  denotes 
the  average  longitudinal  stress  in  the  fiber.  Next, 
consider  a  transversely  isotropic  fiber  with  as  yet 
unknown  properties,  load  it  again  with  or°,  80  and 
<°,  and  compute  the  radial  displacement  and  aver¬ 
age  axial  stress,  now  denoted  by  u'r )  and  o'. 

Demand  the  equality 

«/*■»/  (a.3) 


as  a  basis  for  obtaining  the  properties  of  the 
transversely  isotropic  fiber.  The  following  deriva¬ 
tion  shows  that  if  the  overall  load  remains  axisym- 
metric  it  is  indeed  possible  to  replace  the  cylin- 
dricaliy  orthotropic  fiber  with  one  which  is  trans¬ 
versely  isotropic. 

The  results  developed  in  the  paper  provide, 
after  considerable  manipulation: 


C,„n  +  C, 

L.  C„H,  +  C„H,  +  Crt 1  Q 

+[* - esr+q; — J«. 

+  [(Ca,  +  +  C^a, ) 

-{C„  +  C„)H2] 
x{C„,  +  C,*  }*']<*> 


(A.4) 
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a! 


C.n  +  C„  2  o 

C,rV  +C,  ltll9' 


(C,:H,  +  C„H,  +  C.t) 


2  C,.v  +  C„ 
l  -  7)  C,,n  *  C* 


x(C„ff,  +  C,/fI  +  C.)  e° 


+  #0{(C  +  O/f2 

~  (  C'iar  +  (-otao  +  C:tat ) 


it  turns  out  that  the  second  term  m  equation  (A.4) 
is  related  to  the  first  term  in  (A.5).  which  in  turn  is 
identical  to  the  relation  between  the  second  term 
in  (A.6)  and  the  first  term  in  (A.7).  This  fact, 
which  can  be  proved  after  certain  manipulation* 
reduces  the  number  of  equations  to  five,  and 
provides  a  unique  way  for  obtaining  the  effective 
properties  of  the  cylindrically  orthotroptc  fiber. 

The  resulting  properties  are: 


k-  (C„TJ  +  C*)/: 2, 


/- 


C,h  +  C„  2  , 
Of  +  C„  1  +  n 


(Cr//,  +  c„h,  +  c„) 


(A.9) 


2  Crh  +  Q, 

2  Qjj  +  Cw 

+  1  +  V  C„n  +  Q 

1  +  TJ  +  C* 

X  [(C,a,  +  +  C„at) 

x(C„/f,  +  C^/f,  +  C„) 

-(C,  +  Cjff,]} 

(A.5) 

-~KV'  • 

/ 

“;l«  "  Jk°° ~  I  +  a(ar+ 

(A.6) 

x  (C,»  +  Cw)/f2 

)•?“("  “i  )a^ 

(A.7) 

~  ( Cl®,  Qa  ) 

where 

2  (  Cl1)  +  Cpt  ) 
i  +  n  (c„„  +  cj 

/  c.x  -  c, 

v  yc„'H'~c„-c„ 

x[(C„a,+  C„a.  +  C,at) 

Hi  -  {(C,t  -  Cw)a,  +  (C„  -  C^)a# 

-(C„  +  Cjf/j]\ 

+  (C-C» 

/ 

x{C,-C^}-‘. 

(A.8) 

aTm  {Hi+  [(crra,  +  C^n#  +  C^a, ) 

Five  constants  He,  /,  n,  or  and  a A  need  to  be 

determined,  yet  if  one  demands  that  the  coeffi-  -(C„+  C*)//j]  (C,,n  +  C„ 

dents  of  o,°,  t°  and  4>  be  equal  to  each  other  in  / 

the  respective  expressions,  then  (A.4,  A.5)  and  - 

(A.6,  A.7)  give  six  equalities.  Interestingly  enough,  * 


(A. 10) 
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Composite  systems  consisting  of  a  matrix  phase  and  coated  inclusions  with  curvilinear  anisotropy  are  considered,  and  a 
concise  framework  is  established  for  analysis  of  their  effective  thermomechanical  behavior.  An  exact  relation  between  the 
effective  thermal  stress  tensor  and  the  purely  mechanical  influence  functions  of  such  media  is  derived.  The  presented  analysis 
includes  as  a  special  case  some  previous  work  by  the  authors  on  composites  with  coated  and  cylindncaily  orthotropic  fibers, 
e  g.,  carbon  fibers.  Furthermore,  it  allows  to  prove  analytically  certain  symmetry  and  consistency  properties  of  the  effective 
thermomechanical  tensors  of  such  systems  as  approximated  by  the  Mort-Tanaka  micromechanical  model. 


1.  Introduction 

The  present  paper  is  the  conclusion  of  two 
previous  studies  by  the  authors,  Benveniste  et  al. 
(1989),  and  Chen  et  al.  (1990)  (denoted  (I)  and 
(II),  respectively,  in  the  following),  on  micromech¬ 
anical  modeling  of  composite  systems  reinforced 
with  coated  fibers  which  may  be  curvilinearly  an¬ 
isotropic.  Interest  in  problems  of  this  kind  is 
motivated  by  the  use  of  coated  carbon  fibers  which 
may  possess  circumferential  or  radial  orthotropy; 
see  for  example,  Avery  and  Herakovich  (1986), 
Hashin  (1990),  and  other  references  cited  in  (I) 
and  (II). 

In  the  previous  studies,  we  evaluated  both  the 
effective  moduli  and  the  local  stresses  in  the  phases 
in  terms  of  the  Mon-Tanaka  (1973)  estimates, 
within  the  framework  developed  by  Benveniste 
(1987)  and  Benveniste  and  Dvorak  (1990).  How¬ 
ever,  the  diagonal  symmetry  of  the  effective  stiff¬ 
ness  tensor  L  wa  verified  only  by  numerical 
examples.  Furthermore,  the  effective  thermal  stress 
tensor  /  was  evaluated  by  a  direct  application  of 

'  Visiting  from  Department  of  Solid  Mechanics,  Materials  and 

Structures.  Faculty  of  Engineering,  Tel-Aviv  University. 

Tel-Aviv,  Israel. 


the  Mori-Tanalta  method,  but  consistency  of  the 
obtained  results  with  the  alternative  provided  by  a 
Levin-type  procedure  was  not  established  ^Levin, 
1967). 

The  paper  has  three  major  objectives:  (a)  to 
establish  a  transparent  and  concise  framework  for 
computation  of  the  effective  thermomechamcal 
moduli  of  composite  system  reinforced  by  curvi¬ 
linearly  anisotropic,  coated  inclusions;  (b)  to  ex¬ 
tend  the  validity  of  the  Levin-type  relationship  to 
composites  of  this  kind;  and  (c)  for  the  fibrous 
systems  considered  in  (I)  and  (II),  and  for  the 
micromechanics  model  used  therein,  to  establish 
analytically  the  diagonal  symmetry  of  the  predic¬ 
ted  L  tensor,  and  consistency  between  the  “direct” 
and  Levin’s  derivations  of  the  effective  thermal 
stress  tensor  /. 


2.  Effective  thermomechanical  behavior  of  com¬ 
posite  media  with  curvilinear  anisotropy 

Let  us  consider  a  composite  medium  consisting 
of  a  rectilinear  matrix  phase  and  inhomogeneous 
inclusions.  The  term  “inhomogeneous  inclusion” 
is  used  here  to  describe  a  reinforcing  panicle  or 
fiber  which  has  variable  thermomechamcal  moduli 
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in  a  fixed  Cartesian  coordinate  system,  or  which 
consists  of  several  homogeneous  phases. 

In  general,  the  local  thermoelastic  constitutive 
equations  in  such  systems  can  be  described  as: 

o„(x)^Lnfm(x)+lJ, 
o,{x)  =  Lf(x)  €f(x)  +  /f(x)0. 

where  a,,  0,  L„  /,,  with  s  =  f,  m,  denote 

respectively  the  stresses,  strains,  temperature,  and 
the  stiffness  and  thermal  stress  tensors  in  the 
inhomogeneous  inclusion  (0  and  matrix  (m),  re¬ 
spectively.  all  written  with  respect  to  a  fixed 
Cartesian  system.  Note  that  the  Lm  and  lm  tensors, 
being  rectilinearly  anisotropic,  are  independent  of 
x. 

Examples  of  such  systems  are  composites  con¬ 
sisting  of  a  rectilinearly  anisotropic  matrix  rein¬ 
forced  by  non-coated  or  coated  cylindrically  or¬ 
thotropic  carbon  fibers,  or  simply  reinforced  by 
coated  fibers  with  an  isotropic  core  and  coating. 
In  a  cylindrically  orthotropic  carbon  fiber,  the 
stiffness  and  thermal  stress  tensors  are  constant 
when -written  in  terms  of  a  coordinate  system 
located  at  the  center  of  the  fiber  with  the  three 
axis  pointing  in  the  axial,  tangential  and  radial 
directions  respectively.  There  are  nine  stiffness 
and  three  thermal  expansion  coefficients,  (see  (II), 
for  example).  Obviously,  the  space  dependent 
Cartesian  L,(x ),  /f(x)  tensors  are  related  to  these 
constants  through  the  usual  transformation  law 
which  depends  on  the  polar  coordinate  4>,  itself  a 
function  of  the  generic  point  x.  A  coated  fiber  on 
the  other  hand,  even  if  it  consists  of  an  isotropic 
and  homogeneous  core  and  coating,  may  also  be 
considered  as  an  “inhomogeneous  inclusion.”  In 
this  case  the  tensors  £.,(x)  and  l,(x)  are  equal  to 
the  constant  tensors  of  the  core  (Z,c,  /c)  or  the 
coating  ( L%,  /g),  depending  on  the  position  of  the 
genenc  point  x  within  the  fiber.  Such  a  coated 
fiber  is  therefore  an  “inhomogeneous  inclusion" 
possessing  piecewise  constant  materials  properties. 

In  this  section  we  provide  a  framework  for  the 
computation  of  the  effective  properties  of  the  type 
of  composite  systems  described  above.  The  inho¬ 
mogeneous  inclusions  will  be  formally  denoted  by 
the  tensors  L,(x)  and  /,( x),  irrespective  of  their 
internal  structure.  These  inclusions  may  be  un¬ 


coated  or  coated  inclusions  with  curvilinearly  an¬ 
isotropic  constituents. 

The  effective  behavior  of  the  composite  is  given 
as 

d  “  Li  + 10,  (2) 

where  L  and  /  are  overall  stiffness  and  thermal 
strain  tensors,  and  d,  i  denote  volume  averages  of 
the  local  stresses  and  strains,  over  a  representative 
volume  element.  These  averages  are  given  by: 

d  -=  c(d,  +  c„pm,  i  =  c<i<  +  cjm.  (3) 

where  ds.  es,  denote  averages  over  the  phases,  and 
ct,  cm  denote  the  volume  fractions  of  the  inhomo¬ 
geneous  inclusions  and  matrix  respectively. 

Equations  for  the  determination  of  L  and  l  can 
be  derived  by  considering  homogeneous  boundary 
conditions  on  a  representative  volur-e  element  of 
the  composite  as  follows: 

«(S)«c0x,  9(S)-8o .  (O 

which  results  in 

«“«o.  0(x)-$o  (5) 

Define  now  the  influence  functions 

.0+„,(„K.  (6) 

of(x)  -i4f(x)  c0  +  af (x)  00, 

so  that,  from  (1),,  it  follows: 

i,(x)-JLf(x)  i4f(x), 
af(x) -Lf(x)  af(x) +  /f(x). 

Equations  (1)— (3)  and  (5)  can  be  shown  to 
provide 

^  +  cf  ( Af  —  LmAt ), 

where  the  “concentration  factors”  A,,  Af,  dr,  a,, 
without  the  argument  (x),  are  the  volume  averages 
of  the  respective  influence  functions  in  the  fiber: 

+  *r =  ^f*o  +  °f^o>  (9) 

Equation  (8)  is  the  main  result  of  this  section. 
Together  with  Eq.  (9),  it  allows  us  to  treat  the 
coated-fiber  systems  described  above  as  two-phase 
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systems  consisting  of  a  rectilinearly  anisotropic 
matrix  reinforced  by  “inhomogeneous  inclusions" 
characterized  by  Lf(x)  and  /f(x). 

In  order  to  make  more  transparent  the  imple¬ 
mentation  of  Eq.  (8).  consider,  for  example,  a 
composite  system  consisting  of  a  rectilinearly  an¬ 
isotropic  matrix  and  aligned  coated  fibers  with  a 
cvlindrically  orthotropic  core  and  coating.  Sup¬ 
pose  that  we  are  interested  in  obtaining  the  dilute 
approximation  Ldd  for  the  effective  stiffness 
tensor.  To  this  end,  we  embed  a  coated  fiber  in  the 
infinite  matrix  and  subject  it  at  infinity  to  (4)  with 
80  =  0.  Choosing,  for  convenience,  a  cylindrical 
coordinate  system,  this  auxiliary  problem  is  solved 
and  the  solution  for  strain  and  stress  fields  in  the 
coated  inclusion  is  obtained  in  terms  of  their 
cylindrical  components.  Next,  using  the  usual 
transformation  law,  the  Cartesian  components 
t,(x)  and  a,(x)  of  the  strain  and  stress  tensors 
and  their  average  «f  and  a,  are  recovered.  Use  of 
these  values  in  (9)  yields  the  desired  tensors  A, 
and  Af,  and  their  substitution  into  (8),,  provides 
the  dilute  approximation  Ldd.  A  detailed  descrip¬ 
tion  of  this  procedure  which  is  in  fact  valid  for 
any  micromechanics  model  is  given  in  the  Ap¬ 
pendix. 

Clearly,  if  the  inclusion  is  homogeneous  with  its 
properties  described  by  a  pair  of  constant  rectilin¬ 
early  anisotropic  Cartesian  tensor  L,  and  /,,  it 
follows  from  (7)  that 

Af  =  L,Af,  d,*=L(a,  +  lf  (10) 

so  that  the  expressions  in  (8)  reduce  to  their 
familiar  forms: 

L  ~  Lm  +  ct (Lt  ~  Lm)  Af,  /jj) 

l  =  c,l,  +  cmlm  +  c,(L,-Lm)  at. 

A  similar  dual  framework  can  be  formulated 
for  the  compliance  and  thermal  strain  tensor  M, 
and  ms  and  their  effective  counterparts  M  and  m, 
but  will  be  omitted  here  for  brevity. 

Finally,  we  should  mention  here  that  in  dealing 
with  coated  fibrous  composites,  the  analysis  in  (I) 
and  (II)  made  in  fact  implicit  use  of  (8).  This 
could  be  best  understood  by  recalling  that  the 
employed  micromechanics  model  in  these  papers 


was  Mori-Tanaka's  theory  which  utilized  the  aux¬ 
iliary  configuration  of  a  coated  particle  (as  an 
entity)  in  an  infinite  matrix.  The  equations  in  (I) 
and  (II)  were  however  set  i*n  for  the  more  general 
case  of  hybrid  composites  consisting  of  more  than 
one  type  of  reinforcement.  We  now  believe  that 
when  dealing  with  coated  inclusions  the  present 
framework  gives  a  more  concise  method  of  dealing 
with  such  systems.  It  also  allows  us  to  discuss 
properties  of  general  nature  in  Sections  3.  5  and  6 
below.  The  present  section,  together  with  Sections 
3.  5  and  6  achieve  in  fact  the  major  objectives  of 
this  paper.  For  a  detailed  implementation  of  the 
Mon-Tanaka  method  to  systems  with  coated  and 
curvilinearly  anisotropic  inclusions  the  reader  is 
referred  to  (I)  and  (II). 


3.  Exact  relations  between  effective  thermal  and 
mechanical  properties  - 

It  can  now  be  shown  that  the  effective  thermal 
tensor  /  follows  solely  from  the  knowledge  of  the 
influence  function  A,(x).  This  provides  an  alter¬ 
native  to  Eq.  (8) 2  and  leads  to  an  exact  relation 
between  certain  averages  of  the  mechanical  and 
thermal  influence  functions. 

These  results  can  be  found  from  the  virtual 
work  theorem,  as  done  by  Levin  (1967)  in  com¬ 
posite  media  with  isotropic  consituents.  The  pro¬ 
cedure  is  exactly  the  same,  but  the  inhomogeneous 
inclusion  is  treated  with  regard  to  its  space  depen¬ 
dent  moduli.  To  this  end,  two  alternative  boundary 
conditions  are  considered  on  the  external  surface 
S  of  the  composite: 

«'(S)-f'x,  0'(S)  =  O.  (12) 

u(s)  =  o,  e(s)  =  e0.  (13) 

According  to  the  theorem  of  virtual  work,  we 
write 

jV,(x)  <„(x)  dK»  jj’(x)  u,(x)  dS.  (14) 
as  well  as 

«;,(x)  dv -  jt\x)  «;(x)  ds.  (is) 
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where  t,  denotes  the  traction  vector  on  S.  The 
procedure  described  by  Levin  (1967),  and  (14)  and 
(15)  eventually  provide 

l-cmATmlm  +  c,jr  f  Aj(x)  t,(x)dV,  (16) 

v(  Jy, 

where  A Tm  is  the  transpose  of  the  averaged  in¬ 
fluence  function  Am  defined  under  the  boundary 
conditions  (4),  at  60  =  0.  Then, 

^ nfo *  (1^) 

that  satisfies 

cmAm  +  ctA,-l,  (18) 

where  /  is  the  fourth-order  unit  tensor. 

Thus  Eq.  (16)  can  also  be  written  as 

/-(/-cf^)/m  +  c  ,-Jr  /  Aj(x)  I,(x)  dV. 
y(  h-, 

(19) 

This  last  expression  provides  an  alternative  to  Eq. 
(8);  for  evaluation  of  l,  and  leads  after  some 
manipulation  to  the  following  exact  relation  be¬ 
tween  the  mechanical  and  thermal  influence  func¬ 
tions  and  their  averages: 

{/-Aj)tn+yf  Aj(x)If(x)dV  =  af-Lma,. 

yt  Jy, 

(20) 

It  can  be  readily  verified  that  for  an  inclusion 
which  is  described  by  a  single  pair  of  constant  Lf 
and  If  tensors,  Eq.  (19)  in  conjunction  with  (11), 
provides 

/-/m  +  um-  L)(L, (21) 
while  (20)  gives  another  familiar  form: 
af=(I-A,)Um-L,y\lf-lm).  (22) 


4.  The  Mori-Tanaka  (MT)  model 

In  the  two  recent  papers  (1)  and  (II),  we  have 
been  concerned  with  modeling  of  coated  carbon 


fiber  composites,  in  which  the  fiber  core  was  cy- 
lindrically  orthotropic.  Both  the  effective  moduli 
and  the  local  stresses  were  of  interest,  and  were 
estimated  by  the  Mori-Tanaka  (1973)  approxima¬ 
tion,  in  the  form  developed  by  Benveniste  (1987). 
and  Benveniste  and  Dvorak  (1990). 

As  mentioned  in  Section  2,  the  description  of 
the  Mori-Tanaka  theory  in  (I)  and  (II)  was  given 
for  general  three-phase  composite  systems  which 
may  consist,  for  example,  either  of  coated  inclu¬ 
sions,  or  two  kinds  of  fibers  in  a  matrix.  As 
explained  in  that  work,  this  micromechanics  model 
makes  use  of  an  “  auxiliary  configuration”  in  which 
a  typical  inclusion  is  embedded  in  an  infinite 
matrix  which  is  subjected  at  infinity  to  the  average 
matrix  strain.  In  the  application  of  the  model  to 
the  coated-fiber  composites,  the  typical  embedded 
inclusion  is  a  coasted  particle,  and  thus  the  imple¬ 
mentation  can  be  carried  out  in  the  framework  of 
two-phase  composites  in  which  a  matrix  is  rein¬ 
forced  by  “inhomogeneous  inclusions”.  The  inho¬ 
mogeneous  inclusion  is  now  the  coated  particle. 

Specifically,  the  basic  assumption  of  the  micro¬ 
mechanics  model  amounts  to  expressing  the  aver¬ 
age  strains  cf  and  stresses  d,  in  the  coated  inclu¬ 
sion  in  the  form  of: 

i,=  Tim  +  t80,  d(=ftm  +  i80,  (23) 

where  the  fourth-  and  second-order  tensors  T,  f. 
t  and  t  give  the  average  strains  and  stresses  in  a 
single  coated  inclusion  within  an  infinite  matrix 
subjected  to  the  conditions  (4)  at  infinity.  Specifi¬ 
cally, 

<s  =  7*0  +  100'  O5=f<o+*0<>'  (24) 

where  the  subscript  s  indicates  a  solitary  coated 
inclusion  in  an  infinite  matrix.  It  can  be  shown 
that  Eq.  (23).  in  conjunction  with  (3)2.  (5)  and  (8) 
provides  after  some  manipulation  the  MT  esti¬ 
mates 


L-Lm  +  cf{[(£-I.m)r]",cm 

.  _  \ 

(25) 

+  c,(i-Lm)~  }  . 

1  -  c,(L  ~  L)t  +  cmlm  +  cf/. 

(26) 
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where  the  fourth-  and  second-order  tensors  £  and 
i  are  defined  as 

f=LT.  f=i -  Lt.  (27) 

The  tensors  £  and  /  interrelate  the  average  stress, 
strain  and  temperature  of  a  single  inhomogeneous 
inclusion  (or  coated  inclusion  in  the  present  case), 
when  it  is  embedded  in  an  infinite  matrix  which  is 
subjected  at  infinity  to  boundary  conditions,  i.e. 

d~Li  +  f0o.  (28) 

Since  £  and  f  have  been  defined  in  this  manner, 
they  cannot  be  considered  in  general  to  represent 
the  effective  moduli  of  the  inhomogeneous  inclu¬ 
sion. 

It  should  be  noted  that  a  somewhat  different 
formalism,  which  is  actually  equivalent  to  that 
introduced  in  the  present  Eqs.  (23),  (25)  and  (26), 
was  adopted  in  (II).  The  present  treatment  is  more 
transparent  and  convenient  to  use  in  the  subse¬ 
quent  proofs  of  diagonal  symmetry  of  the  predic¬ 
ted  effective  tensors. 

From  their  definition  in  (23),  it  is  clear  that  the 
T,  f ,  t  and  r  tensors  possess  the  following  sym¬ 
metry  properties-. 

T, ,kt  ~  T)lkl  -  TJin, ,  ttJ  —  tj,,  (29) 

^ I jkl  ~~  Tj,kl  ~  Tjilk  ,  t,j  Ij, , 
so  that  from  (27) 

£,  jkl  =  £/i*/  £/./*  •  Ay  **  A<  •  (30) 

Thus,  Eqs.  (25)  and  (26)  imply  that  the  approxi¬ 
mate  L  and  /  tensors  satisfy 

/*/ —  Lj,ki =  LjUk ,  l,j  **  Iji-  (31 ) 

However,  it  is  not  obvious  that  the  MT  estimate  of 
the  L  tensor  is  diagonally  symmetric  (Lljk/  « 
Lihj),  this  property  needs  to  be  investigated. 

S.  Diagonal  symmetry  of  the  L  tensor 

Suppose  that  the  inhomogeneous  inclusions  are 
described  by  a  space  dependent  tensor  L,(  x) 
which  is  diagonally  symmetric,  and  that  the  same 
property  holds  for  the  Lm  tensor.  An  examination 


of  (25)  shows  that  the  term  (L-Lm)T  on  the 
right  hand  side  is  exactly  identical  to  that  which 
would  appear  in  the  dilute  approximation  for¬ 
mula: 

Ldll  =  Lm  +  cf(£-Z.m)r.  (32) 

Since  the  diagonal  symmetry  of  Ldl,  can  be  estab¬ 
lished  from  the  reciprocal  theorem  of  elasticity 
(Benveniste,  Dvorak  and  Chen.  1991),  it  turns  out 
that  ( L-Lm )  T  is  diagonally  symmetric.  There¬ 
fore,  the  diagonal  symmetry  of  the  L  tensor  in 
(25)  depends  on  the  symmetry  of  the  £  tensor. 

Unfortunately  no  general  statement  seems  pos¬ 
sible  concerning  the  diagonal  symmetry  of  £. 
However,  in  the  auxiliary  problem  of  a  solitary 
inclusion  in  an  infinite  matrix,  one  may  consider 
specific  circumstances  under  which  the  displace¬ 
ment  field  induced  at  the  interface  Ss  of  the  inclu¬ 
sion  and  matrix  is  of  the  type 

«(Ss)=c*x,  _  (33) 

where  t*  is  a  constant  strain  tensor.  Then,  Hill’s 
(1963)  formula  suggests  that 

jr  f  tsof  dF=  csas  =  e5£c5,  (34) 

ys  •'V, 

which  establishes  the  diagonal  symmetry  of  the  £ 
tensor  under  the  said  conditions.  This  result  will 
be  useful  in  the  sequel  in  proving  the  diagonal 
symmetry  of  the  L  tensor  in  (25)  for  the  com¬ 
posite  media  analyzed  in  (I)  and  (II).  We  recall 
that  the  systems  considered  there  consist  of  a 
matrix  and  aligned  cylindrical  fibers  with  a  cir¬ 
cular  cross-section.  The  matrix  and  coating  are  at 
most  transversely  isotropic,  while  the  fibers  may 
be  circumferentially  or  radially  orthotropic. 

Define  now  a  Cartesian  coordinate  system 
(x„  x2,  x3)  with  the  x,-axis  aligned  along  the 
direction  of  the  fibers.  Also,  x,  is  the  axis  of 
overall  rotational  symmetry,  and  the  effective 
composite  medium  is  transversely  isotropic.  The 
overall  properties  are  described  by  Hill’s  five  elas¬ 
tic  moduli  k,  /,  n,  GL,  and  GT,  where  n  is  the 
uniaxial  modulus,  /  is  the  corresponding  cross¬ 
modulus,  and  k ,  GL,  and  GT  are  respectively  the 
plane  strain  bulk  modulus,  and  longitudinal  and 
transverse  shear  moduli. 
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The  evaluation  of  n  and  /  requires  application 
of  the  following  boundary  conditions  to  the  repre¬ 
sentative  volume  element  of  the  composite: 

i/,(S)=<oX,,  u2(S)  =  u3(S)  =  0,  (35) 

whereas  the  determination  of  Ac.  GL  and  CT  calls, 
respectively,  for  the  following  boundary  condi¬ 
tions  on  S: 


«|(S) 

=  0, 

u:(S)  =  e0x:, 

Uj(S) 

—  <ox3’ 

(36) 

u,(5) 

=  <0-* 

3-  u2(S)-0, 

u3(S) 

=  <0X1- 

(37) 

“i(S) 

=  0, 

u2(S)=(0x2, 

Uj(S) 

=  -<0*3- 

(38) 


For  the  auxiliary  problem  of  a  single  cylindrical 
fiber  in  an  infinite  matrix  with  which  we  were 
concerned  in  (I)  and  (II),  the  boundary  conditions 
(35)  and  (36)  induce  an  axisymmetric  displace¬ 
ment  field,  whereas  (37)  result  in  an  anti-plane 
field.  Both  of  these  solutions  produce  at  the  inter¬ 
face  Ss  of  the  solitary  fiber  a  displacement  field  of 
the  type  (33).  Specific  form  of  the  solution  ap¬ 
pears  in  (II).  Thus  the  £  tensor  pertaining  to  these 
loading  conditions  is  diagonally  symmetric.  Un¬ 
fortunately,  the  last  boundary  condition  (38)  does 
not  induce  at  the  interface  5,  a  displacement  field 
of  the  type  (33).  Therefore,  a  different  way  needs 
to  be  found  to  prove  the  symmetry  of  £  in  this 
case.  The  argument  which  will  be  given  here  uses 
the  rotational  symmetry  of  the  system,  in  conjunc¬ 
tion  with  the  loading  configuration  described  by 
(38),  to  show  that  the  average  strain  and  stress 
tensors  in  the  inhomogeneous  fiber  with  rotational 
symmetry  can  be  described  by 

0  0  0  1  [y  0  0 

«,=  0  a  0  ,  0  0  0  .  (39) 

0  0  -aj  [0  0  -0 

With  this  result,  the  transformation  between  o, 
and  i,  in  (28),  at  80  **  0,  can  be  explicitly  written 
as 

Y  “  ^U22a  +  ^-U3j(  —  ®)> 
ft  ~  ^2222®  +  ^2233 (  -®)’ 

—  ft  ”  ^3322®  +  ^3333 (  ~  ®)-  (^0) 


However,  rotational  symmetry  requires 

^■1122  =  ^-1133’  ^-2222  =  ^3333-  (41) 

This  implies  that  y  =  0.  together  with 

ft  ~  ^2222®  —  ^-2233®’  —  ft  ~  ^3322®  —  ^2222®- 

(42) 

Adding  the  last  two  equations  yields 

^3322  m  ^-2233-  (43) 

We  have  therefore  shown  that  under  (38),  the 
transformation  (28),  with  80  =  0,  reduces  to 

(^22)1 =  ^2222(^22 )  s  +  ^2233(*33  )i  (44) 

(  ®33  )  I  "  ^-3322  (  ^22  )  s  +  ^-3333(*33  )j  (45) 

which,  together  with  (43),  establishes  the  diagonal 
symmetry  of  £  in  this  case. 

This  concludes  the  proof  of  the  diagonal  sym¬ 
metry  of  £.  and  thus  also  of  the  MT  estimate  of 
L,  for  the  systems  considered  in  (I)  and  (II)__ 


6.  Consistency  of  the  effective  thermal  strain  tensor 

We  have  shown  in  Section  3  that  all  derivations 
of  the  effective  thermal  stress  tensor  /  must  satisfy 
(20).  Alternatively,  it  can  be  said  that  any  model 
should  predict  the  same  effective  thermal  tensor 
either  from  (19),  or  by  a  direct  application  of  the 
model  to  Eq.  (8)2.  A  general  proof  of  such  con¬ 
sistency  property  of  the  Mori-Tanaka  method  for 
arbitrarily  shaped  coated  inclusions  seems  to  be 
beyond  reach.  However,  for  the  fibrous  system 
with  cylindrical  fibers  considered  in  (I)  and  (II),  a 
consistency  proof  is  given  in  the  sequel. 

First,  note  that  Eq.  (20)  must  hold  for  the 
dilute  approximation,  i.e. 

( r-TT)lm  +  y]  TJ(x)l,(x)dV-t-Lmt. 

yi  JV, 

(46) 

Since  the  dilute  approximation  makes  recourse  to 
an  exact  solution  of  the  auxiliary  problem,  the 
boundary  conditions  (12)  and  (13),  together  with 
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(14)  and  (15),  can  be  used  (as  in  the  derivation  of 
(20))  to  show  that  (46)  is  in  fact  valid. 

Next,  we  recall  that  the  concentration  factors 
and  influence  function  appearing  in  (20)  are  pre¬ 
dicted  in  the  framework  of  the  Mori-Tanaka 
method  as  follows: 

^f(x)  =  T(x)(cml  +  e,T)~\  (4?) 

"  Lmat  —  t~  Lt'. 

this  may  be  found  in  (II).  Therefore,  the  require¬ 
ment  that  Eq.  (20)  be  satisfied  by  the  MT  model 
reduces  to 

[/-(cm/  +  cfrT)"rT]"/m 

+  y(cmI  +  c,Tt)~1  f  TJ(x)l,(x)dV 

yt  'v, 

=  t  -  Lt.  (48) 

Unfortunately,  it  does  not  seem  possible  to  prove 
that  (46),  by  itself,  implies  validity  of  (48)  for 
general  systems  with  curvilinear  anisotropy. 

Therefore,  we  focus  on  the  fibrous  systems 
considered  in  (I)  and  (II)  and  prove  the  validity  of 
(48)  by  exploiting  the  idea  of  the  “replacement 
fiber,”  established  in  (II)  and  also  independently 
by  Hashin  (1990).  Under  an  axisymmetric  stress 
state,  a  circular  cylindrical  fiber  possessing  radial 
or  circumferential  orthotropy  can  be  replaced  by 
an  equivalent  transversely  isotropic  fiber.  This  has 
no  effect  on  either  the  average  stress  in  the  fiber, 
or  on  the  local  displacement  and  traction  fields  at 
its  lateral  surface.  Therefore,  the  introduction  of 
the  replacement  fiber  does  not  affect  the  average 
strains  and  stresses  in  a  fibrous  system  under  a 
uniform  thermal  change. 

The  T,  t  and  i  tensors  in  (46)  and  (48)  relate  to 
a  single  fiber  in  an  infinite  matrix  under  axisym- 
metric  loading.  Since  they  describe  the  average 
strain  and  stress  within  the  fiber,  they  are  not 
affected  by  introduction  of  the  replacement  fiber. 
Therefore, 

r=rR,  r-iR,  r-rR,  (49) 

where  the  subscript  R  refers  to  the  replacement 
fiber. 

Note  also  that  Eq.  (46)  is  valid  in  the  present 
circumstances,  and  write  it  first  for  the  actual 


fiber  with  curvilinear  anisotropy  and  then  for  the 
replacement  fiber.  From  (49)  it  follows  that 

/  rT(x)/f(x)dK=rRT(/f)RKf.  (50) 

Jv, 

where  (/f)R  is  the  thermal  stress  tensor  of  the 
replacement  fiber. 

Coming  back  to  Eq.  (48),  we  recall  that  its 
validity  for  the  case  of  transversely  isotropic  fibers 
has  already  been  established  in  a  recent  paper  by 
Benveniste  et  al.  (1991),  and  that  under  axisym¬ 
metric  loading  the  last  term  in  (48)  satisfies 

LRrR  =  Lr  (51) 

where  jLr  is  the  effective  modulus  given  by  (25) 
for  a  system  with  the  “replacement  fibers”.  Re¬ 
writing  of  (48)  for  the  replacement  fiber  gives: 

[/-(cm/  +  cfrRT)''rRT]"’/m 

+  (cm/  +  cfrRT)"[rRT(/f)RFf]=fR-iRrR. 

-  (52) 

Finally,  compare  (52)  and  (48)  to  show  that  the 
validity  of  (48)  follows  from  (50);  Q.E.D. 
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Appendix 

Consider  a  coated  cylindrical  fiber  with  a  core 
and  coating  which  are  cylindrically  orthotropic. 
Let  the  fiber  cross  section  be  circular,  with  the 
core  and  outside  radius  being  given  by  a  and  b.  In 
this  Appendix  we  will  illustrate  the  tensors  Lf(x) 
and  /,(x)  for  this  system,  also  also  explain  in 
detail  the  procedure  which  leads  to  the  representa¬ 
tion  of  the  A f(x),  a,(x)  and  Af(x),  df(x) 
tensors. 

Since  both  the  core  and  the  coating  are  cylin¬ 
drically  orthotropic,  the  constitutive  equations  are 
conveniently  represented  in  terms  of  a  cylindrical 
coordinate  system  located  at  the  center  of  the 
fiber. 


where  c,},  G^,  G.„  and  Gr:  are  the  stiffness  coeffi¬ 
cients,  a,  are  the  linear  coefficients  of  thermal 
expansion,  and  c  denotes  the  core  whereas  g  de¬ 
notes  the  coating  (see  (II)).  This  constitutive  equa¬ 
tion  will  be  formally  represented  as 

«/U)=/.;U)  +  e0.  s  =  c,g. 

(A. 2) 

where  the  primes  indicate  that  all  the  quantities 
are  referred  to  the  cylindrical  coordinate  system 
which  is  now  denoted  by  £. 

Let  the  transformation  between  the  current  and 
the  Cartesian  components  of  the  fields  at  any 
point  within  the  fiber  be  described  by 

ot(x)  =  Ros'(t),  «,(■*)“  Qt's(()  (A.3) 

Note  that  R*  Q  since  according  to  the  conven¬ 
tional  use  in  the  literature  there  is  a  2-term  in  the 
shear  terms  of  the  strain  vector.  In  a  transforma¬ 
tion  between  the  cylindrical  and  Cartesian  sys¬ 
tems,  R  and  Q  are  functions  of  the  angle  <J>  and 
therefore  of  the  x,,  x2  Cartesian  coordinates  of 
the  generic  point.  For  this  specific  transformation 
it  turns  out  that  RT  =  Q~x.  Equations  (A.2)  and 
(A.3),  provide 

=  *(*)  L'sQ~\x)  «,(*)  +  *(*)  Wo 

(A -4) 

so  that  we  can  write  Lt(x)  and  l,(x)  for  the 
coated  fiber  as  follows: 


is) 

■x 

> 

Cn 

0 

0 

0  ' 

°<t, 

C*« 

0 

0 

0 

0. 

^  zr 

C.. 

0 

0 

0 

°r* 

0 

0 

0 

0 

0 

«•* 

0 

0 

0 

0 

0 

°r:, 

0 

0 

0 

0 

0 

“  aA 
-  «A 
2<* 

2c.. 


J-c,  g. 


(A.l) 


Lf(*)  =  R{x)  L'qQ-\x)  /,(x) 

+  r(x)  l;c_,(x)[i-/j(x)]. 
//(x)-*(xK/,(x)+*(x)/;[l-/,(x)], 

(A.5) 

with  x )  being  defined  as 


,  ,  (1 ,  if  x  is  in  the  core, 

/„(*)“  _  ...  ...  (A.6) 

(0,  if  x  is  in  the  coating. 

Suppose  now  that  the  composite  is  subjected  to 
the  boundary  conditions  (4),  and  the  strain  field  in 
a  representative  fiber  is  described  in  a  polar  coor¬ 
dinate  system  located  at  the  center  of  the  fiber 
through  the  influence  functions  A's(£),  A(£) 

<;U)-A(f)«0+A(m.  4-  c.g.  (a. 7) 


Y  Benventste  et  al.  /  Composites  with  cylindrtcally  orthotropic  fibers 


:97 


Using  (A.3)2  and  (A.7).  we  obtain  the  Cartesian 
components  of  the  strain: 

«,(•*)  =  {?(*)  A’si*)  «0  +Q(x)  a's(x)  *0. 

s  =  c,  g,  (A. 8) 

where  it  is  assumed  that  the  components  of  the 
polar  coordinates  £  have  been  expressed  in  terms 
of  the  Cartesian  one  x.  Recalling  the  definition  of 
A,  and  a,  in  (9)2,  and  taking  an  average  of  (A-8) 
over  the  fiber  (core  and  coating)  provides 


i4f  =  I  Q(x)  ^(*)dS,) 

j-c.g  \  1  s<  ' 

af  =  £  "«(-§-/ Q(x)  a's(*)  ds>Y 

J-C.g  \  1  S‘  ' 


(A.9) 


the  Cartesian  stress  either  from  (A.2).  (A.7)  and 
(A.3),,  or  directly  from  (A.4)  and  (A.8)  as 

°,(x)  =/?(x)  L'sA's(x)  t0 

+[*(*)  L'sa’s(x)  +  R(x)  l's}80. 

(A. 11) 

where  we  have  expressed  again  the  the  compo¬ 
nents  of  £  in  terms  of  x. 

Finally  taking  an  average  of  (A.ll)  over  the 
coated  fiber  and  using  the  definition  of  Af  and  a, 
in  (9),  provides 


A,=  I  fs[jf  R(x)  L',A'Ax)As\ 

raf  a  \  $  S, 


a(  =  L  ^(t /  (*(*)  L'sa'>(x)  (A.12) 

J-C.g  \  5  s> 


where  vi  is  given  by 

vc  =  a2/b2.  vg  =  (b2  -  a2)/b2  (A. 10) 

and  S,  denotes  the  cross  sectional  area  of  the  core 
and  coating. 

Turning  to  the  A,  and  Q,  tensors,  we  write  first 


+*(x)/;]  ds,j 

Therefore  once  the  influence  functions  A  |(£), 
a’s(£)  of  (A.7)  arevknown  through  the  use  of  some 
micromechanics  model,  substitution  of  (A.9)  and 
(A.12)  in  (8)  provides  the  desired  effectiveaensors 
L  and  /. 
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Abstract 

The  existence  of  diagonal  symmetry  in  estimates  of  overall  stiffness  tensors  of  heterogeneous  media  ts 
examined  for  several  micromechamcai  models  The  dilute  approximation  gives  symmetric  estimates  for  all 
matrix-based  multiphase  media.  The  Mori-Tanaka  and  the  self-consistent  methods  do  so  for  all  two-phase 
systems,  but  only  for  those  multiphase  systems  where  the  dispersed  inclusions  have  a  similar  shape 
and  alignment.  However,  the  differential  schemes  associated  with  the  self-consistent  method  can  predict 
diagonally  symmetric  overall  stiffness  and  compliance  for  multiphase  systems  of  arbitrary  phase  geometry. 
A  related  question  is  raised  about  the  equivalence  of  two  possible  approaches  to  evaluation  of  the  overall 
thermal  stress  and  strain  tensors.  A  direct  estimate  follows  from  each  of  the  above  models,  whereas  Levin's 
results  [Mechanics  of  Solids  2,  58  (1967)]  permit  an  indirect  evaluation  in  terms  of  the  estimated  overall 
mechanical  properties  or  concentration  factors  and  phase  thermoelastic  moduli.  These  two  results  are 
shown  to  coincide  for  those  systems  and  models  which  return  diagonally  symmetric  estimates  of  the  overall 
stiffness  Finally,  model  predictions  of  the  overall  elastic  symmetry  of  composite  media  are  discussed  with 
regard  to  the  spatial  distribution  of  the  phases. 


1 .  Introduction 

It  is  well  known  that  under  uniform  thermomechanical  static  loads,  statistically 
homogeneous  elastic  composites  can  be  regarded  as  macroscopically  homogeneous 
media  characterized  by  an  effective  stiffness  or  compliance  tensor,  and  by  an  effective 
thermal  stress  or  strain  tensor.  The  reciprocal  theorem  of  elasticity  can  be  employed 
to  show  that  the  exact  effective  stiffness  and  compliance  tensors  of  an  actual  composite 
must  be  diagonally  symmetric  if  this  property  obtains  in  all  constituent  phases.  How¬ 
ever,  the  complex  microstructural  geometry  of  actual  systems  precludes  an  exact 
evaluation  of  these  tensors.  Instead,  various  approximate  procedures,  such  as  the 
dilute  approximation,  the.  self-consistent  and  Mori-Tanaka  methods,  and  various 
differential  schemes  are  often  used  to  estimate  the  overall  stiffness  or  compliance  in 
terms  of  given  phase  moduli,  volume  fractions,  and  shapes.  As  they  stand,  these 
procedures  do  not  guarantee  diagonal  symmetry  of  the  estimated  stiffness  tensors. 
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Trial  calculations  show  that  diagonal  symmetry  obtains  in  some  systems  and  not  in 
others,  and  the  micromechanics  literature  does  not  seem  to  offer  any  general  guidelines 
for  an  a  prion  identification  of  systems  which  admit  a  legitimate  application  of  a 
particular  approximate  procedure. 

A  related  problem  arises  in  evaluation  of  the  effective  thermal  tensors.  These  can 
be  found  in  two  distinct  ways.  A  direct  approach  would  employ  one  of  the  approximate 
methods  to  estimate  these  tensors.  Alternatively.  Levin's  (1967)  results  can  be  used 
to  relate  these  tensors  in  an  exact  manner  to  the  actual  or  estimated  overall  elastic 
properties  or  mechanical  concentration  factors  and  to  the  known  thermoelastic  con¬ 
stants  of  the  phases.  These  two  predictions  should  always  coincide,  but  again,  no 
general  proof  of  such  coincidence  appears  to  be  available  in  the  literature. 

Although  a  given  set  of  inclusions  can  be  dispersed  in  a  matrix  to  form  aggregates 
with  many  different  spatial  arrangements  and  corresponding  overall  elastic  sym¬ 
metries.  some  of  the  approximate  methods  predict  the  moduli  and  thermal  expansion 
coefficients  of  only  one  such  aggregate.  Again,  it  is  not  clear  what  might  be  the 
underlying  internal  structure  of  this  particular  system,  and  how  the  shapes  and  elastic- 
properties  of  the  phases  influence  its  overall  elastic  symmetry. 

The  purpose  of  the  present  work  is  to  offer  some  answers  to  these  open  questions.  We 
show  that  the  dilute  model  gives  diagonally  symmetric  estimates  of  overall  mechanical 
moduli  tensors  in  all  matrix-based  heterogeneous  systems.  In  contrast,  the  Mori- 
Tanaka  and  the  self-consistent  models  return  such  diagonally  symmetric  results  only 
for  two-phase  systems,  and  for  those  multiphase  systems  in  which  the  dispersed  phases 
are  aligned  and  of  similar  shape.  However,  the  differential  schemes  which  employ 
successive  dilute  approximations,  do  always  return  a  diagonally  symmetric  estimate 
of  the  overall  stiffness.  The  coincidence  of  the  two  approaches  to  evaluation  of  the 
overall  thermal  stress  and  strain  tensors  is  found  to  exist  under  similar  circumstances. 
Finally,  the  overall  elastic  symmetry  of  the  Mori-Tanaka  model  is  shown  to  be 
determined  by  the  lowest  material  and  shape  symmetry  present  among  the  phases. 

It  is  important  to  mention  that  approximate  methods  based  on  variational  principles 
should  always  yield  a  diagonally  symmetric  tensor:  see  for  example,  the  self-consistent 
schemes  based  on  the  Hashin-Shtrikman  principle  and  the  closely  related  self-con¬ 
sistent  quasicrystalline  approximation  (Willis.  1977.  1981.  1983.  1984).  However,  a 
specific  implementation  of  such  an  approach  to  multiphase  composites  with  inclusions 
of  different  shapes  does  not  seem  to  exist  at  present. 


2.  Some  Available  Results 

We  are  concerned  with  the  overall  thermomechanical  response  of  a  representative 
volume  of  a  perfectly  bonded  multiphase  composite  aggregate  which  is  subjected  to 
a  uniform  overall  stress  a  or  strain  e.  and  a  uniform  change  in  temperature  6.  This  is 
defined  by 

a  =  Le+\d.  e  =  M<t  +  m0,  (1) 

where  L  and  M,  and  I.  m,  are  the  effective  overall  stiffness  and  compliance,  and  the 
thermal  stress  and  strain  tensors.  For  consistency  of  ( I ),  these  must  satisfy  the  relation 
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L  =  VI  and  I  =  -  Lm.  Following  Hill  (1963)  and  Law's  ( 1973)  one  can  show  that 
the  overall  properties  are  related  to  the  local  moduli  and  volume  fractions  by 

V  \ 

L  =  L,  +  £  c,(L,-L,)A,.  M  =  M,  +  V  —  M,)B,.  (2) 

V  N 

I  =  1 1  +  £  c,(l,  -  li )  +  Y  r.(L,-L|)a„ 

V  V 

m  =  m  +  V  f,(m>-inl)+  Y  r,(Vf,  - M,  )b,.  (3) 

where  A,.  B,.  a,,  b,  represent  the  concentration  factors  which  are  the  averages  of 
certain  influence  functions  to  be  defined  below,  and  L„  M,.  and  I..  and  m.  denote  the 

properties  of  phase  v  =  1.2 . N:  in  matrix-based  composites,  s  =  1  denotes  the 

matrix  phase.  These  properties  enter  the  phase  constitutive  relations  as 

<r,(x)  =  L,£,(x)  +  l,0.(x).  e,(x)  =  \1,<r,(x)  +  m,0,(x).  (4) 

Those  are  similar  to  ( I ),  but  relates  the  local  fields  rather  than  their  overall  averages. 
The  local  fields  are  connected  to  the  overall  average  by  certain  mechanical  and  thermal 
influence  functions 

£,(x)  =  A,(x)£  +  a,(x)0,  <xt(x)  =  Bjxja  +  bdx)#.  (5) 

The  phase  averages  <r,  and  e,  of  the  local  fields  satisfy  analogous  connections  written 
in  terms  of  the  mechanical  and  thermal  concentration  factors  A„  B,.  a.,  and  b,.  which 
appear  in  (2)  and  (3)  above.  In  this  paper,  local  fields  will  be  denoted  by  an  argument 
(x).  and  quantities  without  an  argument  will  refer  to  averages. 

The  phase  properties  are  assumed  to  satisfy  the  symmetry  relations 

*-»/*/  —  *~nkl  —  L'i/lk  —  k-khr  *  —  <//* 

M)?u  =  AC  =  AC  =  MS,.  <  =  <’•  (6) 

Also,  both  the  influence  functions  in  (5)  and  the  concentration  factors  which  are  their 
phase  volume  averages,  must  satisfy  the  symmetry  conditions 

a\%  =  C  =  a%,  a, y  = 

=  B%  =  B)X  V?  =  b“\  (7) 

but  the  diagonal  symmetry  relations  are  not  necessarily  satisfied :  A,,kt  #  AUl/,  Bijk,  # 

Bkhi  ■ 

To  lead  into  the  main  topic  of  the  paper,  we  recall  the  reciprocal  theorem  of 
elasticity.  Suppose  that  a  representative  volume  V  of  a  heterogeneous  medium  is 
subjected  to  two  different  states  of  uniform  overall  stress  a„  and  a',,,  or.conjugate 
overall  uniform  strain  ek,  and  ekh  at  6  =  0.  The  actual  local  fields  are  denoted  as  <7„(x), 
£t,(x).  and  cr;,(x),£i,(x) ;  they  satisfy  the  connections 
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a „  =  p|  £,/*/(x)£*/(x)  d r  =  L„ *,£*,.  a'„  =  p  f  Z.iy*/(x)£i,(x)  dk'  = 

The  theorem  states  that  the  two  sets  of  local  elastic  fields  satisfy  the  relation 

ff„(x)£;,(x)  dv  =  ct;,(x)ev(x)  dr. 

or.  since  the  boundary  conditions  are  homogeneous 

a„e„  V  =  <?;,£„  V. 

This  shows  that  L  and  M  must  also  possess  the  symmetries  indicated  in  (6).  i.e. 

Lijlcl  Ljtki  L. ,/itt  lu  l/l% 

=  Mltkt  Mif/k  \fkhj>  m  i/  Wjt. 


Moreover.  Levin  (1967)  and  Rosen  and  Hashin  (1970)  found  that  the  tensors  m 
and  1  can  be  expressed  as 

V  V 

I  =  £  c.Afl,,  m  =  £  (ID 


X  ca!  =  i,  X  c>B<r  =  !> 


I  =  l,+ X  c*A,r(l»-Ii).  m  =  ml+  Y  c,BJr(m,^m1).  (12) 

v*:  >=: 

In  two-phase  systems.  (2)  indicates  that  the  concentration  factors  A,  and  B,  can  be 
replaced  by  overall  L  and  M  to  yield 

l  =  l,+(L-Ll)(L,-L1)-|(l:-ll), 

m  =  m  +(M-M|)(!V!: -M,)‘  '(m2-ni|).  (13) 

Benveniste  and  Dvorak  (1990)  have  recently  established  an  exact  relationship 
between  the  thermal  and  mechanical  influence  functions  in  two-phase  systems : 

*,(x)  =  [1  — A,(x)](L,  —  L2) _  1  (12  —  I, ). 

b,(x)  =  [I-BJ(x)](M,-M,)-|(m2-ml).  (14) 

which  can  be  readily  extended  to  concentration  factors. 

In  any  actual  system,  the  influence  functions  in  (5),  or  the  phase  concentration 
factors  are  not  known  exactly.  Instead,  they  are  estimated  by  certain  approximate 
procedures.  The  dilute  approximation,  together  with  the  Mori-Tanaka  and  the  self- 
consistent  methods  are  often  employed  for  this  purpose.  As  they  currently  stand, 
neither  guarantees  that  the  estimates  of  overall  L  and  M  will  satisfy  the  symmetry 
requirements  (10). 
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The  overall  thermal  tensors  can  be  evaluated  in  two  different  ways.  One  approach 
would  employ  the  above  estimates  of  A,  and  B,  in  (1 1)  and  (12).  Alternatively,  a.  and 
b,  can  be  found  directly  from  one  of  the  above  approximate  procedures,  and  then 
utilized  in  a  direct  evaluation  of  1  and  m  in  (3).  Again,  it  is  not  dear  that  these  two 
approaches  do  always  lead  to  the  same  result. 

Therefore,  one  of  the  objectives  of  our  inquiry  is  to  find  in  which  composite 
systems  do  the  approximate  procedures  for  evaluation  of  A,  and  B.  produce  symmetric 
estimates  of  L  and  M  that  satisfy  (10).  Also,  we  wish  to  establish  when  the  direct 
estimates  of  a,,  b..  A,  and  B,  lead  to  identical  values  of  1  and  m  in  (3)  and  (1 1 )  or  ( 12). 
respectively. 


3.  The  Dilute  Approximation 

A  matrix-based  multiphase  medium  is  regarded  here  as  a  collection  of  non-inter- 

acting  inhomogeneities.  Each  inclusion  of  phase  s  =  2. 3 . A  is  considered  in  turn. 

embedded  in  a  large  volume  of  matrix  (s  =  I)  which  is  subjected  to  a  uniform  overall 
strain  e.  The  average  strain  in  each  such  phase  is  defined  in  analogy  to  (5)  as 

es  =  T.g+t.O.  (15) 

Since  only  two  phases  (j  =  1  and  s  #  I)  are  involved  in  each  application  of  (15). 
one  can  use  (14,)  to  write 

t.  =  (I-T,)(L,-LJ)- (16) 
An  estimate  of  the  L  tensor  follows  from  (2)  as 

,V 

L  =  L,  +  £  c,(L,  — L,)TS  (17) 

while  the  I  tensor  can  be  estimated  either  from  (12^)  as 

1  =  li  +  X  cjT,r(lj  — I,).  (18) 

i  =  2 

or  from  (16)  and  (3,)  as 

.V  ,V 

I  =  1,  +  £  c,(l,-l,)  +  X  CS(LS  — L,)(I  — T,)(L,  — L, )-'(!, -I,).  (19) 

i=2  j=2 

We  will  now  show  that  L  in  (17)  satisfies  the  diagonal  symmetry  requirement  in  (10) 
and  that  (18)  and  (19)  give  identical  estimates  of  I.  Consider  first  the  symmetry 
properties  of  the  product  (L5  —  L,)T,.  Recall  that  a  single  phase  s  ^  1  is  embedded  in 
a  large  volume  Dt  of  the  matrix  phase  s  =  1  which  is  subjected  to  a  uniform  overall 
strain  e.  and  0  =  0.  Suppose  that  two  different  overall  strain  states.  e„  and  are 
applied.  The  reciprocal  theorem  (9)  then  shows  that 

[</,<'  =  [</,«’)' +4K ;*)')£„.  (20) 

where  d ,  =  DJD  and  d,  =  DJD  denote  the  matrix  (5=1)  and  inclusion  volume 
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fractions  in  the  dilute  configuration.  D  =  D,  +  D  :  the  a'„"  and  <t‘"  are  the  average 
phase  stresses.  From  (4)  and  the  relation  dt e'„"  +  d.c'i'  -  lor  the  auxiliary  dilute 
configuration  it  follows  that 

l:!m,  +  cU,  +  j. j (21) 

This  shows  that  the  product  ( L,  —  L ,  )T. .  and  therefore  also  the  dilute  approximation 
of  L  in  ( 17).  are  indeed  diagonally  symmetric. 

It  is  now  easy  to  prove  that  the  estimates  <  18)  and  (19)  of  I  are  equivalent.  Rewrite 
( 19)  in  the  for.'1, 

\ 

l  =  l,  +  V  <-.(L.-Ll)T,(L,-Ll)  '(I, -I,)  (22) 


and  recall  that  ( L,  -  L ,  )T.  is  symmetric :  this  provides  the  desired  proof. 


4.  The  Mori-T  .Method 
4. 1 .  Summary  of  the  method 

Mori  and  Tanaka  (1973)  proposed  the  method  in  an  attempt  to  find  an  estimate 
of  matrix  stress  in  a  material  containing  precipitates  with  transformation  strains. 
Benveniste  (1987)  reformulated  the  original  approach,  and  more  recently  <  Benven¬ 
iste.  1990)  he  established  certain  unifying  connections  with  the  model  proposed  by 
Levin  (1976)  and  the  so-called  closure  approximation  of  lowest  order  of  Willis 
( 1981).  The  method  enjoys  widespread  use.  For  example.  Benveniste  and  Dvorak 
(1990).  and  Benveniste  et  al.  (1989)  applied  it  to  thermal  stress  problems  in  two- 
phase  and  coated  fiber  systems.  A  comprehensive  list  of  previous  work  on  the  Mori- 
Tanaka  method  in  composites  can  be  found  in  these  papers. 

As  in  the  dilute  approximation,  an  inclusion  of  each  phase  s  *  I  is  regarded  as  a 
solitary  inhomogeneity  in  a  large  volume  of  matrix  5=1.  However,  the  overall  strain 
applied  to  the  matrix  is  no  longer  the  actual  overall  strain  e  in  the  aggregate :  instead, 
it  is  equal  to  the  as  yet  unknown  average  matrix  strain  Therefore,  in  place  of  (15). 
the  average  phase  strain  is  now  equal  to 

€,  =  T,E|  ■+•  t.0.  (23) 

Inasmuch  as  e  =  I.c.e,.  one  can  establish  that 

e,  =  £c,I+  £  c,T.J  . 
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A  substitution  of  the  above  A,  into  (2,)  then  gives  the  Mon-Tanaka  estimate  of  the 
overall  stiffness  L  as 


\ 

\ 

X  c,(L,-L,)T, 

<M+I‘\T. 

(25) 


or  as 


L  = 


I  c,L,T, 

v  «  I 


V  C.T. 


where  we  used  the  identities 


(26) 


T,  -I.  *,=0. 


(27) 


Consider  next  the  estimates  of  I.  The  first  option  is  to  use  A,  in  ( 1 1 , )  and  after  some 
’leebra  find 


I  = 


I  cJ! 


(28) 


The  second  option  is  to  substitute  the  direct  estimate  (24,)  of  a,  into  (3,) 


I  =  L 


-  I  c.t. 


+  ^  c,(L,t,  + 1, ) 


(29) 


with  L  taken  from  (26). 

In  the  following  paragraphs  we  show  that  the  Mori-Tanaka  estimates  of  L  are 
symmetric  only  for  those  multiphase  composites  where  all  phases  s  *  I  are  of  similar 
shape.  Also,  we  show  that  this  property  obtains  in  all  two-phase  systems,  regardless 
of  phase  geometry. 


4.2.  Aligned  inclusions  of  similar  shape 

Write  the  concentration  factor  T,  in  the  form 

T,  =  [I  +  P(L,-L,)]" '.  (30) 

where  P  =  Pr  is  related  to  the  constraint  tensor  L*  of  a  transformed  homogeneous 
inclusion  by 

L*  =  P  -L,  (31) 

and  hence  there  is  also  L*  =  (L*)r.  The  background  related  to  the  definition  of  the 
P  tensor  and  associated  concepts  may  be  found  in  the  comprehensive  reviews  by 
Walpole  (1981 )  and  Willis  (1981).  Of  course,  if  the  inclusion  is  of  ellipsoidal  shape, 
then  P  =  SL,  '.  in  terms  of  the  Eshelby  tensor  S.  and  the  strain  field  inside  such  a 
solitary  inclusion  is  uniform.  However,  this  restriction  is  not  required  in  the  analysis 
which  follows.  What  is  required  is  that  the  tensor  P  be  identical  for  all  inclusions. 


934 


Y.  BenvbnistE  ei  at. 


Thus  the  inclusions  may  have  any  similar  shape,  but  each  must  have  the  same 
orientation  in  a  fixed  reference  frame. 

In  any  event,  since  P  is  identical  for  all  s  ^  1.  (30)  and  (31 )  provides 

T,  =  (L*  +  L,r'(L*  +  L,).  (32) 

Substitute  this  into  (26)  and  after  some  algebra  find  the  following  diagonalty  sym¬ 
metric  form  of  the  Mori-Tanaka  estimate  of  L  (Norris,  1989) 


«[l<\(L*  +  L,r']  -L* 


Next,  we  proceed  to  show  that  the  estimates  (28)  and  (29)  of  I  are  equivalent.  Take 
T,  from  (32).  recall  that  Ls  and  L*  are  both  diagonally  symmetric,  and  wnte  (28)  as 

1=  X  <\(L*  +  L,)-'j  [  Xc(L*  +  Lf)-,l,].  (34) 

Modify  now  (29)  by  noting  that  t,  in  ( 16)  can  be  rewritten  with  the  help  of  (32)  as 

t,=  -(L*  +  L,)-'(lt-l,)  (35) 

and  substitute  this  together  with  L  from  (33)  into  (29).  The  result  is 

|  =  ,'+  [  £cs(L*  +  L,)-']  £  X  c.(L*4-L,)“  '(!,  — I,)J  (36) 

and.  after  expansion  of  the  second  bracket,  it  reduces  to  the  form  (34)  which  was 
derived  from  (28). 


4.3.  Two-phase  materials  with  inclusions  of  different  shape 

The  two  phases  are  denoted  by  the  subscript  r  =  a.  j3.  where  r  =  a  denotes  the 
matrix,  and  r  =  f  the  dispersed  phase  which  must  have  the  same  stiffness  L,  in  a  fixed 
coordinate  system.  In  an  actual  composite  system,  this  last  requirement  is  unlikely  to 
be  satisfied  unless  the  phase  r  =  /?  is  isotropic.  The  matrix  phase  resides  in  the  region 

5=1.  while  the  second  phase  occupies  various  regions  s  =  2, 3 . N  of  different 

shape.  For  each  such  region  there  exists  a  certain  tensor  PJ. 

It  is  convenient  to  introduce  the  tensor  PJ  defined  as 

P'O^-L^PJ-PJ-P*  (37) 

Since  P'  =  (P*)r,  the  definition  shows  that  PJ  =  (PJ)T  After  some  algebra,  the  tensor 
T,  in  (30)  assumes  the  form 

T,  =  I  +  PJ(L,-  Lj).  (38) 

First,  we  ask  if  the  overall  stiffness  L  defined  by  (25)  is  diagonally  symmetric  in  the 
present  system.  Note  that  (25)  can  be  rewritten  as 
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L  =  L,  +  (L,  —  L,)(c,I-  S  c, T  )(  t  cj) 


then  transformed  into 


L  =  L  g  +  c. 


j(L,  —  L„)^  Y  e,T, 


and  with  reference  to  (38)  cast  into  the  final  form 


L  —  L«  c , 


X  c,(LI-L,)-'  +  p; 
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(39) 


(40) 


(41) 


which  shows  that  indeed  L  =  L T. 

Next,  let  us  examine  for  the  present  system  the  two  forms  of  1  given  by  (28)  and 
(29).  If  (38)  is  used  in  (28)  together  with  1,  =  \t  for  5  #  1,  then  after  much  manipulation 
I  becomes 


I  =  L  +  f, 


I<\[(L.-l,)-'  +  p; 


;j  '(L,- 


L,)  ‘(U  - 1,). 


On  the  other  hand,  if  the  identity  t,  =  0  is  used  in  (29),  it  follows  that 
I  =  L  —  X  X  ^(Lfltj  +  ld), 

where  t,  can  be  evaluated  from  (16)  with  T,  taken  from  (38) 

t.  =  Px(l,-l„) 

Then,  with  L  from  (41),  I  becomes 


(42) 


(43) 


(44) 


X<\[(L,-L,)-'+P;]]  '[icr,  -ij  (■,-!,>.  (45) 

This  can  be  cast  into  a  form  which  is  identical  with  (42) ;  in  the  derivation  it  is 
helpful  to  write  the  identity  tensor  in  (45)  as 

X  C,[( L,  -  L„)  - 1  +  P,J]]  [  X  c,l( U  -  L,y -  1  +  PJ)]  -  (46) 


4.4.  Multiphase  systems  with  inclusions  of  different  shape 

In  composites  of  this  kind,  where  in  each  phase  both  the  phase  stiffness  L,  and  the 
tensor  P1  vary  with  s,  one  can  show  that  the  overall  L  in  (26)  is  generally  not 
symmetric,  and  that  (28)  and  (29)  lead  to  different  results.  An  analytic  proof  appears 
to  be  cumbersome,  but  the  said  properties  can  be  conclusively  demonstrated  by  a 
numerical  example.  To  this  end  we  consider  a  specific  three-phase  material  consisting 
of  a  Ti3Al  matrix  (phase  1),  carbon  circular  disc  (phase  2),  with  the  normal  of  the 
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plane  lace  of  the  disc  in  the  direction  v,  of  a  Cartesian  coordinate  s>stem.  and 
continuous  SiC  fibers  of  circular  cross-section  (phase  3).  aligned  with  v  -  Each  phase 
is  assumed  to  be  isotropic.  The  phase  moduli  and  volume  fractions  were  selected  as 

£  =  96.5GPa.  G,  =  37.1  GPa.  *.=9.25*10'  C.  t  =  0.55. 

£.  =  34.4 GPa.  G:  =  14.3  GPa.  x:  =  3.33  x  10  "  C.  <  :=0.25. 

Ex  —  431 .0 GPa.  G,  =  172.0GPa.  *;  =  4.86  x  10  "  C.  c ,  =  0.2.  (47) 

The  above  constants  give  the  following  values  of  the  coefficients  of  the  (6  *  6)  and 
(6x1)  matrices  defined  by  (26).  and  (28).  (29).  respectively 

“  1 23.62  43.84  35.89  0 

43.84  123.62  35.89  0 

21.89  21.89  124.05  0 

L  =  0  0  0  33.04 

0  0  0  0 

0  0  0  0 

I  =  (-0.14185. -0.14185. -0.12880.0. 0.0)rx  10;  GPa  C  [from  Eq.  (28)]. 

|  =  (-0.14970. -0.14970. -0.08167.0. 0.0)fx  10  :  GPa  C  [from  Eq.  (29)]. 

The  example  shows  that  L  is  not  symmetric,  and  that  the  I  in  (28)  is  different  from 
I  in  (29). 

We  note  that  the  only  exception  to  this  conclusion  has  been  observed  so  far  in 
systems  where  the  phases  2  and  3  are  combined  in  a  coated  fiber  which  is  embedded 
in  a  continuous  matrix  (Benveniste  et  al..  1989).  In  such  systems,  the  tensors  T.  and 
t,  of  phases  s  =  2. 3  are  obtained  from  an  exact  solution  of  an  elasticity  problem  in 
w  hich  the  coated  fiber  resides  in  a  large  volume  of  matrix  which  is  loaded  by  an  overall 
stress  <r,  or  strain  and  by  a  uniform  temperature  change  0.  Clearly,  this  exact 
solution  guarantees  that  the  overall  stiffness  predicted  by  the  dilute  approximation  of 
Section  3  is  symmetric.  A  similar  proof  has  not  yet  been  established  for  the  Mori- 
Tanaka  method,  but  several  numerical  realizations  of  this  method  have  consistently 
returned  diagonally  symmetric  Mori-Tanaka  estimates  of  L.  as  well  as  agreements 
between  (28)  and  (29).  Chen  et  al.  (1990)  obtained  such  results  even  for  systems 
reinforced  with  cylindrically  orthotropic  fibers  and  transversely  isotropic  coatings  in 
a  transversely  isotropic  matrix. 


0 

0 

0 

0 

33.04 

0 


o  ] 
0 
0 
0 
0 

39.89 


GPa. 


(48) 


5.  The  Self-consistent  Approximation 
5.1.  Review  of  the  method 

This  well  known  procedure  has  its  origins  in  the  work  of  Brlggeman  (1935)  who 
used  it  to  study  conductivity  of  composites.  Hershey  (1954)  and  Kroner  ( 1958)  who 
applied  it  to  polycrystals,  and  Budiansky  (1965)  and  Hill  (1965)  who  formulated 
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the  method  for  composite  aggregates:  see  also  the  reviews  of  Walpole  ( 1981 ).  and 
Willis  ( 1981  i  for  further  insights  on  the  method. 

[n  the  theory,  particle  interaction  is  taken  into  account  by  assuming  that  an  inclusion 
of  each  phase  is  embedded  in  an  effective  medium  of  initially  unknown  properties.  As 
in  the  Mon-Tanaka  method,  mechanical  and  thermal  concentration  factors  are 
derived  from  the  solution  of  a  dilute  problem,  but  the  solitary  inclusion  is  now 
assumed  to  be  bonded  to  a  large  volume  of  the  effective  medium  of  as  yet  unknown 
effective  L  and  I.  which  is  loaded  by  the  actual  overall  stress  a  or  strain  £.  and  the 
temperature  change  0. 

The  effective  stiffness  is  again  given  by  (2) 

\ 

L  =  L i  ■+■  ^  c\(L.  —  L,  )A.. 

where  the  tensor  A,  is  now  the  actual  concentration  factor 

A,  =  [I  +  P'(L, -L)]  1  (49) 

and 

P'  =  (L*  +  L)  1  (50) 

is  a  function  of  the  overall  moduli,  but  its  form  depends  on  the  shape  of  the  inclusions 
v.  When  used  in  (49)  and  then  substituted  into  (2,).  this  gives  a  system  of  nonlinear 
algebraic  equations  for  the  coefficients  of  L.  Explicit  solutions  have  been  obtained 
only  tor  some  common  two-phase  systems  (Hill.  1965;  Walpole.  1969).  but  a 
numerical  procedure  must  be  employed  for  more  complex  material  combinations. 

Once  L  is  known,  the  effective  thermal  stress  tensor  I  follows  either  from  (12,).  or 
from  (3 1 )  with  a,  given  by  the  expression 

a,  =  (I  — A,)(L  — L, )-'(!.  — I).  (51) 

It  is  interesting  to  observe  that  if  L  is  known,  the  first  alternative  [(12,)  and  (49)] 
provides  an  explicit  expression  for  I,  whereas  the  second  one  [(3, ).  (49)  and  (51 )]  gives 
a  linear  algebraic  equation  for  I. 

Again,  two  questions  need  to  be  answered.  One  pertains  to  the  diagonal  symmetry 
of  the  predicted  L.  the  other  to  the  equivalence  of  the  two  alternative  evaluations  of 
I.  The  first  question  can  not  be  answered  analytically  for  all  systems,  and  numerical 
examples  must  be  used  instead.  In  any  event,  we  show  that  the  self-consistent  pre¬ 
diction  of  L  is  symmetric  in  the  same  circumstances  as  the  Mori-Tanaka  prediction. 
The  second  question  can  be  answered  analytically.  As  in  the  Mori-Tanaka  method, 
one  obtains  an  affirmative  answer  for  systems  in  Sections  4.2  and  4.3  when  L  =  Lr. 
However,  in  multiphase  materials  with  different  P1  and  L,  the  two  predictions  of  I 
would  be  different  even  if  the  overall  L  were  symmetric. 

For  convenience,  we  first  consider  the  multiphase  systems  of  Section  4.4.  and  then 
the  case  of  aligned  inclusions  and  the  two-phase  systems. 
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5.2.  Multiphase  systems  of  any  phase  geometry 

A  numerical  example  will  show  that  the  method  does  not  predict  a  symmetric 
overall  stiffness  tensor  for  this  system.  The  numerical  evaluation  of  L  employs  the 
following  iterative  procedure.  In  the  first  step.  P'  is  found  in  terms  of  the  matrix 
moduli  L,.  i.e..  as  in  the  dilute  approximation,  and  denoted  by  (P'|, :  the  subscript 
( I )  refers  to  the  first  step.  This  is  used  in  (49)  and  (2,)  to  evaluate  the  first  approxi¬ 
mation  ot  L.  denoted  by  (L)  i .  In  the  second  step.  P1  is  evaluated  as  a  function  of  the 
new  ( L )  .  and  used  again  in  (49)  and  (2,)  to  find  the  next  approximation  (L);  of  L. 
Thi»  is  continued  until  a  selected  convergence  criterion  is  satisfied. 

Phase  properties  are  selected  as  in  Eq.  (47).  Again,  phase  I  is  the  matrix,  phase  2 
has  the  shape  of  circular  disc,  and  phase  3  forms  aligned  cylindrical  fibers.  The 
described  iterative  procedure  gave  the  following  results  in  steps  I.  2.  and  23  when 
convergence  was  reached 


(L),  = 


<L);  = 


<L):,  = 


'  1  18.46 

39.47 

24.59 

0 

0 

0 

39.47 

1 18.46 

24.59 

0 

0 

0 

24.59 

24.59 

122.60 

0 

0 

0 

0 

0 

0 

31.96 

0 

0 

0 

0 

0 

0 

31.96 

0 

0 

0 

0 

0 

0 

39.50 

‘126.47 

46.98 

22.80 

0 

0 

0 

46.98 

126.45 

22.80 

0 

0 

0 

42.45 

42.45 

125.13 

0 

0 

0 

0 

0 

0 

32.88 

0 

0 

0 

0 

0 

0 

32.88 

0 

0 

0 

0 

0 

0 

39.75 

■  123.85 

44.12 

22.04 

0 

0 

0 

44.12 

123.92 

22.04 

0 

0 

0 

35.97 

35.97 

124.09 

0 

0 

0 

0 

0 

0 

32.74 

0 

0 

0 

0 

0 

0 

32.74 

0 

0 

0 

0 

0 

0 

39.87 

GPa. 


GPa, 


GPa. 


(52) 


which  clearly  shows  lack  of  symmetry  of  the  predicted  L.  Note  that  even  the  second 
iteration  gives  a  nonsymmetric  (L):.  However,  this  does  not  interfere  with  evaluation 
of  (P5),.  because  the  coefficients  Ln,  i2J.  Lu.  and  L>:  are  not  involved. 

We  emphasize  that  the  performance  of  the  method  must  be  evaluated  for  each 
particular  application.  For  example,  the  above  conclusion  may  not  be  reached  in 
coated  fiber  composites,  or  in  other  three-phase  systems  where  the  interaction  of  two 
of  the  phases  is  evaluated  from  the  solution  of  an  exact  elasticity  problem. 
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Consider  next  the  two  alternatives  in  evaluation  of  the  overall  thermal  stress  tensor 
I.  The  result  (52)  notwithstanding,  we  assume  that  the  self-consistent  estimate  of  the 
overall  stiffness  L  is  diagonally  symmetric.  The  first  alternative  is  suggested  by  ( 12, ), 
with  A,  given  by  (49),  If  (50)  is  substituted  into  (49).  then 

A,  =  (L?+L,) '  '(L*+L)  (53) 

and  ( 1 2 1 )  then  becomes 

I  =  l,+  T  c,(L*+L)(Lf+L,)-'(l-l,).  (54) 


In  the  second  alternative,  I  is  found  from  (3,).  (51)  and  (53)  as 

1  =  I,  +  £  c,(l,-l,)+  £  c,(L,-L,)(Lf+  L,)~  '(l-lj).  (55) 


To  compare  the  last  two  forms,  we  recall  the  identity  ,c,A,  =  I  and  use  (53)  to 
define  the  tensor  L?  by 

£  <\A,  =  V  c(Lf+U)-'(L*+L)  =  I  (56) 

V-  I  1=1 

This  helps  to  reduce  (54)  to  the  form 

1=  f  c.(L*+L)(L*+L1)-,lJ  (57) 

i=  i 

and  then  to 


X  c.af+LMLf+u-'J  [  x  cd-f+uar+u-'i,]. 

In  contrast,  (56)  and  some  algebra  eventually  convert  (55)  to  the  form 
1  =  [  £  c,(L*  +  L,)(L*  +  Lf)-‘]  ^  Xc(Lf+L,)(Lf+L, 


(58) 


(59) 


which  is  different  from  (58).  Thus  we  conclude  that  even  if  L  were  diagonally 
symmetric,  the  self-consistent  method  would  still  provide  two  conflicting  estimates  of 
I  for  general  multiphase  aggregates. 

It  should  be  noted  here  that  in  three-phase  fibrous  systems  with  arbitrary  transverse 
phase  geometry,  the  effective  thermal  tensor  1  can  be  found  exactly  in  terms  of  the 
overall  and  local  stiffnesses  and  volume  fractions  (Dvorak  and  Chen.  1989).  It 
remains  to  be  verified,  however,  whether  the  use  of  the  self-consistent  method  in 
conjunction  with  this  result  would  coincide  with  its  direct  application  to  such  systems. 


5.3.  Aligned  inclusions  of  similar  shape 

In  systems  of  this  kind,  all  inclusions  have  the  same  constraint  tensor  L,*=  L*.  For 
example,  each  grain  in  a  poiycrystalline  aggregate  may  be  regarded  as  a  spherical 
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inclusion  in  an  effective  medium.  However,  in  matrix-based  composites  reinforced  b\ 
inclusions  of  the  same  shape  and  alignment,  there  is  L*=  L*  for  the  inclusions 

v  =  2 . V.  while  L*of  the  matrix  (x  =  I )  needs  to  be  determined.  Following  Hill 

( 1965).  we  write 


a, —a  =  L*(e  —  e,).  for  x  =  I . 

a  —  a  =  L*(£  —  £,).  for  s  =  2 . V  (60) 

and 

\  \ 

£  cAa,  —  a)  =  0.  £  c.U,  — e)=0.  (61) 

>  =  i  .  *  i 

Substitute  from  (60)  into  (61 ,)  and  use  (61 :)  to  find 

c,(Lf-L*)(8-e,)  =  0 

and 

L?  =  L*.  (62) 

Therefore,  in  composites  of  this  kind  the  self-consistent  method  makes  no  distinction 
between  the  constraint  tensors  of  the  matrix  and  other  inclusions.  In  this  sense,  all 
phases  are  admitted  on  the  same  footing. 

It  now  follow's  that  for  the  present  system,  the  strain  concentration  factor  (49)  is 


A.  =  [I  +  P(L.-D]  '.  for  x  =  I . N.  (63) 

where  P  =  (L*  +  L)  '.  This  can  be  used  to  write 

A,  =(L*  +  LJ  '(L*  +  L)  or  A,  =  I  +  P,(L-L,).  (64) 


where,  as  in  (37) 

P,-P  =  P(L-L)P. 

Now  that  all  strain  concentration  factors  are  known,  we  invoke  the  identity  (56)  and 
establish  that 

£  t\(L*  +  L.)-'(L*  +  L)«I  (65) 

t  -  I 

and 

Xc,[I  +  P.(L-L>)]  =  I.  (66) 

Equation  (65)  can  be  recast  as 

L  =  [  Z  c.(L*  +  L.r'J  -L*.  (67) 

which  provides  an  implicit  form  of  L.  According  to  the  definition.  L*  =  (L*)r.  hence 
it  follows  that  L  =  Lr. 
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An  alternative  form  of  L  may  be  found  when  (2)  is  converted  into  the  form 
I,'=  ii-.L.A,  =  L.  and  together  with  (64;)  it  is  utilized  in  finding 

N  \ 

L  =  V  t\L.+  I  t  ,L,P.(L  — L).  t68) 

V  =  l  v  =  I 

Now.  multiply  the  left-hand  side  of  (66)  by  -  L.  add  the  result  to  (68).  and  recover 

\  \ 

L  =  V  r.L,-X  c,(L-L,)P,(L-L,).  (69) 

V  =  I  v  =  1 

According  to  the  definition  (37).  P.  =  P,r.  hence  it  follows  that  L  =  Lr.  This  agrees 
with  Walpole's  (1981)  self-consistent  result  for  polycrystals,  but  in  the  present  context 
the  validity  of  the  formula  has  been  expanded  to  matrix-based  systems  reinforced  by 
inclusions  of  the  same  shape  and  alignment.  Equation  (69)  coincides  with  the  several 
variants  of  the  self-consistent  approximation  pointed  out  by  Willis  ( 1981 ).  when  all 
the  particles  are  of  the  same  shape  and  alignment,  and  the  matrix  itself  ts  also 
embedded  under  the  same  shape  as  the  particles. 

The  overall  thermal  stress  tensor  I  is  evaluated  in  the  two  ways  indicated  by  say. 
(57)  and  (59).  However,  the  existence  of  a  single  L*  for  all  phases  guarantees  that 
(57)  can  be  written  as 


I  =  (L*  +  L)  Y  c\(L*  +  Lf)  'I 


(70) 


and  the  same  form  is  recovered  from  (59)  with  the  help  of  (56). 

The  prediction  of  I  are  therefore  consistent;  this  was  also  observed  by  Laws 
( 1973).  Of  course,  in  both  cases  the  consistency  holds  if  the  predicted  L  is  diagonally 
symmetric. 


5.4.  Two-phase  materials  with  inclusions  of  different  shape 

Recall  that  systems  of  this  type  may  have  an  arbitrary  phase  geometry,  but  that 
the  material  axes  in  each  phase  must  be  fixed.  As  in  (37).  (38).  and  (44).  there  is 


a,  =P;(I-I„) 

P(L-L„)P;  =  P;-P\  5  =  2.3 . N. 

A.  =  i  +  P;(L  — L„).  (71) 

Only  a  numerical  evaluation  of  L  will  be  presented  with  the  phase  properties  in 
(47).  Phase  I  is  used  as  matrix,  and  phase  3  is  present  as  fibers  and  circular  discs.  The 
first,  second  and  the  final,  ninth  iteration  give  the  following  estimates  of  L : 
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245.70  87.88  71.07  0  0  0 

87.88  245.70  71.07  0  0  0 

71.07  71.07  224.60  0  0  0 

0  0  0  53.95  0  0 

0  0  0  0  53.95  0 

0  0  0  0  0  78.91 

265.75  93.77  79.79  0  0  0 

93.77  265.95  79.79  0  0  0 

79.55  79.55  243.88  0  0  0 

0  0  0  60.56  0  0 

0  0  0  0  60.56  0 

0  0  0  0  0  85.99 

269.95  95.45  82.80  0  0  0 

95.45  269.95  82.80  0  0  0 

82.80  82.80  249.24  0  0  0 

0  0  0  64.44  0  0 

0  0  0  0  64.44  0 

0  0  0  0  0  87.25 

which  converges  to  a  symmetric  L. 

The  first  alternative  evaluation  ofl  follows  from  (3,).  where  we  take  a,  from  (71 
This  yields 

\=  '  c,l,  +  (l-c,>l,-(L,-L,)(  £tvP;)l„  .  (73) 

The  second  alternative  follows  from  (12,)  with  A,  from  (71,).  This  eventually 
becomes 

l«c1lt  +  (l-<-,)l*  +  (L-L,)£  £c,Pj](l,-U).  (74) 

where  L  was  assumed  to  be  diagonally  symmetric. 

To  show  that  (73)  and  (74)  are  equivalent,  write  L  in  the  following  form 

L«c,L,  +  c,L,  +  (L,  — L,)[  I  <\P;](L-L,).  (75) 

which  follows  from  (2,)  with  A,  from  (71,).  Solve  this  for  (L-Lfl).  and  substitute 
into  (74)  to  convert  this  equation  into  a  form  which  coincides  with  (73).  This  proves 
the  required  consistency. 
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An  alternative  to  the  direct  evaluation  of  overall  properties  by  the  self-consistent 
or  Mon-Tanaka  methods  is  offered  by  various  differential  schemes  (Roscoe.  1952; 
Boucher,  1974;  McLaughlin,  1977;  Cleary  et  al..  1980;  Norris.  1985).  In 
principle,  such  schemes  evaluate  the  final  overall  properties  in  many  steps  which 
involve  removal  of  a  small  part  of  the  current  material  volume,  and  its  replacement 
by  one  or  more  of  the  inclusion  phases.  For  example,  an  unreinforced  matrix  may 
serve  as  a  starting  point.  A  small  volume  is  removed  and  replaced  by  one  or  more 
solitary  inclusions  of  the  other  phases.  The  replacement  starts  with  initial  inclusions 
in  the  matrix,  and  is  then  incrementally  repeated  in  the  instantaneous  effective  medium. 
The  process  is  repeated  until  the  final  volume  fractions  of  all  phases  are  reached. 

Many  specific  procedures  have  been  proposed,  and  the  final  outcome  tends  to 
depend  on  the  path  or  removal  replacement  sequence  leading  to  the  final  material 
configuration.  However,  as  long  as  the  dilute  approximation  is  employed  at  each 
step  of  the  process,  the  predicted  intermediate  and  final  effective  stiffness  must  be 
diagonally  symmetric.  In  contrast  to  the  Mori-Tanaka  and  self-consistent  methods, 
the  differential  schemes  may  predict  symmetric  overall  stiffness  even  for  multiphase 
systems  with  inclusions  of  different  shape. 

As  an  illustration,  we  choose  the  procedure  suggested  by  McLaughlin  (1977).  and 
extend  it  to  a  matrix-based  (s  =  1),  three-phase  composite.  The  overall  stiffness  is 
given  by  the  following  set  of  coupled  nonlinear  ordinary  differential  equations 


dL 

dc 


dc: 

( 1  —  c)  dc 


(L: 


—  L)Ei  + 


dc3 

(1  -  c)dc 


(L,-L)E,. 


(76) 


E,  =  [I  +  P’(L,-L)]  1  =  I  +  P,(L-L,),  for  s  =  2.3.  (77) 


with  the  initial  condition  L  =  L,  at  c  =  0. 

Here.  L  is  the  unknown  overall  stiffness,  L,  are  known  phase  properties,  c  =  Lie, 
is  the  volume  fraction  of  the  inclusion  phase,  and  the  E,  define  the  intermediate  strain 
concentration  factors  of  the  inclusion  phases  2  and  3.  Both  inclusion  phases  may  have 
different  moduli  and  shape,  but  P:  and  P3  are  diagonally  symmetric,  as  in  (64).  After 
substitution  from  (77)  into  (76)  and  rearrangement  one  finds 


dL 

dc 


^  X  <L>  -  L)  +  (L,  -  L)P, (L  -  L, ) 


(78) 


which  suggests  that  each  successive  L  will  be  diagonally  symmetric,  as  long  as  the 
initial  L  =  L,  is  diagonally  symmetric.  It  can  be  proved  that  the  formulation  proposed 
by  Norris  (1985),  will  also  lead  to  the  same  conclusion  (Chen,  1990). 


7.  Overall  Material  Symmetry 

Now  that  we  have  established  some  of  the  conditions  which  guarantee  the  diagonal 
symmetry  of  the  various  estimates  of  the  overall  stiffness,  we  proceed  to  examine  the 


^-u 
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elastic  -.ymmetry  implied  b>  these  estimates.  The  motive  is  probably  obvious  In 
any  actual  system.  a  given  set  of  phases  can  be  arranged  in  many  different  spatial 
configurations  which  may  determine  the  overall  material  symmetry  of  the  svstem 
However,  the  dilute  approximation  and  the  Mori -Tanaka  method  are  not  explicitly 
concerned  with  the  actual  distribution  of  the  phases.  Indeed,  inrough  the  dilute 
configuration  which  they  typically  employ.  they  focus  on  a  single  phase  in  a  matrix. 
Therefore,  it  is  of  interest  to  find  the  overall  material  symmetries  which  are.  or  can 
be  actually  represented  by  the  estimates. 

To  make  progress,  we  first  summarize  the  expressions  which  give  an  explicit  estimate 
of  L  In  the  dilute  approximation.  L  follows  from  ( 17).  with 

T.  =  [I  +  P'(L  —  L, )]  '.  (79) 

where  P  =  SL,  .so  that 

\ 

Lon  =  L|  +  ^  c.JiL  —  E . )  1  P  ]  tsO) 


In  the  Mori  Tanaka  iMT)  method,  for  systems  with  aligned  inclusions  of  similar 
shape  (P  =  P)  in  Section  4.2.  Eq  (3?)  gives  the  result 

-L*.  (SI) 

where  [Eq.  (31 )] 

L*  =  P  -L; 


I-VU  = 


V  c  (L*-*-L.) 


For  two-phase  systems  of  any  geometry.  Section  4  3.  there  is  [Eq  (41 )] 


f-MT 


L/i  •+■  c. 


X  c.tL,  - L ,)  *P; 


where  P;  follows  from  (37)  in  the  form 


p;  =  [(P‘)  1  -<L,-L„)]  '.  (82) 

These  explicit  estimates  indicate  that,  in  the  two  cases,  the  material  symmetry  of  L 
will  coincide  with  the  lowest  symmetry  or  with  the  "highest  anisotropy  ”  found  in  any 
phase  stiffness  L  and  in  the  tensor  P  .  w  hen  all  are  w  ritten  in  a  fixed  overall  coordinate 
system.  For  example,  if  L,  is  at  most  transversely  isotropic,  and  the  structure  of  P" 
resembles  an  orthotropic  symmetry  ,  then  L  is  orthotropic.  Similar  conclusions  can  be 
verified  for  the  tensor  I.  However,  there  is  no  assurance  that  the  estimates  will  reflect 
the  effect  that  some  special  arrangement  of  the  phases,  e  g.,  in  a  cubic  array,  may 
have  on  the  relative  magnitude  of  some  coefficients  of  L;  all  such  magnitudes  follow 
directly  from  the  respective  expressions.  In  other  words,  each  estimate  provides 
information  on  the  stiffness  of  only  one  of  the  many  different  systems  w  hich  could  be 
actually  constructed  from  the  same  collection  of  phases  and  shapes.  The  outcome 
follows  directly  from  the  above  expressions,  it  depends  only  on  the  prescribed  magni¬ 
tudes  of  c„  L>,  and  P‘,  and  it  does  not  reveal  the  internal  structure  of  this  particular 
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system.  Since  no  relevant  information  can  be  introduced,  one  may  speculate  that  this 
svstem  will  have  the  most  random  arrangement  of  the  phases  permitted  bv  the 
constraints  that  may  be  imposed  by  L  and  P 

As  far  as  the  self-consistent  model  is  concerned,  a  variant  of  this  method  in  which 
a  certain  periodic  spatial  distribution  of  inclusions  is  incorporated  has  recently  been 
formulated  by  Fassi-Fehri  et  al.  (1989).  In  principle,  the  spatial  distribution  of 
pai  tides  can  be  incorporated  into  a  micromechanics  model  through  some  statistical 
information:  see  the  review  papers  by  Willis  (1981.  1983).  However  an  implemen¬ 
tation  of  such  an  approach  to  a  specific  system  remains  to  be  accomplished. 
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On  a  Correspondence  Between  Mechanical  and 
Thermal  Effects  in  Two-Phase  Composites 


Y.  Benveniste*  and  G.  J.  Dvorak 
Department  of  Civil  Engineering,  Rensselaer  Polytechnic  Institute, 
Troy,  NY  12180-3590,  U.S.A. 


Abstract 

This  paper  considers  the  therm omechsntcal  loading  problem  of  binary  composites 
with  any  anisotropic  elastic  constituents  and  arbitrary  phase  geometry,  subjected  to 
homogeneous  traction  or  displacement  boundary  conditions  and  uniform  temperature 
change.  It  is  shown  that  the  solution  of  the  thermomechanical  problem  is  uniquely 
determined  by  the  solution  of  the  purely  mechanical  problem  corresponding  to  aero 
temperature  change.  This  result  is  used  to  obtain  explicit  relations  between  the  effective 
thermal  strain  (or  stress)  coefficient  tensor  and  the  effective  mechanical  properties.  The 
correspondence  between  therroomechanical  and  purely  mechanical  loads  is  also  used 
to  establish  an  important  consistency  property  of  the  Mon-Tanaka  model  in  the 
context  of  thermomechanical  problems.  Extensions  of  the  results  to  composite  systems 
with  temperature-dependent  properties  is  diecueeed. 


1.  Introduction 

In  recent  papers,  Dvorak  (1983,  1986)  has  shown  that  for  certain  binary 
composites  subjected  to  combined  the rmomccha meal  loading,  the  local 
thermal  strain  and  stress  concentration  factors  can  be  related  in  an  exact 
way  to  the  corresponding  mechanical  concentration  factors.  The  considered 
systems  were  effectively  isotropic  binary  composites  with  elastically  isotropic 
phase  but  arbitrary  phase  geometry,  and  fibrous  composites  with  elastically 
isotropic  or  transversely  isotropic  constituents  of  any  cross  section  but  of 
cylindrical  geometry.  The  correspondence  established  in  that  paper  between 
the  concentration  factors  allows  us  to  write  expressions  for  the  effective 
thermal  expansion  coefficients  once  the  effective  mechanical  properties  are 
known.  Moreover,  the  derivation  is  made  in  a  manner  which  makes  the  results 
applicable  to  inelastic  systems. 

The  present  paper  generalizes  the  results  obtained  by  Dvorak  (1986)  to 
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binary  composites  with  general  anisotropic  constituents  and  arbitrary  phase 
geometry.  The  established  results  are  then  used  to  prove  an  important  consis¬ 
tency  property  of  the  Mori-Tanaka  micromechanics  model  in  the  context  of 
thermomechanical  problems. 

In  the  second  section  of  the  paper  the  correspondence  relations  between 
thermomechanical  problems  and  pure  mechanical  problems  are  obtained  in 
a  closed  and  simple  form.  Two  types  of  loadings  are  considered: 

(a)  A  combined  thermomechanical  loading  with  homogeneous  traction 
boundary  conditions  and  uniform  temperature  change  (Equation  (2.4)). 

(b)  A  combined  thermomechanical  loading  with  homogeneous  displacement 
boundary  conditions  and  uniform  temperature  change  (Equation  (2.5)) 

The  purely  mechanical  problems  are  those  corresponding  to  a  zero  tem¬ 
perature  change. 

The  third  section  of  the  paper  is  concerned  with  evaluation  of  the  tensor  of 
effective  thermal  strain  coefficients  (thermal  expansion)  and  the  tensor  of 
effective  thermal  stress  coefficients,  a  subject  which  has  drawn  considerable 
interest  in  the  literature  in  the  last  two  decades.  In  a  well-known  paper.  Levin 
(1967)  has  shown  that  in  two-phase  materials  with  arbitrary  phase  geometry 
the  effective  thermal  expansion  coefficients  can  be  related  to  the  effective 
elastic  properties.  This  line  of  inquiry  was  extended  by  Schapery  (1968),  who 
derived  bounds  on  thermal  expansion  coefficients  of  multiphase  composites 
with  isotropic  phases,  while  Rosen  and  Hashin  (1970)  reviewed  and  extended 
Levin’s  result  to  genera]  anisotropic  phases.  Laws  (1973),  on  the  other  hand, 
has  given  a  different  treatment  of  the  subject  based  on  thermostatic  considera¬ 
tions.  We  finally  mention  Craft  and  Christensen  (1981)  who  considered  the 
thermal  expansion  of  composites  with  randomly  oriented  fiber*  We  show  in 
the  third  section  of  the  paper  that  the  principle  established  in  the  second 
section  allows  a  straightforward  and  elegant  derivation  of  the  results  of  Rosen 
and  Hashin  ( 1 970)  and  Laws  ( 1 973)  A  dual  formulation  corresponding  to  zero 
traction  or  zero  displacement  boundary  conditions  is  presented,  resulting  in 
expressions  for  the  effective  thermal  strain  and  stress  coefficient  tensor* 

The  fourth  section  of  the  paper  is  concerned  with  the  Mori-Tanaka  (1973) 
model  of  composites  in  the  context  of  thermomechanical  problem*  There 
exist  several  papers  in  the  literature  which  predict  the  effective  thermal  coeffi¬ 
cients  of  particulate  composites  by  using  the  average  matrix  stress  (or  strain) 
concept  of  Mori  and  Tanaka  (1973)  (see  Wakashhna  «  oL,  1974;  Takahashi 
tt  aL  1985;  Takao,  1985;  Takao  and  Taya,  1985)  These  works  base  their 
derivation  directly  on  eigenstrain  concepts  and  the  equivalent  inclusion  idea 
of  Eshelby  ( 1 957)  and  do  not  make  use  of  the  results  of  Levin  ( 1 967)  and  Rosen 
and  Hashin  (1970)  This  section  of  the  paper  gives  a  concise  derivation  of 
the  Mori-Tanaka  micromechanics  problem  in  the  context  of  the  thermo¬ 
mechanical  propertie*  in  the  spirit  of  the  exposition  of  this  theory  by  Ben- 
veniste  (1987)  which  dealt  with  the  purely  mechanical  case.  The  correspon¬ 
dence  relations  established  in  the  previous  sections  arc  then  used  to  prove  an 
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important  consistency  property  of  this  micromcchanical  mode.  Specifically, 
we  show  that  the  direct  application  of  the  model  to  the  prediction  of  the 
effective  thermal  coefficients  produces  results  which  are  in  agreement  with 
those  that  would  have  been  obtained  if  the  relations  of  Levin  (1967)  and  Rosen 
and  Hashin  (1970)  were  used. 

The  paper  concludes  with  some  comments  on  applications  of  the  results  to 
composite  systems  with  temperature-dependent  properties. 

1  Correspoadcaee  of  Overall  Mechanical  and  Thenaomcchaatcal  Loading 

Consider  a  two-phase  composite  consisting  of  perfectly  bonded  anisotropic 
constituents  of  arbitrary  phase  geometry  such  that  the  orientation  of  the 
respective  material  axes  in  each  of  the  phases  is  fixed  throughout  the  aggregate. 
Let  the  thermoelastic  constitutive  relations  of  the  homogeneous  phases,  r  - 
1,  1  be  given  by 

•f  -  Ut,  +  16.  (2.1) 

t,  ■  M,e,  +  m,6.  (2 2) 

where  L,  and  M,  -  (L,)'1  are  the  phase  stiffness  and  compliance  tensors,  m, 
is  the  thermal  strain  vector  (of  expansion  coefficients),  and  L  the  thermal  stress 
vector,  such  that 

l,- -Ml.  (2.3) 

Define  the  following  thermomechanical  loading  problems  for  a  representa¬ 
tive  volume  V  of  the  composite  aggregate: 


Problem  V 

•„(S)  •  e0n. 

6(5)  -  60. 

(14) 

Problem  II 

■(5)  -  Cox, 

6(5) 

(15) 

where  e„(S)  and  a(S)  are  the  traction  and  displacement  vectors  at  the  external 
boundary  S  of  V,  with  an  outer  unit  normal  a,  e0  and  fo  are  constant  uniform 
overall  stress  and  strain  fields,  and  x  denotes  a  Cartesian  coordinate;  6(5)  is 
the  thermal  change  at  5,  and  60  is  a  constant  quantity. 

Note  first  that  the  uniform  field  6(a) «  6q  in  the  volume  V  is  the  stationary 
temperature  distribution  that  satisfies  the  boundary  conditions  ((2.4]),  (15])). 
The  local  stresses  and  strains  in  the  phase,  which  are  caused,  respectively,  by 
the  prescribed  boundary  conditions  (14)  and  (IS),  can  be  written  in  the  form 

•r(tt)  -  B,(x)e0  +  b,(x)6g,  (16) 

and 

«,(*)  -  A^xlc,  +  a,(x)6g.  (2.7) 

In  the  above  equations,  A,(x)  and  B,(x)  are  fourth-order  tensors;  their  phase 
volume  averages  in  a  representative  volume.  A,  and  B,  are  usually  called  the 
mechanical  strain  and  stress  concentration  tutor  tensors.  The  second-order 
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censors  a,(x)  and  b,(x),  have  representative  phase  volume  averages  a,  and  br 
which  are  called  the  thermal  strain  and  stress  concentration  factors.  These 
tensors  without  the  argument  x  will  denote  average  quantities  in  the  sequel 
of  the  paper. 

We  will  now  show  that  for  statistically  homogeneous  two-phase  compo¬ 
sites  with  distinct  anisotropic  constituents  and  completely  arbitrary  phase 
geometry,  the  tensor  b,(x)  can  be  uniquely  determined  in  terms  of  B,(x),  M,, 
and  m,.  A  similar  relation  will  be  derived  between  a,(x)  and  the  tensors  A,(x), 
L,,  and  I,.  These  results  will  be  obtained  from  the  decomposition  procedure 
proposed  by  Dvorak  (1986,  Sect  3),  which  is  extended  here  to  systems  with 
arbitrary  phase  anisotropy. 

Consider  Tint  Problem  I,  Equation  (24).  By  linearity,  the  effect  of  0O  can  be 
determined  separately,  and  is  in  fact  represented  by  b,(x)  in  (26).  This  tensor 
can  be  evaluated  from  the  following  decomposition  scheme: 

(a)  The  phases  are  separated  from  each  other  and  subjected  to  a  uniform 
temperature  rise  60  which  causes  the  uniform  strains 

t|  ■  ra,0o,  Cj  ■  Bjflo,  (28) 

and  zero  stresses. 

(b)  Certain  unknown  tractions  derived  from  an  auxiliary  uniform  stress  field 

*,<*)-*!<*)-*.  (19) 

are  applied  to  each  phaae  such  that  the  uniform  strains  caused  by  (28) 
and  (29)  make  the  phases  compatible.  This  condition  is  met  by  demanding 
that 

M,l  +  nl^-M]lfn,V  (210) 

Therefore, 

*-  (M,  -  M, )-'(■,-  m.)4>.  (2-H) 

providing  that  the  invcne  exists.  A  discussion  of  this  proviso  appears  in 
Appendix  A. 

(c)  In  the  final  step  of  the  decomposition  procedure,  overall  tractions  -An 
are  applied  at  5  to  cancel  the  tractions  introduced  there  in  step  (b).  By 
superposition  and  with  regard  to  the  definition  (26)  of  B^x),  the  tensor 
b^x)  can  now  be  written  in  the  desired  form 

b,(x)  -  [I  -  B,(x)](M,  -  M,r*(»r  -  ■»).  (2.12) 

where  I  is  the  fourth-order  unit  tensor  defined  by 

fj 01  ■  +  iu  &ik\  (213) 

with  <5*  being  the  Kronecker  delta. 

Consider  next  the  thermal  loading  Problem  II,  Equation  (25).  The  solution 
follows  again  from  the  above  decomposition  which  remains  unchanged  except 
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for  the  conditions  (19)  and  (110)  which  are  now  replaced  by  the  forms 

!,(*)  -  t,(x)  -  t,  (114) 

L,t  +  l,90  *  Ljt  +  Ij0o-  (115) 

The  uniform  auxiliary  strain  field  then  follows  as 

t  -  (L, 1, )fl„.  (116) 

The  last  step  (c)  of  the  procedure  is  now  implemented  by  applying  on  5  the 
displacement  field 

«MS)--te.  (2.17) 

That  leads  to  the  final  expression  for  a,(x) 

a,(x)  -  n  -  A,(x)](L,  -  Ljr'O,  -  I,).  (2.1*) 

For  the  special  case  of  a  binary  composite  made  of  isotropic  constituents, 
(2. 1 2)  and  (2. 1 8)  can  be  reduced  to  the  expressions  for  thermal  stress  and  strain 
concentration  factors  given,  respectively,  by  Dvorak  (1986),  equations  (38) 
and  (40).  For  fibrous  composites  with  two  transversely  isotropic  phases,  the 
original  decomposition  procedure  allows  the  imposition  of  an  additional 
relation  between  phase  stress  or  strain  averages,  such  as  equation  (1 1)  in  the 
1986  paper.  Such  additional  relations  cannot  be  prescribed  in  the  present  case 
of  arbitrary  phase  geometry.  We  note,  however,  that  the  original  and  the 
present  procedures  coincide  if  we  choose  the  additional  constraint  to  be  in 
agreement  with  (19)  above.  i.e„  as  ie{  -  def  (using  the  notation  of  the  1986 
paper).  We  also  note  that  (112)  and  (118)  are  analogous  to  the  relations 
between  mechanical  and  thermal  microstress  fields  in  fibrous  composites 
consisting  of  three  cylindrical  transversely  isotropic  phases,  which  were  recently 
derived  by  Dvorak  and  Chen  (1988). 


3.  Effective  Thermal  Expansion  Cecffktentt 

We  now  utilize  the  above  decomposition  procedure  in  a  derivation  of  the 
overall  thermal  expansion  coefficients  of  binary  composites  with  anisotropic 
phases. 

The  effective  constitutive  law  of  a  heterogeneous  therm oelasuc  medium  can 


be  written  in  the  form 

I  -  Mi  4-  taS,  9  -  U  +  1 9, 

(3.1) 

with 

1-  -Lm,  M-L-', 

(3J) 

where  the  overbars  denote  representative  volume  averages  of  the  stress  or 
strain  fields,  M.  L  are  the  effective  overall  compliance  and  stiffness  tensors 
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given  by  Hill  (1963)  as 

M  •  c,M,B,  +  CjMjB,,  L  -  c,L,A,  +  c2L2A2,  (3.3) 

where  c,  are  the  constituent  volume  fractions,  and  m  and  I  in  (3.1)  and  (3.2) 
are  the  overall  thermal  strain  and  thermal  stress  tensors.  It  is  again  recalled 
that  B,  and  A,  are  representative  phase  volume  averages  of  the  fields  B,(x), 
A,(x)  defined  in  (2.6)  and  (2.7),  respectively. 

Consider  first  a  special  form  of  Problem  I,  Equation  (2.4),  in  which  e0  *  0. 
Since  in  this  case  9-0  and  §  -  0O,  we  find  from  (3.1 ,)  that 

m0o  -  +  c,«„  (3.4) 

where  c,,  e2  are  phase  volume  averages  of  local  strains  c,(x)  and  s2(x). 
Substitution  of  (112)  into  (16)  with  «0  -  0,  and  the  result  in  (11)  provides 

e,  -  M,[I  -  Bf](M,  -  M2)~'(m2  -  *,)«„.  (3.5) 

Equations  (3.5),  (3.4),  and  (3.3),  finally  give  the  overall  thermal  strain 
tensor  m 

m  •  c,m,  +  c2m2  +  (M  -  c,M,  -  c2M2)(M,  -  MJr,(m,  -  m2),  (3.6) 

which  is  precisely  equation  (12)  in  Rosen  and  Hashin  (1970).  It  is  interesting 
to  observe  that  in  this  process  of  substitution,  B,  and  B2  combine  in  the 
manner  of  (3.3, )  into  the  overall  property  M.  Equivalent  forms  of  (3.6)  which 
can  be  arrived  at  after  some  manipulation  are 

■  ■  m,  +  (M,  -  M)(Mj  M,)  *(■(  n^L  (3.7) 

and  the  symmetric  form 

m  -  (M  -  M2)(M,  -  M2r‘m,  +  (M-  M,)(M2  -  M,)~lm2.  (3.8) 

We  now  turn  to  Problem  11,  Equation  (15),  and  seek  the  solution  for  »  0. 

Equation  (3.1 2)  provides 

+c2#2,  (3.9) 

where  e,  and  «2  are  phase  volume  averages  of  «,(x)  and  e2(x),  respectively. 
This,  together  with  (118)  and  (17)  at  ko  »  0,  and  (11)  with  (33,)  yields 

I  ■  c, I,  +  e2l2  +  (l~ CjL,  c2L2)(L,  L2)  ‘(I,  - 12)  (3.10) 

The  equivalent  forms  are 

I  - 1,  ♦  (L,  -  L)(Lj  -  L,)-‘fl,  - 1,1  (3.1 1) 

I  -  (L  -  L2)(L,  -  L,)-1!,  +(L-L,)(L2  -  L,)'*!,.  (3.12) 

Laws  (1973)  derived  this  last  formula  in  a  different  way. 

Using  (13)  and  (312),  we  can  verily  that  ■  and  I  as  given  by  (3.6)  and  (3.10), 
or  by  their  equivalent  forms,  satisfy  (3.2,). 

Special  forms  of  (3.6)  and  (3.10)  for  fibrous  and  particulate  composites  were 
given  by  equations  (26),  (29 i  (37),  and  (39)  in  Dvorak's  (1986)  paper. 
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The  direct  derivation  of  the  overall  thermal  strain  and  stress  tensors  m  and 
I,  from  the  above  relations  between  thermal  and  mechanical  concentration 
factors,  implies  that  these  tensors  can  be  found  once  the  effective  mechanical 
properties  have  been  predicted  by  a  certain  micromechanical  model.  However, 
a  valid  question  to  ask  is  whether  the  model,  if  used  to  estimate  the  effective 
thermal  strain  and  stress  tensors  directly,  would  give  the  predictions  that 
coincide  with  those  found  from  (3.6)  and  (3.10).  The  following  section  estab¬ 
lishes  such  consistency  for  the  Mori-Tanaka  model. 


4.  Application  of  the  Mori-Taaaka  Method  to  Tharmodastic  Pwhltw 

4.1.  Review  of  the  Method  and  Principal  Results 

We  start  by  giving  a  concise  summary  of  this  model,  in  the  framework  of  its 
application  to  purely  mechanical  problems,  as  presented  by  Benvcniste  (1987). 

Consider  the  loading  configuration  of  Problem  I,  Equation  (2.4),  with 
00  m  o.  In  this  case,  9  m  o0,  hence  we  have 

c,B,  +  CjB}  ■  I,  (4.1) 

which,  when  combined  with  (3.3,),  results  in 

M-M,  -M,)Bj,  (4.2) 

so  that  we  need  to  know  B2  (or  B,)  to  determine  M 
Similarly,  in  Problem  11.  Equation  (25X  with  $e  -  0  there  is  I »  c»,  hence 

c,A,  +  CjAj  ■  1,  (4.3) 

with 

L  •  L,  +  Cj(Lj  -  L,)Aj.  (4.4) 

In  ail  results  obtained  so  far  it  was  possible  to  regard  both  phases  on  equal 
footing.  In  contrast,  the  Mori-Tanaka  method  makes  a  clear  distinction 
between  the  continuous  matrix  and  the  discrete  fibrous  or  paniculate  rein¬ 
forcement.  Therefore,  it  is  necessary  to  designate  the  phases  by  numbers,  which 
we  select  as  I  for  the  matrix  and  2  for  the  reinforcement.  We  furthermore 
assume  here  that  the  particulate  phase  is  represented  by  ellipsoidal  inclusions 
of  similar  shape  but  which  can  be,  however,  of  different  size.  The  model  can 
be  applied  to  inclusions  which  are  aligned,  may  have  a  certain  orientation 
distribution,  or  are  of  random  orientation.  For  simplicity  of  the  exposition  we 
chose  to  deal  here  with  the  case  of  aligned  inclusions. 

The  approximate  evaluation  of  the  strain  concentration  factor  A2  will 
illustrate  the  method.  Under  dilute  conditions,  A2  would  be  found  from  strains 
in  a  single  inclusion  embedded  in  an  infinite  matrix  subjected  to  the  uniform 
boundary  strains  (13)  with  9*0.  The  solution  of  this  problem  is 

A2  «  T, 


(4.5) 
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where 

T  m  0  +  SLt  *(Lj  —  L,)]  *,  (4.6) 

and  S  is  the  Eshelby  (1957)  tensor. 

Of  course,  in  the  case  of  a  single  inclusion  the  average  strain  in  the  infinite 
matrix  is  not  affected  by  the  presence  of  the  inclusion  and  is  thus  equal  to  i«. 
In  contrast,  when  many  inclusions  are  present,  the  magnitude  of  the  average 
strain  in  the  matrix,  and  in  the  inclusions,  is  influenced  by  their  interaction. 
The  Mori-Tanaka  method  assumes  that  the  average  strain  a,  in  the  interact* 
ing  inclusions  can  be  approximated  by  that  of  a  single  inclusion  embedded  in 
an  infinite  matrix  subjected  to  the  uniform  average  matrix  strain  a, .  This  is 
illustrated  in  Fig.  1(a)  which  shows  Problem  I  with  $o  ■  0,  which  must  now 
be  solved  for  a  single  inclusion  in  a  certain  large  volume  V'  which  is  enclosed 
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by  a  surface  S',  and  subjected  to  the  boundary  condition 


The  solution  is 


■(S')-*,*. 


(4.7) 


*1  —  T*,t  (4.8) 

and  as  clarified  by  Benveniste  (1987),  it  represents  the  essential  assumption  of 
the  Mori-Tanaka  method.  It  also  implies  that 


A,  -  TAt.  (4.9) 

Using  (4.3),  we  obtain  the  estimates  of  the  matrix  (1)  and  reinforcement  (2) 
strain  concentration  factors 


A,  ■  (c,  I  +  c:T)"',  (4.10) 

Aj  -  T(c,I  +  CjT)"1,  (4.11) 

which  can  be  substituted  into  (4.4)  to  provide  an  estimate  of  the  overall 
stiffness 

L  -  L,  +  c,(L,  -  L|)T(c,l  +  CjT)-1.  (4.12) 

A  similar  procedure  with  the  boundary  conditions  (14)  and  0O  -  0  »nd  (4.1) 
and  (4.2)  yields  an  estimate  of  the  overall  compliance 

M  -  M,  +  c2(Mj  -  M,)W(c,I  +  CjW)"*,  (4.13) 

where  W  denotes  the  stress  concentration  factor  tensor  of  an  isolated  inclusion 
and  is  given  by 

W  -  LjTM,.  (4.14) 

Benveniste  (1987)  had  shown  that  the  results  (4.12)  and  (4.13)  are  consistent 
in  the  sense  that  M  -  L*1.  We  note  that  these  equations  cannot  be  reduced 
to  a  symmetric  form  because  the  two  phases  do  not  enter  on  equal  footing. 

T urmng  next  to  the  effective  thermal  strain  and  stress  tensors,  we  substitute 
(4. 1 2)  and  (4. 1 3)  into  (3.6)  and  (3. 1 0),  respectively,  to  obtain 

m  -  m,  +  CjfMj  -  M,)W(c,I  +  CjW)",(Mj  -  M; )"'(■,  -  ■>,),  (4.15) 

I  -  I,  +  Cj(Lj  -  L,)T(c,I  +  CjD-'O-s  -  L.r'fl,  -  U  (4.16) 

Since  (3.6)  and  (3.10)  satisfy  (3J, )  and,  as  we  just  concluded,  M  -  L“‘,  it 
follows  that  the  m  and  I  obey  the  relation  I  -  -La. 


4.2.  Proof  of  Consistency 

The  Mori-Tanaka  method  has  been  used  previously  to  predict  the  effective 
thermal  expansion  coefficients  of  particulate  composites  (Wakashima  tt  aL 
1974;  Takahashi  tt  ol.,  1980;  Takao,  1983;  Takao  and  Taya,  1985).  In  these 
works,  the  method  was  not  implemented  through  (3.6)  and  (3.10).  Instead,  it 
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was  applied  directly  to  the  thermal  case  by  using  the  equivalent  inclusion  idea 
of  Eshelby  (1957)  and  the  eigenstrain  concept.  In  what  follows  we  redehve  the 
Mon-Tanaka  results  in  a  different  way,  and  then  prove  that  the  results  are 
consistent  with  (4.1S)  and  (4.16). 

Consider  first  the  thermal  loading  problem  (14)  with  «0  »  0.  As  in  Section 
4.1.  we  write  the  solution  of  this  problem  for  the  single  inclusion  case  in  the 
form 

**i  » 0,  *i  -  wflo,  (4.17) 

where  w  is  the  average  stress  in  a  single  inclusion  embedded  in  the  matrix  and 
subjected  to  unit  temperature  and  zero  traction  at  the  remote  boundary  S'. 
From  the  volume  average  of  (112)  we  find  the  average  stress  in  the  single 
inclusion  as 

w  « (I  -  W)(M,  -  MjTM*!  -  b»i)-  (4.18) 

For  a  finite  concentration  of  the  reinforcement,  the  solution  is  obtained  again 
from  the  Mori-Tanaka  assumption  that  the  average  stress  in  each  inclusion 
is  equal  to  that  found  for  the  dilute  case  with  the  boundary  conditions  shown 
in  Fig.  2(a) 

0(5-)  -«0.  •.  (S') (4.19) 

where  e,  is  the  unknown  average  stress  in  the  matrix  at  finite  concentration 
and  a  is  the  outside  normal  to  S'. 

To  find  .  we  note  that  the  boundary  conditions  (4.19)  cause  the  average 


stress  in  each  inclusion 

e,  •*  *04  +  We,.  (4.20) 

where  the  second  term  accounts  for  particle  interaction  and  W  is  given  by 
(4.14).  Recall  now  (3.4)  and  write  the  strains  as  in  (11) 

m0o  -  c,(M,«,  +  se,0o)  +  Cj(M,*,  +  (4.21) 

Also  recall  that  for  «,■# 

I  ■  f  ,*,  +  f  j*j  ■  (4.22) 

The  last  three  equations  lead  to  the  expressions 

m 60  -  [as,  +  C](m,  -  m,)]flo  +  (M,  -  Ms)c,v|t  (4.23) 

•i  -  -ca(c,l  +  CjWT'wSb.  (4.24) 

Substitution  of  (4.18)  into  (4J24)  usd  then  into  (4.23)  yields 

m  -  m,  +  cjP  —  (M,  -  Mj)C|(c,I  +  CjW)"‘ 

(1  -  W)(M|  -  Mj)-’]!*,  -  (4.25) 

which  can  be  written  as 
m  •  n,  +  Cj(M,  —  Mj)(c,l  +  CjW)"' 


[(c,l  +  caW)(M,  -  M,)'*  -  c,(l  -  W)(M,  -  M,r'](m,  -  as,). 

(4.26) 
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Factoring  out  (M,  -  M,)*'  in  the  middle  expression  provides 

n.  -  m,  +  c,(M,  -  M|)(ctl  +  c,W)-'  W(M,  -  (4.27) 

which,  together  with  the  identity 

(c.l  +  CjWpW-  W(c,I  +  c,W)-\  (4.28) 

shows  that  (4.27)  is  identical  to  (4. 1 5).  In  addition,  we  demonstrate  in  Appendix 
B  that  the  overall  m  given  by  (4.27)  is  actually  identical  to  that  derived  in  a 
different  way  by  Takao  and  Taya  (1985). 

A  similar  proof  of  consistency  can  be  given  for  the  overall  thermal  stress 
vector  I,  (4  16).  Here  we  consider  Problem  II,  with  the  boundary  conditions 
(IS)  and  Co  -  0.  In  the  spirit  of  the  Mon -Tanaka  method,  we  first  take  a 
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single  inclusion  in  a  large  matrix  volume  V  and  specify  that  on  S',  MIS')  -  c,  x. 
the  average  matrix  strain  at  finite  concentration,  Fig.  2(b).  The  inclusion  strain 
is  given  by  the  counterpart  of  (4.20) 

Cj-tflo  +  T*,.  (4.29) 

where  t  follows  from  the  volume  average  of  (2.18)  as 

t  ■  (I  -  T)(L,  -  L2r'(li  —  I,)  (4.30) 

Here,  the  Tint  term  denotes  the  average  strain  in  an  isolated  particle  embedded 
in  an  infinite,  stress-free  matrix  medium  and  subjected  to  a  uniform  thermal 
change  d0,  whereas  the  second  term,  with  Y  given  by  (4.6),  accounts  for  particle 
interaction.  We  also  write 

l  «  c,Cj  +  c2tj  »  0,  (4.3 1 ) 

and  substitute  from  (1!)  and  (3.1 , ),  with  Z  ■  0,  to  find 

l«o  *  CjfLji,  +  I,*,)  +  c,(Ljtj  +  Ij0o)-  (4.32) 

Due  to  the  similar  structure  of  ((4.29),  (4.30),  (4.3i),  (4.32))  ((4.20).  (4.18), 
(4.22),  (4.21)),  respectively,  it  is  dear  that  the  former  set  will  result  in  I  given 
by  (4.16),  in  the  same  manner  that  the  latter  set  resulied  in  (4.15). 


5.  Tempera ture-Dspwidsm  Material  Propertiee 

In  many  cases  of  practical  interest,  and  particularly  in  high-temperature 
applications  of  composite  materials,  the  magnitudes  of  certain  material  prop¬ 
erties  such  as  siiflhess  and  thermal  expansion  coefficients  depend  on  tempera¬ 
ture.  Typically,  elastic  moduli  or  compliances  are  experimentally  measured  at 
specific  temperatures,  and  the  coefficients  of  thermal  expansion  are  obtained 
as  derivatives  of  strain-temperature  records  taken  in  a  certain  temperature 
interval.  In  any  case,  the  temperature  dependence  of  thermoelastic  coefficients 
can  be  represented  by  suitable  functions  which  approximate  the  experimental 
data  with  sufficient  accuracy. 

We  recall  that  all  the  results  obtained  in  the  preceding  sections  were  derived 
from  solutions  of  either  Problem  I  or  II,  Equations  (14)  and  (2.5),  which  were 
formulated  for  linear  thermoeiastic  materials  with  temperature-independent 
properties.  These  results  certainly  remain  valid  for  infinitesimal  thermal 
changes.  For  example,  consider  Problem  1,  and  assume  that  at  a  given  e0  and 
0O  the  tensors  B,,  h„  M,,  and  m,  are  known,  and  are  now  functions  of  8$.  For 
an  increase  in  temperature  and  stress  denoted  by  dOg  and  «e,  we  can  now  write 

de,  -  B,(x;  6q)  d«0  +  h,(x;  0#)  d0o,  (5.1) 

with 

b,(x;  0O)  -  [1  -  B,(x;  0o)][M,(0o)  -  M,(4,)]-‘ [m,(4i)  -  m,(4,)].  (5.2) 
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It  is  therefore  clear  that  with  the  temperature-dependent  properties  repre¬ 
sented  in  a  step-wise  constant  manner,  an  incremental  implementation  of  the 
results  derived  in  the  present  paper  becomes  possible. 
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Appendix  A 

This  appendix  presents  a  discussion  of  the  decomposition  scheme  for  the 
degenerate  cases  in  which  (M,  -  M,)'‘  or  (L,  -  L,)*‘  (ail  to  exist.  The  two 
important  cases  of  isotropic  and  transversely  isotropic  constituents  will  be 
analyzed. 

Consider  first  the  case  of  isotropic  constituents  for  which  the  tensors  M, 
and  m,  can  be  written  in  component  form  as  follows; 

(AWi  “  +  4^**  +  ****  -  H.4.) t  (Al.l) 

K.)l  *  (A  1.2) 

where  k„  h,  are  the  bulk  and  shear  moduli  of  the  phases  and  a,  are  the  thermal 
expansion  coefficients.  For  the  sake  of  brevity  we  bmit  ourselves  to  (2.1 1),  a 
similar  discussion  applies  for  (2.16). 

The  difference  (M,  -  M,)'1  can  now  be  written  in  component  form 

+ G;  ■  z) <v" + <AIJI 

Use  of  (A  1 .2)  and  (A  1 .3)  in  (2.1 1)  yields 

(A  1.4) 

which  means  that  even  though  (M,  -  Mj)_l  becomes  singular  for  nx  -  pt, 
the  decomposition  scheme  continues  to  be  well  defined  The  decomposition 
fails,  however,  if  k,  «  «r,. 

Equation  (21 1).  and  the  specific  result  of(A1.4)in(24),  give  the  well-known 
Levin's  formula 

-  •*>(;;  *  tX  [;  -  i -  £]•  <*'•» 

which  also  becomes  singular  when  k,  -  It  should  be  noted,  however,  that 
this  difficulty  can  be  circumvented  if  the  more  general  Levin's  result,  baaed  on 
the  concentration  factors  B,(see  equation  (217)  in  Rosen  and  Hashie  (1970)), 
is  used  instead  of  (A  1.3).  It  is  of  interest  to  note  that  these  degenerate  cases  of 
Levin’s  result  have  not  been  dealt  before  in  the  literature. 
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We  consider  next  the  case  of  transversely  isotropic  constituents  and  choose 
this  time  to  illustrate  the  analysis  with  (116).  The  tensors  L,  and  I  can  now  be 
denoted  using  the  scheme  used  by  Hill  (1963),  Walpole  (1969),  and  Laws  (1974) 
(see  the  last  reference  for  a  comprehensive  exposition  of  this  notation) 

L,  -  (2k„  l„  l„  n„  2m„  2p,),  (A1.6) 

I,-  («■'».  fin  (A1.7) 

where  k,  is  the  plane  strain  bulk  modulus  for  lateral  dilatation  without 
longitudinal  extension,  n,  is  the  modulus  for  longitudinal  uniaxial  straining, 
/,  is  the  associated  cross  modulus,  m,  is  the  shear  modulus  for  shearing  in  any 
transverse  direction,  and  n,  is  the  modulus  for  longitudinal  shearing;  finally 
fir1  and  fi[°  denote,  respectively,  the  thermal  stress  coefficients  in  the  transverse 
and  longitudinal  direction. 

In  the  notation  of  (A1.6),  (L,  -  L2)  becomes 

(L,  -  L2) 

-  [2(k,  -  ktK  (I,  -  /,).(/,  -  1,),  (Bl  -  a,),  (2m,  -  2ma),  (2 p,  -  2 p2)l 

(A1.8) 

so  that  (L,  -  Lj)'1  is  given  by 
(L,  -  L2) 

( ~  "i  ~  h  1|  ~  h  ~  *a  1  *  \ 

V  22  *“  22  22  ’  2  1 2m,  -  2m2  ’  2p,  -  2pJ' 

(A1.9) 

where  2  is  defined  as 

2  -  (*,  -  k2)(n,  -  «2)  -  (/,  -  f,)1.  (A1.10) 

The  product  (L,  -  L2r'(l,  -  l2)  therefore  becomes 

(L,-L2r'(ll-l2)-(p.g),  (Al.ll) 

with  p  and  q  given  by 

(A1.12) 

9  -  -2^(*»  -  #')  +  ^i(A"  -  (A1.I3) 

so  that  the  product  in  (A  1 . 1 1 ).  and  thus  the  decomposition  scheme  fail  to  exist 
when  2.  as  given  by  (Al.  10).  vanishes. 

The  reduction  of  the  present  results  to  the  case  of  isotropic  constituents  can 
be  readily  carried  out  by  noting  that  for  isotropic  phases 

L,  -  [2(k,  +  $>!,).  (*■  -  fa),  {k,  -  $*),  k,  ♦  f  ft.  2 ft.  2m ,],  (A1.14) 

I  -  [fi.  fil  (AI.15) 
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thus  reducing  k  to 


k  -  3<m,  ”  -  Kj). 


and  p  and  q  to 


pmq 


1 


3(k,  -  ic,) 


(fit  ~  fill 


(A1.16) 

(A1.I7) 


Therefore,  in  the  case  of  isotropic  constituents,  the  decomposition  scheme  fails 
only  when  k,  *  k2. 


Appendix  B 


In  this  Appendix  we  will  prove  the  equivalence  between  our  result  (4.2S)  and 
that  obtained  by  Takao  and  Taya  (1985).  The  approach  used  by  them  authors 
is  based  on  the  eigenstrain  concepts  and  equivalent  inclusion  formalism.  Four 
equations  in  Takao  and  Taya  ( 1 985)  determine  the  effective  thermal  expansion 
tensor.  We  will  reproduce  them  hen  and  show  that  they  lead,  in  fact,  to  the 
relatively  compact  closed  form  of  (4 2TL 
We  first  note  that  the  effective  thermal  expansion  tensor  is  denoted  in  the 
Takao  and  Taya  paper  by  whereas  the  symbol  a*  is  used  there  to  denote 
the  thermal  strain  due  to  the  difference  between  as,  and  m2  under  temperature 
change  0. 

Equations  (3).  (6),  (7),  and  (13)  of  that  work  are, 

«•-(■,-»,)«#.  (Bl.l) 

L,[i  -MS  -  IKx*  +  (S  -  lie']  -  La[*  +  {S  -  I)«*  +  Se'l  (B1.2) 
«  ♦  c2(S  -  !)(«•  +  «•)  -  0,  (B1.3) 


«... 

m  ■  m,  + - 5 - 


(B1.4) 


We  have  also  used  m, ,  m2  for .  «2;  L,  and  L2  for  C.  and  Cr\ B0  for  At;  and 
c2  has  been  used  instead  of  /  in  Takao  and  Taya.  In  that  work  e*  denotes  the 
fictitious  strain  called  ‘‘eigenstrain"  or  “transformation  strain"  and  8  is  the 
volume-averaged  disturbance  of  strain  in  the  matrix.  The  tensor  S  stands  again 
for  the  Eshelby  tensor  appearing  in  our  equation  (4.6k 
We  start  by  substituting  (Bl.l)  into  (B1.4) 


cj* • 

flo  ' 


Use  of  (B!.3)and  (Bl.l)  in  (B1.2)  gives  for  •" 


(B1.5) 


—  i(L2  —  L|)S  +  C|L|  +  c2l>2]** 

C  I 


(L|  —  L2)(S  —  I)(ns2  —  »i)dst 

(B1.6) 
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which,  when  substituted  in  (B1.5)  provide  Takao  and  Taya's  principal  result 

m  ■  ^m,  +  CjOj  +  (CjCjlfcjlLj  Lj)S  +  CjLj  4*  C]Lj] 

(L,  -  L,)(S  -  l)(m, -m.l  (B1.7) 

We  will  now  show  that  this  last  expression  is  identical  to  (4.27)  or  to  an 
equivalent  form  which  is  obtained  by  substituting  (4.13)  into  (3.6). 

After  some  manipulation  we  obtain 

m  ■  c,m,  +  c,mj  +  c,c,(M,  -  M2)(I  -  W) 

' (c 1 1  +  CjWr'fMj  -  M.r'fm,  -  m,)  (BIJ) 

this  implies  that  (B1.7)  is  identical  to  (B1.8)  if  the  following  equality  holds: 

[c,(L,  -  L,)S  +  c,L|  +  CjLsJ-'fL,  -  L,)(S  -  I) 

» (M,  -  Mj)(I  -  W)(c,I  +  CjW)-'(M,  -  M,r'.  (BI.9) 

Using  (4.6)  and  (4.14)  we  note  first  that 

I  -  W  «  [M,  +  S(M,  -  M,)]-‘(S  -  I)(M|  -  M2X  (B1.10) 

(c,  I  +  rj W)’1  -  [cjM,  +  c,M,  +  c,S(M,  -  M,)]“  [M,  +  SfM,  -  M,)]. 

(Bl.ll) 

Next,  taking  into  account  the  equality 

(I  -  W)(c,l  +  CjW)-'  -  (c,l  +  CjW)-*a  -  W),  (BI.12) 

it  is  easy  to  show  that  (B1.9)  is  in  fact  valid.  This  proves  the  equivalence 
between  our  relation  (B1.8)  and  that  resulting  from  Takao  and  Taya's  work. 
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The  effect  of  local  eigenstrain  and  eigenstress  fields,  or  transformation  fields,  on  the 
local  strains  and  stresses  is  explored  in  multiphase  elastic  solids  of  arbitrary 
geometry  and  material  symmetry.  The  residual  local  fields  caused  by  such 
transformation  fields  are  sought  in  terms  of  certain  transformation  influence 
functions  and  transformation  concentration  factor  tensors.  General  properties  of 
these  functions  and  concentration  factors,  and  their  relation  to  the  analogous 
mechanical  influence  functions  and  concentration  factors,  are  established,  in  part, 
with  the  help  of  uniform  strain  fields  in  multiphase  media.  Specific  estimates  of  the 
transformation  concentration  factor  tensors  are  evaluated  by  the  self-consistent  and 
Mori-Tanaka  methods.  It  is  found  here  that  although  the  two  methods  use  different 
constraint  tensors  in  solutions  of  the  respective  dilute  problems,  their  estimates  of 
the  mechanical,  thermal,  and  transformation  concentration  factor  tensors,  and  of  the 
overall  stiffness  of  multiphase  media  have  a  similar  structure.  Proofs  that  guarantee 
that  these  methods  comply  with  the  general  properties  of  the  transformatioTT 
influence  functions,  and  provide  diagonally  symmetric  estimates  of  the  overall  elastic 
stiffness,  are  given  for  two-phase  and  multiphase  systems  consisting  of.  or  reinforced 
by.  inclusions  of  similar  shape  and  alignment.  One  of  the  possible  applications  of  the 
results,  in  analysis  of  overall  instantaneous  properties  and  local  fields  in  inelastic 
composite  materials,  is  described  in  the  following  paper. 


1.  Introduction 

Apart  from  the  stress  and  strain  fields  induced  by  mechanical  loads,  heterogeneous 
media  and  composite  materials  in  particular,  must  often  accommodate  eigenstrains 
or  transformation  strains,  and  the  residual  fields  that  they  cause  in  the  phases.  Many 
different  physical  processes  give  rise  to  the  eigenstrain  fields  (e  g.  temperature 
changes,  phase  transformations  and  inelastic  deformation).  The  emerging  smart 
materials  are  expected  to  provide  a  desired  response  to  eigenstrains  induced  by  a 
suitable  actuator,  such  as  a  piezoceramic  or  shape  memory  alloy  phase.  In  contrast 
to  homogeneous  3olids.  complex  eigenstrain  fields  may  be  generated  in  heterogeneous 
media  by  one  or  more  of  these  sources  even  under  uniform  overall  stress,  strain,  or 
thermal  change.  Such  fields  are  of  considerable  interest  in  applications,  as  their 
influence  on  the  overall  behaviour  and  on  structural  integrity  of  composite  materials 
may  well  exceed  that  of  the  mechanical  service  loads. 
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Inspired  by  Eshelhy  ( 10.17 1 .  the  nn<  rome<  hafi(c>  literature  abound.'  u  ith  .-tudie*  of 
transformation  strain  problems  for  solitary  homogeneous  and  mhoinogenei>us 
inclusions  of  ellipsoidal  shape  in  infinite  elastic  media  (Mura  19»7).  Of  course,  some 
of  the  results  are  useful  in  evaluations  of  estimates  of  local  fields  and  properties  of 
heterogeneous  media.  However,  except  for  thermal  strains,  little  attention  has  been 
given  to  the  role  of  transformation  strains  and  the  assoviated  residual  fields  m 
multiphase  solids  of  arbitrary  phase  geometry  and  material  symmetry. 

A  particularly  significant  application  of  results  of  this  kind  has  been  identified  in 
evaluation  of  properties  and  local  fields  in  inelastic  composite  materials.  For  two- 
phase  systems  this  has  been  discussed  by  Dvorak  ( 1991).  whereas  the  follow  ing  paper 
(Dvorak  1992)  expands  this  line  of  inquiry  to  multiphase  media.  To  introduce  this 
subject  we  derive  here  some  general  properties  of  the  transformation  and  residual 
fields  in  heterogeneous  media.  The  opening  and  3  present  some  useful  forms  of  the 
total  strains  in  the  presence  of  local  eigenstrains.  together  with  definitions  of  the 
transformation  influence  functions  and  transformation  concentration  factor  tensors. 
Then.  $4  extends  the  concept  of  uniform  strain  fields  in  heterogeneous  media 
(Dvorak  1990)  to  multiphase  systems.  This  provides  an  insight  into  the  general 
properties  of  transformation  and  residual  fields  discussed  in  §5.  and  simplifies  the 
derivation  of  the  self-consistent  and  Mori-Tanaka  estimates  of  the  local  fields  in  $6 
The  general  properties  of  the  transformation  influence  functions  confirm  the 
conclusion  reached  by  Benveniste  H  al.  (1991).  that  the  two  methods  are  admissible 
in  applications  to  two-phase  and  multiphase  systems  where  all  inclusions  have  the 
same  shape  and  alignment.  For  such  systems  we  establish  in  §§6  and  7  a  hitherto 
unnoticed  connection  between  the  two  methods,  namely  that  the  estimates  they 
provide  of  the  overall  stiffness  or  compliance,  and  of  the  mechanical,  thermal,  and 
transformation  concentration  factor  tensors  in  multiphase  media,  have  a  similar 
structure  Finally,  we  discuss  some  aspects  of  a  finite  element  evaluation  r'  the 
transformation  concentration  factor  tensors  for  sub-elements  of  unit  cell  models  of 
composite  materials. 

Throughout  the  paper  we  assume  that  the  overall  mechanical  properties  and  the 
local  fields  caused  in  the  media  of  interest  by  application  of  uniform  overall  stresses 
or  strains,  are  known  or  can  be  obtained  by  available  procedures.  If  this  is  taken  for 
granted,  then  it  is  often  possible  to  evaluate  the  residual  fields  caused  by  the 
transformation  strains  and  stresses  in  terms  of  the  overall  mechanical  properties,  and 
the  appropriate  mechanical  influence  functions  or  concentration  factor  tensors. 

The  customary  notation  is  used.  (6x1)  vectors  are  denoted  by  boldface  lower  case 
Greek  or  Roman  letters.  (6  x  6)  matrices  by  boldface  uppercase  Roman  letters,  and 
AA~l  =  A~lA  —  I.  if  the  inverse  exists.  Scalars  are  denoted  by  lightfaee  letters. 
Volume  averages  of  fields  such  as  Ar(x).  £r(x)  in  Yr.  or  of  <r(x)  in  1'.  are  denoted  by  Ar. 
cr  or  a. 

2.  Local  and  overall  transformation  strains 

The  composite  material  under  consideration  consists  of  many  distinct  elastic 
phases  which,  unless  otherwise  stated,  are  perfectly  bonded  at  their  interfaces.  No 
restrictions  are  imposed  on  phase  elastic  symmetry  or  on  the  geometry  of  the 
microstructure.  However,  the  composite  is  assumed  to  be  homogeneous  on  the 
macroscale,  so  that  a  certain  representative  volume  I’  with  surface  X  can  be  selected 
to  study  both  local  and  overall  behaviour.  Such  representative  volume  may  be 
defined  either  in  a  general  sense,  as  a  sufficiently  large  sample  that  contains  many 
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phases  and  reflects  typical  macroscopic  properties  of  the  mixture  (Hill  1963).  or  more 
specifically,  in  terms  of  a  representative  unit  cell  of  a  usually  periodic  model  of  the 
actual  material  geometry,  under  prescribed  periodic  boundary  conditions 

The  loads  that  may  be  applied  at  the  surface  of  the  representative  volume  ci  insist 
of  displacements  m,|N)  =  or  tractions  t,{S)  =  <T),n).  derived,  respectively  from 
uniform  overall  strain  t  or  stress  v.  The  response  under  such  loads  defines  a  unique 
overall  elastic  stiffness  L.  or  compliance  M.  which  are  assumed  to  be  known  In 
addition,  an  eigenstress  field  a(x)  and  an  eigenstrain  field  p\x).  collectively  called 
transformation  fields,  may  exist  in  I’.  On  the  macroscale,  they  cause  an  overall 
eigenstress  X  or  eigenstrain  ft.  which  both  vanish  in  the  absence  of  the  local 
transformation  fields.  Therefore,  the  overall  constitutive  relations  of  the  rep¬ 
resentative  volume  are  written  as 

a  —  Le+X.  £  =  Mo+fi.  (li 

where  M  =  L~l.X  =  -Lft  ft  =  -MX 

Since  the  overall  strain  and  stress  in  (l)  are  uniform  in  any  properly  defined 
representative  volume  1\  it  follows  that  the  local  transformation  and  residual  fields 
that  are  admissible  in  I’  must  create  a  macroscopically  uniform  overall  stress  X  or 
strain  ft.  Examples  of  such  fields  include  those  due  to  a  uniform  change  in 
temperature,  or  to  phase  transformation  within  any  one  phase,  as  well  as  inelastic 
deformation  fields  caused  in  1'  by  uniform  thermomechanical  loading. 

A  phase  is  defined  as  an  elastically  homogeneous  part  of  the  representative 
volume:  no  limitations  are  placed  on  phase  geometry  or  elastic  symmetry,  except 
that  the  latter  remains  fixed  in  the  overall  coordinate  system.  In  the  description  of 
local  fields,  the  representative  volume  I’  is  typically  divided  into  sub-volumes  or  local 

volumes  l'r.  r  —  1.2 _ A’,  which  contain  the  individual  phases,  or  individual  volumes 

of  each  phase.  Subdivision  of  phases  is  preferred  in  evaluations  of  estimates  of  phase 
volume  averages  of  the  local  fields  (e  g.  by  the  self-consistent  or  Mori-Tanaka 
methods).  Of  course,  if  a  representative  unit  cell  is  used  in  a  finite  element  evaluation 
of  the  local  fields,  then  each  phase  is  divided  into  several  sub-elements  Vr.  with 
distinct  mechanical  and  transformation  fields. 

The  constitutive  relations  in  each  local  volume  are  written  in  the  form 

<rr{x)  =  Lrer{x)  +  Xr(x).  eT(x)  =  Mrar[x)+/trlx).  (2) 

where  Lr  and  Mr  =  L~l  are  known  phase  stiffness  and  compliance  tensors,  and  pr{x) 
denotes  a  prescribed  distribution  of  local  eigenstrains.  The  Xr(x)  =  —Lrftr( x)  is  the 
corresponding  eigenstress  field.  The  local  and  overall  strain  and  stress  fields  under 
superimposed  mechanical  loads  and  transformation  fields  are  not  vet  known 
However,  the  contribution  to  the  local  fields  (2)  by  purely  mechanical  loads  is 

er{x)  -  Ar(x)t.  ar(x)  =  Br(x)o.  (3) 

where,  as  indicated  in  §1.  the  mechanical  influence  functions  are  assumed  to  be 
known. 

Let  us  now  establish  a  relation  between  the  overall  and  local  transformation  fields 
in  (1)  and  (2)  respectively.  This  can  be  done  by  invoking  the  elastic  reciprocal 
theorem.  In  particular,  consider  a  representative  volume  of  a  composite  under  zero 
overall  stress,  and  introduce  a  single  eigenstress  Xp(x).  derived  from  the  eigenstrain 
/tp(x)  =  —  MpXp(x).  in  one  or  more  local  volumes  Vpe  V.  Denote  the  overall  strain 
caused  by  this  eigenstrain  as  pi.  and  the  resulting  surface  displacements  on  S  by  u. 
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Xext.  remove  the  above  eigenstress  and  apply  at  the  surface  N  certain  tractions  t 
which  are  in  equilibrium  with  a  uniform  overall  stress  a  This  creates  the  stress 
ffp(X)  =  Bplx :)a'.  and  strain  Ep{x)  =  Mpa'p(x\  in  Vp.  As  shown  in  the  Appendix,  the 
elastic  reciprocal  theorem  relates  the  above  fields  by  the  following  work  equation 

j  /'lldN  =  -J  Ap(  X)£p{X)iW'.  +i 


where  the  integration  over  lp  acknowledges  that  kp(x)  is  applied  only  within 
Since  t  =  an.  where  n  is  the  outside  normal  to  s',  one  can  rewrite  (4)  in  the  indir  ial 
notation. 


tr’t,  i(«,  nJ  +  uj  n,jdS  =  -  (  A»(x)M?lktBpKtr<(x)<T'rsd\' . 
Js  J  I' 


to) 


Xote  first  that  the  term  multiplying  rr ]t  on  the  left-hand  side  is  by  definition  the 
average  overall  strain  £.  which,  under  (7=0  is  equal  to  the  overall  eigenstrain  n. 
Xext.  write  the  second  integrand  as 

Afj(x)Mj’jklB^r,(x)a-'„  =  <rj,(fl?,A.l(x))TLV?/0)TAfl(x).  tb) 

and  observe  that  the  subscripts  and  ij  can  be  exchanged.  Of  course.  \lp  is 
diagonally  symmetric,  and  A/pap(jc)  ==  ~np(x).  so  (4)  can  be  solved  for  the  overall 
eigenstrain  as 

V  = 


fj> 


(x)pJx)AV. 


(7) 


In  an  analogous  way.  one  may  derive  the  relation 


A 


V 


Ap(x)dl'. 


(8) 


For  the  special  case  of  piecewise  uniform  eigenstrains.  (7)  and  (8)  can  be  evaluated 
in  each  local  volume  Ij.  and  the  results  added  together  to  provide  the  following 
expressions 


Am£c,ji?ir.  I  CrBj ftr. 


19) 


r<-l 


where  Ar  and  Br  are  the  mechanical  concentration  factor  tensors,  evaluated  as 
volume  averages  in  l’r  of  the  influence  functions  in  (3).  For  transformation  fields 
associated  with  a  uniform  change  in  temperature.  (7 )— (9)  reduce  to  the  results  found 
by  Levin  (1967). 


3.  Transformation  influence  functions  and  concentration  factors 

The  transformation  fields  may  represent  consequences  of  several  different  physical 
processes.  However,  if  they  conform  with  the  additive  decomposition  suggested  by 
(1)  and  (2)  then,  regardless  of  their  origin,  they  may  be  considered  as  additional 
strains  or  stresses  applied  to  the  elastic  composite  aggregate,  in  superposition  with 
the  uniform  overall  stress  or  strain.  The  combined  effect  can  be  described  in  several 
different  forms.  For  example,  when  the  transformation  fields  are  represented  by 
certain  functions  /t{x).  the  local  strain  field  follows  from 

£(x)  «  e°!x)- ("  r(x.x')[{Llx')-L9)e{x') -L(x’) it(x')}dx'.  .(10) 
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where  £°(or)  denotes  the  strain  field  that  would  exist  in  a  comparison  homogeneous 
medium  L°  under  the  same  boundary  conditions,  and 

r„kl(x.x' i  =  lt(x.x')+ajk  ^x.x')).  dii 

where  Oa  is  the  Green's  function  of  the  homogeneous  medium  L°  that  satisrie- 

^Air;kp.ifxx')  +  Sip<Hx-x')  =0.  x.xeV.  ,12) 

where  6,p  is  the  Kronecker  symbol,  and  6(x  —  x)  is  the  Dirac  delta  function. 
Examples  of  such  forms  can  be  found  in  the  papers  by  Levin  (1976).  Willis  (1978. 
1981 ).  Berveiller  et  al.  ( 1987)  and  Walker  et  al.  ( 1990)  where  they  are  typically  used 
in  evaluation  of  overall  properties. 

In  actual  solutions.  ( 10)  is  often  simplified  such  that  the  actual  field  erix).  and  the 
eigenstrain  field  pr{ x).  if  present,  are  replaced  by  piecewise  uniform  approximations 
in  the  phases.  Then.  (10)  is  reduced  to  a  system  of  .V  linear  algebraic  equations 
for  the  local  average  strains.  When  compared  with  the  averages  of  (3)  over  Vr  at 
p(x')  =  0.  the  solution  of  this  system  provides  expressions  for  the  mechanical 
concentration  factor  tensors  in  terms  of  integrals  of  /"( x.x')  in  (11,).  Benveniste 
( 1990)  shows  that  certain  simplified  solutions  of  ( 10).  constructed  in  this  spirit  in  the 
above  papers  by  Levin  and  Willis,  coincide  with  the  Mori-Tanaka  estimates  of  the 
local  strains  under  uniform  overall  strain  or  stress. 

The  approach  adopted  here  starts  with  the  assumption  that  the  transformation 
fields  are  represented  by  distributions  which  are  piecewise  uniform,  either  in  the 
phases,  or  in  local  volumes  tj  within  those  phases.  The  total  strain  caused  in  1’  by 
the  uniform  overall  strain  e  or  stress  a.  and  a  piecewise  uniform  eigenstrains  ft ,  or 
eigenstress  a.,,  is  sought  in  the  following  form  that  extends  (3)  as  (Dvorak  1990) 


e,{x) 

=  A,( x)e+  2  D,r(x)ftr 

r-l 

(r.s  =  1.2. . 

...V). 

(IS) 

<r,(x) 

.V 

=  B,(x)<t+  2  F„(x)i.r 

II 

k 

...V). 

(14) 

r-1 


Here,  the  D„(x)  and  D„( x)  are.  respectively,  the  self-induced  and  transmitted 
eigenstrain  influence  functions  -,  the  F„(x)  and  F„(x)  are  the  corresponding  eigenstress 
influence  functions.  In  analogy  with  the  accepted  notation  for  description  of  the 
response  to  mechanical  and  thermal  loads,  the  local  volume  averages  in  I’  of  these 
functions  may  be  referred  to  as  the  eigenstress  or  eigenstrain  concentration  factor 
tensors  D„.  D„.  F„  and  F„.  Collectively,  these  will  be  called  the  transformation 
influence  functions  and  concentration  factors. 

Note  that  ( 13)  or  ( 14)  each  represent  the  contribution  of  three  different  fields  to  the 
total  local  strain  or  stress  in  For  example,  the  right-hand  side  of  (13)  is  the  sum 
of  the  mechanical  field  A,(x)e.  the  residual  fields  D,r(x)ftr  which  reflect  the  influence 
of  the  eigenstrains  ftr  in  Yr  &  Vt  on  e,(x).  and  finally,  the  residual  strain  and  the 
eigenstrain  ft,  prescribed  in  V,  itself.  The  last  two  contributions  are  both  accounted 
for  by  the  influence  function  D„(x).  or  by  F„(jc)  in  ( 14).  hence  these  two  functions  are 
different  in  this  regard  from  the  D„( x)  and  F„(x).  In  contrast  to  (1)  and  (2).  the 
definitions  combine  e  with  ftr.  and  a  with  kt.  to  assure  that  the  coefficients  of  these 
tensor  functions  are  dimensionless.  As  in  (l).  the  transformation  fields  that  may  be 
admitted  in  (13)  and  (14)  must  produce  a  uniform  overall  body  force  k  or  eigenstrain 
ft  in  the  representative  volume.  This  is  always  the  case  for  each  single  component  of 
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ft,  in  a  sub-element  of  a  properly  defined  unit  cell,  and  it  is  also  assured  in  the 
evaluation  of  the  self-consistent  and  Mori-Tanaka  estimates  of  the  transformation 
factor  tensors  discussed  in  $6  below.  However,  an  eigenstrain  distribution 
corresponding,  for  example,  to  a  temperature  gradient  in  l-  would  not  be  admissible 
To  connect  the  transformation  influence  functions  to  the  integral  equation 
formulation  of  the  problem,  one  may  consider  any  eigenstrain  field  ft\x )  in  a 
representative  volume  of  a  heterogeneous  medium  under  zero  overall  strain,  ami 
define  the  transformation  strain  influence  function  D(x.x')  as 

£(JC)  =  D(x.x')ft{x‘).  1 15) 

Its  evaluation  then  follows  from  ( 10)  as 

D(X.X')H(X)  =  -J  r(x.  x')  — L°)  D(x' .  x')  — L(x')\ft(x')dx' .  (16) 

Note  also  that  in  an  infinite  homogeneous  medium  loaded  only  by  a  single  uniform 
eigenstrain  within  a  homogeneous  inclusion  of  ellipsoidal  shape.  D,s  -  S.  the  Eshelby 
tensor. 

The  eigenstress  and  eigenstrain  influence  functions  can  be  related  in  the  following 
way.  Let  the  overall  eigenstrain  in  (1,)  be  evaluated  from  (92)  and  the  total  strain 
then  substituted  into  (13).  where  the  er(jc)  is  written  in  terms  of  the  local  stresses 
using  (2,).  v 

or(x)  *  LrAt(x)Mo-Lr  E  [(c,Arlx) Bj  —  Dr,[x))  Ms  A,]  +  Xr.  (17) 

J-I 

Compare  that  with  (14)  to  find 

Ar(x)M  =  MrBr[x).  Fr,[x)  *  Lr[<Sr,/-c,^r(*)BJ'  +  Dr,(x)]A/,.  (18) 

where  Sr,  is  the  Kronecker  symbol,  but  no  summation  is  indicated  by  repeated 
subscripts. 

The  definition  of  the  transformation  concentration  factors  permits  derivation  of 
another  pair  of  expressions  for  ft  and  a,  which  may  be  used  in  place  of  (9).  Consider 
again  the  loading  case  t  *  0.fir  ¥>  0.  and  note  that  from  (1)  and  (2)  there  is 

\  .V 

ff  =•  A  =  E  cr°r  ~  £  Cr(Lrer  +  Ar).  (19) 

r^l  r-l 

However,  under  zero  overall  strain.  0,6,  *  —  E;'.2cr£r.  so  that  (19)  provides 

.V  -V 

A  =  E  crAr+  E  cr(Lr-Lx)er.  (20) 

r-l  r-2 

Refer  now  to  (13).  evaluate  the  average  local  strain  er  in  each  volume  and 
substitute  —Mrkr  —  ftr.  This  provides  the  desired  result 

■V  .V  .V 

a  =  £crA,-S  S  crLrDr,M,kt.  (21) 

r-l  r-l  *-| 

An  analogous  derivation  yields 

.V  ,V  .V 

M  *  2  CrPr-  I  I  CrMrFr,L,fl,.  (22) 

r-l  r-l  r-l 
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The  conditions  that  assure  consistency  of  these  results  with  those  found  in  (9|  can 
be  found  as  follows.  Substitute  for  A  from  (9,)  into  (21).  assign  the  eigenstrain  Ap  and 
let  all  other  eigenstresses  vanish.  Then,  recall  that  A,  =  d'rpAp.  and  cancel  all  Ap  A 
similar  procedure  can  be  used  between  (92)  and  (22).  After  rearrangements  this 
provides 

ZrrLrD„M,  =  c,{I-A]).  ZrrMrFr,L'  =  cs(I-B }).  ,23) 

r-l  r-l 

Summation  over  $  then  gives  another  pair  of  consistency  conditions  for  Dr,  and  Fr, 

I  ZcrL,Dr,M,  =  0.  S  ZcrMrF„L,  =  0.  (24) 

4-1  r-l  cl  r-l 

4.  Uniform  fields 

Before  proceeding  with  the  derivation  of  specific  forms  of  the  transformation 
concentration  factor  tensors,  it  is  useful  to  establish  the  general  properties  of  these 
tensors,  and  of  the  underlying  influence  functions,  which  are  implied  bv  uniform 
strain  and  stress  fields  in  heterogeneous  media. 

The  existence  of  a  uniform  strain  field  in  an  inhomogeneous  medium  is  usuallv 
associated  with  Eshelby's  (1957)  discovery  of  such  fields  within  ellipsoidal  inclusions 
in  infinite  solids  under  overall  uniform  strain.  However,  it  is  not  universally 
appreciated  that  uniform  strain  fields  may  exist  in  multiphase  heterogeneous  media 
of  any  phase  geometry  and  material  symmetry.  In  uniformly  strained  two-phase 
composite  media,  such  fields  result  from  a  superposition  of  the  actual  mechanical 
strains  with  auxiliary  eigenstrains  in  the  phases  (Dvorak  1990).  Similar  superposition 
will  now  be  applied  to  multiphase  systems.  (A  reviewer  brought  to  our  attention  the 
paper  by  C’ribb  (1968)  which  uses  a  similar  procedure  to  study  thermal  expansion  in 
a  solid  with  two  isotropic  phases.)  We  note  that  the  fields  exist  not  only  in  the 
statistically  homogeneous  media  considered  above,  but  also  in  media  of  any  shape 
with  cracks  and  cavities,  provided  the  overall  strain  is  uniform  and  no  substantial 
geometry  changes  occur  during  loading. 

The  first  principal  problem  of  interest  can  be  stated  as  follows.  Suppose  that  the 
volume  V.  which  was  initially  stress  free,  has  been  loaded  by  certain  tractions  t°  on 
S  which  are  in  equilibrium  with  a  uniform  overall  stress  a  —  eF  The  goal  is  to  modify 
the  non-uniform  local  fields  by  superposition  with  certain  auxiliary  eigenstrains. 
introduced  in  the  local  volumes  such  that  a  uniform  stress  field  a,  =  «r°.  together  w  ith 
a  uniform  strain  field  are  created  everywhere  in  l\ 

The  problem  can  be  solved  in  the  following  way.  The  uniform  stress  <r°  is  prescribed 
in  all  local  volumes  to  create  a  piecewise  uniform  but  incompatible  strain  field 
Compatibility  is  restored  by  superposition  of  a  piecewise  uniform  eigenstrain  field  ftr 
which  makes  the  strains  uniform  everywhere  in  stress  equilibrium  is  already 
guaranteed  by  the  uniform  stress  ff°.  The  local  strains  thus  become 

C  =  «r  =  AfX+Z*!  =  •■•  =  Mpo°+/tp  =  M,<r -  ■■■  =  Msa°+ps 

(r  —  1.2 . .V)  (25) 

A  dual  problem  arises  when  surface  displacements  u°.  derived  from  a  uniform 
overall  strain  field  e®.  are  prescribed  at  S.  .An  eigenstress  field  is  sought  such  that  its 
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superposition  with  the  stress  field  caused  by  on  >  will  lead  to  uniform  'tre  '  .mil 
strain  fields  in  !'  The  strain  4°  is  applied  to  all  phases  and  a  piecewise  uniform 
eigenstress  field  k,  is  added  to  make  the  phase  stresses  uniform  in  I 

a  =  a ,  =  L,£"  +  a  =  . ..  =  Lpc"  ■+■  kp  =  Lqe°  +  kQ  -  . . .  =  L\  e°  +  x%  n-  =  1.2. 

Of  course,  any  initial  strains  or  stresses  in  I  must  be  included  in  the  above  //.  and  .< . . 

We  examine  four  specific  forms  of  the  above  solutions,  in  terms  of  the  variables 
which  may  be  prescribed  or  evaluated  in  applications  In  each  case,  the  pre><  ribed 
quantities  will  be  denoted  as  £°.  o°.  ft0,.  k0,.  etc.,  and  the  quantities  that  need  to  he 
added  to  make  the  internal  fields  uniform  as  £.  6.  fi,.  X,.  etc 

(а)  Surface  tractions  t°.  in  equilibrium  with  a  uniform  overall  'tre»  <r,J  are 
prescribed  on  S'.  and  for  a  chosen  r  =  q.  a  uniform  eigenstram  ftq  =  ftaq  is  introduced 
in  the  local  volume  \q  A  uniform  strain  field  c  is  created  in  I’  by  addition  of  the 
eigenstrains 

fi,  = /t°q-{M,-Mq)o°.  e  =  e,  =  MQ<T°  +  ftl  ;2bi 

(б)  Surface  displacements  u°  compatible  with  a  uniform  overall  strain  c"  are 
prescribed  on  .S',  together  with  one  uniform  eigenstress  kq  =  a®  in  r  =  7  The  local 
eigenstresses  which  need  to  be  added  to  produce  a  uniform  stress  field  «r  in  1'  are 

k,  =  k°q-(L,-Lq)e°.  o  =  o,  =  LqE°  +  k°q.  (27) 

(c)  The  tractions  t°.  in  equilibrium  with  o°.  are  prescribed  on  .S'.  and  a  piecewise 
uniform  eigenstrain  field  fi,  is  sought  to  make  the  strain  field  uniform  and  equal  to 
a  prescribed  magnitude  e,  —  e°  An  identical  field  is  formed  if  displacements  u°. 
compatible  with  a  prescribed  overall  strain  e°.  are  applied  on  .S'  together  with  an 
auxiliary  eigenstress  field  k,  to  create  a  uniform  stress  field  of  prescribed  magnitude 
0,  =  o°  in  I’.  The  two  transformation  fields  are  found  as 

fi,  =*  e°  —  M,o°.  k,  =  o°-Lrc°.  (28) 

In  the  special  case  of  a  statistically  homogeneous  medium,  which  follows  the 
constitutive  equations  (I).  (28)  become 

fi,  =  p  +  (M- M,)o°.  k,  =  k  +  {L-L,)E°  (29) 

(d)  The  heterogeneous  medium  is  initially  stress  free  I'niform  eigenstrains  are 
introduced  in  two  local  volumes  r  =  p.q.  as  ftp  =  p°p .  and  ftq  =  ft°q  Alternately 
uniform  eigenstresses  kp  =  x® .  and  kQ  =  xj  may  be  applied.  The  goal  is  to  rind  the 
overall  stress  0  or  strain  £  that  need  to  be  imposed  via  i or  u  on  .S'.  and  the  eigenstrains 
fi,  or  eigenstresses  k,  in  the  remaining  local  volumes  such  that  the  local  fields  become 
uniform.  The  solution  is 


fi,  *  rf,  -  ( M,  -  Mq)  <?  =  ft°p  -  (M,  -  M p)  0 
0  =  0,  =  -(Mp-Mq)-'{ft0p-fi°q). 

£  =  e,  =  M,6+fi,  =  Mpd+fi°p  =  Mq6  +  n°q.  _ 

and  k,  =  k?q-(L,-Lq)£  =  k\-(L,-Lp)i. 

£  =  e,  =  -(Lp-LqV'ikl-k<1q). 

0  =  0,  =  L, £ + a,  =  Lp£+k°p  =  Lq£+k°q.  . 

Recall  that  by  their  definition,  x®  =  —Lpn\  and  xj  =»  -Lq/t°q. 
shows  that  the  fields  (30)  and  (31)  are  identical. 


(30) 


(31) 

Some  algebra  then 
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It  is  now  possible  to  see  more  clearly  in  which  circumstances  the  uniform  fields 
may  and  may  not  be  created  in  a  multiphase  medium.  Also,  their  structure  and 
relation  to  the  polarization  fields  becomes  more  obvious.  For  example,  if  in  case  :</i 
the  given  eigenstrain  is  selected  as  ft°Q  =  0.  or  if  the  entire  field  is  reduced  by 
subtracting  the  strain  ftq  everywhere,  then  one  finds  a  particularly  convenient  form 
of  (25)  or  iz6)  as 

ft,  =  —(Mr  —  Mq)o°.  e  =  er  =  MQff°  =  Mr<r°  +  fir.  (32) 

A  similar  result  follows  from  case  lb) 

=  -(Lr-Lq)£°.  a  =  a,  =  LQe°  =  £rc°  +  xr.  (33i 

If  the  Mq  and  L0  were  selected  as  the  properties  of  a  homogeneous  comparison 
material,  then  the  /2r  and  x,  would  define  in  the  usual  way  the  polarization  strains 
and  stresses. 

In  case  (c).  the  resulting  fields  (28)  reveal  that  the  medium  will  accommodate  a 
piecewise  uniform  eigenstrain  field  that  makes  the  strain  field  uniform  and  equal  to 
£°  everywhere  in  However,  it  is  not  possible  to  find  a  non-zero  eigenstrain  field  (28) 
which,  if  applied  to  a  stress-free  body,  would  cause  the  overall  strain  c°  to  vanish. 
Therefore,  the  transformation  fields  that  appear  in  (25)  and  (26)  are  unique  for  a 
given  pair  of  <r°  and  e.  or  e°  and  a 

Case  [d)  confirms  that  the  fields  caused  in  the  medium  by  a  uniform  change  in 
temperature,  or  by  any  other  event  that  creates  piecewise  uniform  eigenstrains  in  the 
local  volumes,  may  be  adjusted  to  a  uniform  field  by  purely  mechanical  loads  only 
in  two-phase  media,  but  not  in  a  multiphase  medium,  or  ip  one  subdivided  into  many 
local  volumes  w  ith  different  local  eigenstrains.  Of  course,  such  adjustment  is  possible 
if  the  initial  fields  are  made  part  of  the  local  transfer  ation  fields  (30)  or  (31)  _ 

5.  Some  properties  of  the  transformation  influence  functions 

The  existence  of  the  uniform  fields,  and  the  elastic  reciprocal  theorem  provide 
certain  general  relations  which  must  be  satisfied  by  the  influence  functions  in 
multiphase  media,  regardless  of  microstructural  geometry  and  phase  properties,  even 
in  the  absence  of  statistical  homogeneity.  First,  we  consider  a  representative  volume 
1'  subjected  to  a  uniform  state  of  overall  stress  o°  As  in  (26).  we  select  a  uniform 
eigenstrain  fi°q  in  a  local  volume  Ij,.  and  superimpose  the  eigenstrains  (26,)  with  the 
local  strain  field  caused  by  <r°.  to  create  the  uniform  strain  field  i  (26.,)  everywhere 
in  V.  According  to  (13).  this  field  is 

,v 

e,  =  A,(x)t  +  Z  D,r(x)fir.  (34) 

r-l 

Next,  substitute  from  (26)  to  recover  the  relation 

.V 

S  D,r(x)(Mr  —  Mq)  =  -d-A,(x))Mr  (35) 

•I 

Since  this  must  hold  for  any  selected  Mq.  it  follows  that  for  each  local  volume  1, 

,V  .V 

Z  D, Ax)  =  I-A,(x).  I  D„[x)Mr  =  0.  (36) 

r-l  r-l 

For  a  statistically  homogeneous  medium,  one  can  convert  (36,)  into  an  expression 
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for  volume  averages  in  Ij.  multiply  the  result  by  c,Ls  and  write  the  sum  of  both  sides 
with  respect  to  s.  Since  Zr,  L,A,  =  L.  this  leads  to  an  alternative  expression  for  the 


overall  stiffness 


37, 


Another  relation  for  the  transformation  concentration  factor  tensors  follows  from 
the  familiar  condition  Z crtr  =  e.  The  averages  of  strains  in  the  local  volumes  are 
obtained  by  integration  of  (13).  so  that  the  sum  becomes 


.V  .V  .V 

z  crAr£+  ZrrZ  D„P,. 

r- 1  r-1  ,-l 


(38) 


Since  ZcrAr  =  /.  the  last  term  in  (38)  must  vanish.  Each  local  eigenstrain  can  be 
chosen  independently,  hence  this  provides  the  relation 

.V 

ZcrDrt  =  0  (39) 

r-l 


In  addition  to  the  above  connections  derived  from  the  uniform  fields,  there  are 
certain  reciprocal  relations  between  the  transformation  concentration  factor  tensors. 
They  can  be  derived  from  the  elastic  reciprocal  theorem,  in  a  manner  that  is  similar 
to  the  derivation  of  (4)-(“)-  Consider  a  volume  1'  of  the  heterogeneous  medium  and 
focus  on  two  specific  local  volumes  VT  and  Ij.  Prescribe  the  overall  strain  as  e°  =  0. 
and  introduce  a  uniform  eigenstress  XT  into  the  local  volume  1".  Since  there  are  no 
other  loads,  the  local  strain  field  at  is.  according  to  (1H). 

e,(x)  = -Dsr(x)MrXr.  (40) 

Similarly,  if  a  uniform  eigenstress  X',  is  introduced  in  V,  only,  the  local  strain  at  Vr  is 

e’Ax)  -  -Dt,{x)M,X,.  (41) 

Recall  now  the  elastic  reciprocal  theorem  (A  11)  in  the  Appendix,  and  substitute 
from  the  above  equations  for  the  work  of  the  primed  on  unprimed  fields  and  vice 
versa.  This  leads  to 


Jv/' 


D„(x)MrXrd\ 


*  t '■ D" 


(x)  M,X,  dl'. 


(42) 


where  the  integration  over  the  two  local  volumes  was  done  in  recognition  of  the  fact 
that  eigenstresses  Xr  and  xj  were  prescribed  only  in  Yr  and  l ’  respectively 

Inasmuch  as  all  local  compliance  tensors  are  diagonally  symmetric,  and  the 
applied  eigenstresses  are  constant,  the  procedure  leading  to  (7)  reduces  (42)  to  the 

f°rm  c,D,rMr  =  crM,Dj,.  (43) 

This  is  a  general  result,  valid  for  any  pair  of  the  transmitted  eigenstrain  influence 
functions.  For  the  self-induced  factors,  it  reduces  to  DUM,  - 
It  is  of  interest  to  note  that  the  above  relations  (23,)  and  (39)  can  also  be  obtained 
by  an  independent  procedure  that  uses  (36)  and  (43).  Rewrite  (43)  as 

crDr,  *  c,MrD]rL,  (44) 

and  then  evaluate  the  sum 


1  Dr, 


‘  .V 

V 

i  ** 

.r~l 


A itDl  L, 


(4o) 
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The  expression  in  the  parentheses  is  the  transpose  of  (362).  and  therefore  vanishes 
(39)  is  thus  recovered.  It  can  also  be  shown  that  (36,)  and  (44)  lead  to  (23,).  Moreover. 
(36,)  and  (43)  give 

ctI-ZcrLTD„M,  =  c,Al  csI-ZcrMrFrsL,  =  e,Bl  (46) 

r-1  r-l 

For  convenience,  we  summarize  the  principal  results  (36).  (43)  and  (39).  together 
with  the  analogous  relations  for  the  eigenstress  influence  functions 

-V  .v 


I  Dsr(x)  =  I—A,(x). 

r- 1 

I  F, r(Jf)  =  I—BS(X). 

r-l 

(47) 

I  D„(x)Mr  =  0. 

r-l 

S  Fir(x)Lr  =  0. 

r-l 

(48) 

=  crM,Dj,, 

c,FsrL,  =  cr  L,  FJ,, 

(49) 

I.crDri  =  0. 

r-l 

=  0. 

r-l 

(50) 

with  r  =  L.2 . .V everywhere.  Note  that  all  these  relations  are  exact  but  that  (48) 

and  (49)  provide  (50).  It  turns  out  that  only  (47)  and  (48)  or  (49)  are  independent. 
In  other  words,  there  are  only  (2  x  A’)  independent  relations  for  the  (.V  x  S )  unknown 
transformation  influence  functions.  Thus  one  can  solve  the  system  and  find  exact 
expressions  for  the  transformation  functions  in  terms  of  their  mechanical 
counterparts  only  in  two-phase  materials.  Indeed,  the  two-phase  form  of  (47)  and 
(48)  can  be  readily  solved,  with  the  phases  denoted  as  r  =  a,/?, 

Djx)  =  ^/- >!,(*))  A^fA^-Af,)'1.  D^(x)  =  (I—  AJx)) MJM,- Mpf1 .  _ 

(51) 

The  identity  —  =  shows  that  these  coincide  with 

equations  (123)  to  (126)  in  Dvorak  (1990).  It  can  also  be  verified  that  these  results 
conform  with  (47)  to  (50);  the  reciprocal  relation  (43)  requires  that  (LX~L$)A6  - 
A](LX  —  L^).  which  does  hold  in  two-phase  systems.  Since  cxAx  —  {Lx- L^). 
the  eigenstrain  concentration  factor  tensors  D u  and  Dxfs,  which  are  the  volume 
averages  of  (51)  in  \\  may  be  expressed  in  terms  of  the  overall  and  local  stiffnesses 
and  volume  fractions.  In  any  case,  it  is  clear  that  the  eigenstrain  problem  in  two- 
phase  media  can  be  converted  into  a  solution  of  a  mechanical  loading  problem.  Of 
course,  no  such  conversion  is  possible  for  r  >  2.  Exact  treatment  of  such  multiphase 
problems  must  take  into  consideration  phase  interaction  under  eigenstrain  loading 
for  each  specific  geometry  of  the  microstructure. 

However,  (47)  and  (48)  can  be  used  to  derive  certain  universal  relations  between 
the  unknown  Dit{x)  or  Fif{ x).  For  example,  for  a  three-phase  medium  one  can 
establish  the  following  exact  relations  between  the  transmitted  and  self-induced 
transformation  influence  functions  and  the  mechanical  influence  functions 

D„(x)(M,-M,)  =  Dll(x)[M3-Ml)-[I-Av(x))Mi,  ' 

Z>,s(x)(Af,-Af,)  *  Du(jc)  (Mt- A#,)- (/-/!,(*))  Aft. 

Z?„(x)(Af,  -  A/,)  -  £>„(x)(Afs-Aff)-(/-^t(x))A/„ 

Z>„(x)(Af,-Af,)  =  DM(x)  ( Af,  —  Aft)  —  (/—  At(x))  A#,, 

Ds,(x)(Af,-Af,)  =  D„(x)(Aft-Af,)-(/-^,(x))Af1. 

D„(x)(Af,  — Af,)  =  DM(x)(Af,-Af,)-(/-/4,(x))A/I.  j 
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Note  that  these  relations  hold  for  any  three  local  volumes  where  distinct  uniform 
local  eigenstrains  have  been  prescribed.  The  local  properties  Afr  can  be  selected  as 
desired,  some  as  equal  to  each  other.  Therefore,  these  relations  apply  also  to  two- 
phase  media  where  two  different  eigenstrains  have  been  specified  in  one  phase  For 
a  homogeneous  medium  with  three  distinct  eigenstrains,  (52)  reduce  to  identities  but 
since  Ar{x)  =  I  in  this  case.  (47)  or  (48)  provide  the  connections 

.V 

£  Dtr{x)  =  0.  for  r.s  =  1.2.3. 

r- 1 


6.  Self-consistent  and  Mori-Tanaka  estimates 

6.1.  Summary  of  principal  results 

As  pointed  out  in  a  recent  paper  by  Benveniste  et  al.  (1991).  the  two  methods 
provide  diagonally  symmetric  estimates  of  the  overall  stiffness  tensor  in  two-phase 
systems  of  any  phase  geometry,  and  in  those  multiphase  systems  which  are 
reinforced  by  or  consist  of  aligned  inclusions  of  identical  shape.  In  contrast,  when 
these  methods  are  applied  to  multiphase  systems  of  arbitrary  phase  geometry,  the 
stiffness  estimates  are  not  diagonally  symmetric.  In  addition,  under  those 
circumstances  that  guarantee  diagonal  symmetry  of  the  overall  stiffness,  the 
methods  also  provide  direct  estimates  of  the  overall  thermal  stress  tensor  that  are  in 
agreement  with  Levin's  (1967)  exact  relations.  Moreover,  Chen  etal.  (1992)  show  that 
the  Mori-Tanaka  method  delivers  diagonally  symmetric  L  for  systems  reinforced  by 
randomly  orientated  fibres  or  platelets  of  the  same  shape.  Related  results  were  found 
by  Ferrari  (1991).  These  restrictions  are  respected  in  the  derivations  that  follow,  in 
fact,  the  admissibility  of  the  two  methods  is  proved  only  for  two-phasr-  and 
multiphase  aggregates  containing  or  consisting  of  inclusion  of  similar  shape  and 
alignment. 

Moreover,  we  show  here  that  apart  from  the  differences  in  evaluation  of  the 
constraint  tensors,  the  estimates  provided  by  the  two  methods  of  the  mechanical, 
thermal,  and  transformation  concentration  factor  tensors,  and  of  the  overall  stiffness 
and  compliance  tensors  of  multiphase  heterogeneous  media,  have  a  similar  structure. 
It  appears  that  this  feature  has  not  been  noticed  in  any  of  the  numerous  studies  of 
these  methods  in  the  technical  literature. 

In  two-phase  media  the  transformation  influence  functions  have  already  been 
evaluated,  in  (51),  in  terms  of  their  mechanical  counterparts.  Thus  the  self-consistent 
or  Mori-Tanaka  estimates  of  the  transformation  concentration  factors  can  be  found 
from  the  corresponding  estimates  of  either  the  overall  stiffness,  or  the  mechanical 
concentration  factor  for  one  phase.  In  multiphase  media  with  aligned  inclusions  of 
similar  shape,  the  overall  stiffness  can  be  expressed  in  the  general  form 

■V  .V 

L  =  Lx  +  £  cr(Lr— Lx)  Ar,  Af  =  Af,  +  £  cr(  Afr  —  Mx)Br.  (53) 

r-t  r-t 

where  L,  usually  refers  to  the  matrix,  if  any.  but  it  can  actually  represent  any  phase. 
We  show  in  the  sequel  that  in  the  said  systems,  the  mechanical  strain  concentration 
factors  Ar,  and  the  stress  concentration  factors  Br,  are  estimated  both  by  the  self- 
consistent  and  Mori-Tanaka  methods  in  the  form 

Ar  *  (L*  +  Lr)~x{L*  +  L),  Br-  (Af*  +  Afrr‘(Af*  +  Af),  r=1.2 . X.  (54) 
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Here.  L*  denotes  Hill’s  (1965)  constraint  tensor  of  the  ellipsoidal  transformed 
homogeneous  inclusion  ;  M *  *  For  media  with  aligned  inclusions  of  similar 

shape  there  is  only  a  single  L*  tensor,  hence  the  relation  ZcrAr  =  'ZcrBr  —  I  and  (54) 
render  the  following  symmetric  forms  of  the  overall  stiffness  and  compliance 


L  = 


2  cr{Lm  +  Lr) 


-i 


-L' 


M 


'  .V 

*  2  cri 

-r-l 


(Af*  +  Afr) 


(55) 


The  principal  distinction  between  the  two  approximate  procedures  is  that  in  the 
self-consistent  method  L*  is  evaluated  for  a  cavity  in  the  effective  homogeneous 
medium  of  overall  stiffness  L.  whereas  in  the  Mori-Tanaka  method  L*  is  evaluated 
for  a  cavity  in  the  matrix,  or  any  phase  r  =  1.  of  stiffness  L,.  The  constraint  tensor 
is  related  to  the  polarization  tensors  P  and  Pr,  which  are  defined  in  the  self-consistent 
procedure  as 

P  =  (!,*  +  £)-».  Pr  =  (L'  +  LrT\  P  =  SIT1.  L*S  =  L(/— S),  (56) 

and  in  the  Mori-Tanaka  procedure  as 

P^lL'  +  Lj-'.  Pr(L*  +  Lrr\  P  *  SLj1,  L*S  =  £,,(/— S);  (57) 

5  denotes  the  Eshelby  tensor  of  a  homogeneous  ellipsoidal  inclusion.  In  both 
methods,  the  above  restrictions  on  inclusion  shape  and  alignment  limit  the  number 
of  allowable  constraint  tensors  L*  in  a  multiphase  medium  to  one.  In  what  follows, 
we  show  that  the  same  restrictions  must  be  respected  in  using  the  methods  to 
estimate  the  transformation  concentration  factor  tensors. 

To  facilitate  the  derivation,  we  first  summarize  the  principal  results  obtained 
below.  Remarkably  enough,  the  transformation  factor  tensors  derived  from  the  self- 
consistent  and  the  Mori-Tanaka  methods  are  formally  similar,  and  valid  for  r  *  1 , 
2 . N: 

D„  -  {6,rI-crlL*+L,r'(L*  +  L)){Lm  +  Lrr'LT,  \ 

F,r  =  {6,tI-cr{M*  +  M,)-l{M*+\f)](M*+Afr)-xMr,}  (  * 

or,  with  regard  to  (54), 

D,r  =  (I—A,)(L,— L)~  ‘  ($„  /—  cr  Aj)Lr,  \ 

F,r  =  {I—Bt){Ml  —  M)~l(8trI—cTB?)Mr,)  ( 

where  S,T  is  the  Kronecker  symbol,  and  again,  no  summation  is  indicated  by  repeated 
subscripts. 

Some  simple  algebra  shows  that  the  forms  (58)  and  (59)  satisfy  the  general 
connections  (47)  to  (49),  and  therefore  (50).  The  proofs  are  particularly  simple  if  (58,) 
is  used  with  a  substitution  from  (54).  In  the  self-consistent  method,  the  similarity  in 
inclusion  shape  and  alignment  is  enforced  by  admitting  only  a  single  L*  in  (58),  that 
restriction  is  required  to  satisfy  the  reciprocal  relations  (49).  In  the  Mori-Tanaka 
derivation,  the  restriction  is  invoked  in  the  derivation  itself,  cf.  (55,),  in  addition  to 
being  required  by  (49).  Of  course,  one  can  also  show  that  if  r  *  «,  /?,  the  above  forms 
are  in  agreement  with  the  results  (51)  for  two-phase  media. 


6.2.  Self-consistent  estimates 

We  consider  a  statistically  homogeneous  medium  with  perfectly  bonded  phases, 
and  seek  estimates  of  the  transformation  concentration  factors  by  the  self-consistent 
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method.  In  this  method,  the  average  local  strain  or  stress  in  each  phase  is  evaluated 
from  the  solution  of  a  dilute  problem  for  a  single  inclusion  of  that  phase,  contained 
within  a  large  volume  of  a  homogeneous  medium  which  has  the  effective  composite 
properties  L.  If  the  dilute  problem  is  solved  under  uniform  overall  strain,  one  finds 
the  strain  concentration  factor  tensor  in  the  form  (Hill  1965): 

Ar  =  [I+P(Lr-L)]-\  (60) 

where  for  each  particular  shape.  P  is  given  by  (56)  and  one  thus  recovers  (53).  Note 
that  apart  from  the  inclusion  shape.  P  =  P1  depends  only  on  the  coefficients  of  L 
and  that  the  above  restrictions  admit  only  a  single  P  in  (60)  for  the  strain 
concentration  factors  of  all  phases.  The  overall  stiffness  then  follows  from  (55). 

The  self-consistent  estimates  of  the  transformation  concentration  factor  tensors  in 
(13)  are  derived  from  the  local  field  e,,  evaluated  in  the  solution  of  a  dilute  problem 
in  which  the  inclusion  L ,  is  bonded  to  a  large  volume  of  the  effective  medium  L  An 
overall  uniform  strain  e  is  prescribed  at  infinity,  together  with  the  uniform  eigen- 
strain  ft,  in  Vs.  and.  according  to  (92).  the  eigenstrain  ft  =  Y.crBl  ftr  in  the  effective 
medium.  The  corresponding  eigenstresses  are  x,  =  —L,fts.  and  x  =  —  crA*  xr  =  —  Lft 
in  I'  and  V  respectively. 

The  solution  is  sought  in  terms  of  A,,  and  is  best  found  by  creating  first  in  the 
entire  volume  the  uniform  strain  field  £  suggested  by  (3l2). 

£  =  -(L,-L)-x(k,-X).  (61) 

This  is  followed  by  restoring  the  overall  strain  from  £  to  the  prescribed  magnitude  e. 
which  yields  the  desired  estimate  of  the  local  strain  as 

e,  =  A,e  +  (I-A,)[L,-L)-l{L,fi,-  E  cTA^LTft)j.  (62) 

A  comparison  with  (13)  then  provides  the  eigenstrain  concentration  factors 

D„  =  (/—  A,)  (L,  —  c,A})L,,] 

D,r  =  ~cr[I—At)(La  —  L)~XAJ  Lr.  j  ( 

which  coincide  with  those  in  (59). 

In  an  entirely  similar  way  one  may  find  the  self-consistent  estimates  of  the 
transformation  stress  concentration  factor  tensors  in  (14).  and  find  the  result  in  (59). 

6.3.  The  Mori-Tanaka  method 

The  method  was  originally  intended  for  use  with  matrix-based  composites  with 
perfectly  bonded  interfaces.  One  of  the  phases,  r  =  1.  is  regarded  as  a  matrix,  and 
phase  strains  are  evaluated  from  solutions  of  dilute  problems  for  each  single  phase 
in  an  infinite  matrix  volume  under  overall  strain  e,  or  stress  <r,.  the  respective 
average  values  in  the  matrix  Lv  In  the  reformulation  of  the  original  form  (Mori  & 
Tanaka  1973)  by  Benveniste  (1987).  this  translates  into  the  following  relations. 
Under  uniform  overall  strain  e.  or  stress  9. 

er  -  Trev  9,  «  Wr9v  7i  -  Wt  -  /,  Wr  -  Lr  TrMt.  (64) 

where  and  9l  are  as  yet  unknown  average  matrix  strain  and  stress.  The  partial 
concentration  factors  Tr  and  WT  are  derived  from  solutions  of  the  dilute  problems. 
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Since  e  =  £rcrer.  etc.  one  can  find  the  average  strain  and  stress  in  the  phases  in  terms 
of  Tr  or  Wr  as 


£,  = 


.v 

v  c  T 

—  Lr  *r 
r-l 

„V 


£. 


2  fr  Wr 

.r-1 

.V 


lcrWr 


lr-l 


=  1,2 . .V. 


This  leads  to  the  following  estimate  of  the  overall  stiffness: 


L  =  \ZcrLrTr 

Lr-l 


r  -v 

v  c  T 

—  ir 

r-1  J 


(65) 


(66) 


According  to  the  assumption  of  the  method,  the  tensor  T,  is  evaluated  in  analogy 
to  (54)  and  (60)  as 


Tr  =  (L*  +  Lrrl{L*  +  Lx)  =  [I+P(Lr -I,)]-.  (67) 

where  P  =  P*  is  defined  by  (57).  Again,  only  a  single  P  is  admitted  in  multiphase 
systems,  and  this  permits  derivation  of  the  symmetric  form  (55),  as  also  pointed  out 
by  Norris  (1989).  Note  that  (55)  holds  for  both  methods,  and  that  it  can  be  used  to 
recover  v 

2  cr(,L*  +  Lr)~x  =  (L  +  L‘)~l.  (68) 

r-l 


which  is  particularly  useful  in  evaluation  of  the  sums  of  (67)  in  (65),  that  can  be 
shown  to  yield  the  A,  in  (54). 

Next,  consider  evaluation  of  the  transformation  concentration  factors  in  (13).  As 
in  the  self-consistent  method,  we  evaluate  the  average  strain  in  a  solitary  inclusion 
L,,  but  in  an  infinite  matrix  medium  Lt.  A  uniform  strain  £,  is  applied  at  infinity,  and 
uniform  phase  eigenstrains  and  ft,  are  prescribed  in  Vr  and  V,.  In  analogy  with  ( 13). 
we  seek  the  strain  averages  in  matrix  and  inclusion  in  the  form 

«i"  *I«»+*uPi +  *!.*..  e,  -  r.£i +  *„/«, +  (69) 

where  we  have  introduced  the  partial  transformation  strain  concentration  factors 
R,v  which  apply  to  the  case  of  a  single  inclusion  L,  embedded  in  the  matrix  and 
are  to  be  evaluated  from  the  dilute  solution.  Clearly,  in  the  dilute  solution,  the 
contribution  of  ft,  to  the  average  strain  in  the  infinite  matrix  is  negligible,  and 
therefore  Ru  =  0.  Since  Tx  =  /,  it  also  follows  that  Ru  =  0. 

Recall  first  that  e  =  2r  cr  er,  and  find  the  average  matrix  strain  as 


e,=[scrrr]  [*-( s  cr*rlU-S 

Lr-l  \r-l  /  r-* 


(70) 


Then,  use  that  in  (69,)  to  find  e,  as 

e,  =  T,  J  2  cr  Tr]  [«  ~  (  2  cr  RrlJfil  -  2  cr  R„ftr J  +  Rn  ftx  +  R„ft, 


(71) 


Compare  the  two  results  with  (13),  and  recover  the  following  intermediate  forms  of 
the  eigenstrain  concentration  factors 

■V  ,v 

1  crRrv  D,x  =  —  A,  2  crRrX  +  R,x, 

r-1  r-t 

Dx,  —  —c,AxR„,  D„  -  (I—c,A,)R„,  D,r  —  —crA,Rrr, 
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where,  since  Ru  =  0.  the  sums  were  truncated  so  that  s.r  >  1. 

It  is  now  clear  which  auxiliary  terms  must  be  evaluated  from  the  solution  of  the 
dilute  problem.  Recall  that  the  overall  uniform  strain  £,  is  prescribed  at  infinity  and 
transformation  strains  ftt  and  ft,  are  prescribed  in  the  phases.  For  any  inclusion 
shape,  the  solution  of  this  dilute  problem  may  be  found  with  the  help  of  the  uniform 
strain  field  £  in  (312).  First,  this  field  is  created  both  in  the  entire  matrix  volume  and 
in  the  inclusion.  Then,  the  overall  strain  is  reduced  from  £  to  the  prescribed  value  £,. 
and  the  average  strain  in  the  inclusion  is  found  in  terms  of  the  mechanical  partial 
strain  concentration  factor  tensor  T,  as 

=  F,£X  +  (I  rf) <£,-£,)  *(•£» Mi ~ M\)-  («3l 

The  result  is  compared  with  (71a)  and  yields  the  unknown  factors  in  (72)  as 

Ral  =  -(I-T,)(L,-LlrlLl.  R„  =  [I-T,)(L,-Ll)'L,.  (74) 

and  this  also  yields  Rrl  and  Rrr  by  exchange  of  subscripts. 

After  substitution  into  (72),  and  some  heavy  algebra  that  utilizes  (67).  (68)  and 
(54),  one  recovers  the  results  listed  in  (58,)  and  (59,).  An  entirely  analogous 
derivation  in  terms  of  stresses  leads  to  the  estimates  of  the  transformation  stress 
concentration  factors  in  (58s)  and  (59t).  For  two-phase  systems,  one  can  recover  the 
self-consistent  and  Mori-Tanaka  estimates  either  from  (58)  and  (59).  or  by  a  direct 
substitution  of  the  appropriate  mechanical  concentration  factor  tensors  (54)  into  the 
two-phase  expressions  for  Dtj  in  (51). 

7.  Closure 

Although  there  is  no  intent  to  discuss  specific  cases  of  eigenstrain  fields,  it  is 
appropriate  to  mention  the  connection  between  the  present  results  and  those 
obtained  in  studies  of  the  thermoelastic  response  in  composite  materials  subjected  to 
a  uniform  temperature  change  6.  The  corresponding  eigenstrains  assume  the  form 
ftT  -  mTd,  where  mT  is  the  tensor  of  phase  thermal  expansion  coefficients.  It  is  then 
customary  to  focus  on  evaluation  of  thermal  strain  and  stress  influence  functions  aT 
and  br,  which  provide  the  contribution  ar  6  and  br8  to  the  local  strains  and  stresses, 
in  lieu  of  the  last  terms  in  (13).  In  particular,  the  complete  expressions  for  the  total 
thermomechanical  strains  and  stresses  are 

e,  =  A,e+a,0,  0,  =  B,o+b,d. 
and  by  comparison  with  (13)  there  is 

,V  -V 

Of—'L  D„ mT,  h,=  S/;r/r. 

r-l  r-l 

This  indicates  that  available  solutions  a,  or  b,  of  thermoelastic  inclusion  problems 
are  not  directly  useful  in  evaluation  of  D„  or  F„,  as  they  do  not  yield  the  individual 
transformation  factor  tensors  entering  the  sums. 

However,  it  is  desirable  to  verify  that  the  forms  (58)  and  (59)  do  yield  the 
proper  expressions  for  ar  in  a  multiphase  medium  with  aligned  inclusions  of  similar 
shape.  To  this  end,  substitute  these  forms  into  (76),  with  ftr  =  mr6.  and  XT  =  lrd  — 
—  Lrmt6.  After  some  rearrangements  find  the  result 

a,  *  A,  2  cr(L* +  £.,)-/, (77) 

r-l 


(75) 

(76) 
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Note  also  that,  (9)  provides  Levin  s  (1967)  result 

.v  ,v 

m  =  I  crB?mr,  l  =  Z  crAj lr  (78) 

r-l  r-l 

Recall  now  (54).  substitute  into  (782),  and  then  rewrite  (77)  as 

a,  =  (L*  +  Ls)~l(l-ll).  (79) 

Both  (77)  and  (79)  follow  from  the  summation  (76)  of  the  eigenstrain  concentration 
factors.  With  an  appropriate  choice  of  L*.  from  (56)  or  (57),  they  provide  the  self- 
consistent  or  Mori-Tanaka  estimates  of  the  thermal  strain  concentration  factors. 

It  remains  to  be  shown  that  (77)  or  (79)  can  be  derived  directly  from  the  two 
methods,  without  referring  to  (76).  First,  we  recall  the  self-consistent  result  for 
multiphase  systems  with  inclusions  of  similar  shape  and  alignment  (Benveniste  et  al. 
1991,  equation  51). 

a,  =  (80) 

Then,  a  substitution  for  A,  from  (54)  serves  to  recover  (79) ;  hence  there  is  agreement 
between  (76,)  and  (80)  for  the  self-consistent  estimates. 

The  Mori-Tanaka  result  appears  in  Benveniste  et  al.  (1991,  equation  243),  it  can  be 
written  as : 


a,=*-A,Zcrtr  +  t„  (81) 

r-l 

l,  =  (L*  +  !,)-*(/,-/,),  (82) 

where  tr  is  the  partial  thermal  strain  concentration  factor,  and  /,  =  0. 

Substitute  now  (82)  into  (81),  and  use  (65s)  with  (67)  to  find 

a.  =  (L*  +  £,)-*[(  I  cr(L*  + . Lr)-‘)  1  (  2  cr(L*  +  X.r)_1/rj  -  /,] .  (83) 

Next,  recall  Levin’s  relation  (782)  and  use  it  in  conjunction  with  (65s)  and  (67)  to 
obtain 

/  =  (2cr(£*+Lr)-)'l(s 

Finally,  substitute  this  into  (83)  to  find  that  the  direct  Mori-Tanaka  result  coincides 
with  (79). 

This  proves  that  the  transformation  strain  form  (76)  of  a,  conforms  with  the 
independently  derived  self-consistent  and  Mori-Tanaka  results  (80)  and  (81). 
Moreover,  the  formal  similarity  of  the  self-consistent  and  Mori-Tanaka  expressions 
in  (79)  complements  the  noted  property  of  the  expressions  (54)  for  the  mechanical 
concentration  factors,  (58)  and  (59)  for  the  transformation  concentration  factors,  and 
(55)  for  the  overall  stiffness. 

It  is  beyond  the  present  scope  to  discuss  in  detail  the  evaluation  of  the 
transformation  concentration  factor  tensors  in  sub-elements  of  unit  cell  models  of 
composite  materials.  Of  course,  even  in  two-phase  composites,  the  representative 
volumes  within  such  cells  may  consist  of  many  local  volumes  with  different 
eigenstrains.  However,  the  task  is  quite  simple  in  principle.  If  uniform  strain 
elements  are  selected  as  the  local  volumes,  which  is  often  advantageous  in  modelling 
of  inelastic  deformation,  then  each  such  element  s  has  its  own  elastic  transformation 


cr(L* +  £,)“/,). 


(84) 
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concentration  factor  matrix  D,r.  Individual  columns  of  each  such  matrix  are 

generated  by  applying,  in  sequence,  a  single  unit  eigenstrain  p? . >n  each 

element  r  =  1.2 . -V.  while  the  overall  strain  in  the  unit  cell  is  kept  equal  to  zero 

The  local  strain  components  evaluated  by  this  process  in  each  element  s  are  equal  to 
the  required  coefficients  of  D„. 

A  very  simple  example  illustrates  how  this  may  be  accomplished  through  available 
routines  which  evaluate  thermal  strains.  Suppose  that  the  thermal  expansion 
coefficients  in  all  elements,  except  in  one  element  r.  are  set  equal  to  zero.  Unit  local 
eigenstrains  in  that  element  are  generated  by  prescribing  a  uniform  temperature 

change.  Then  the  total  local  strains  in  all  elements  s  =  1.2 . r . .V.  are  found. 

and  finally  those  are  converted  into  the  respective  columns  of  coefficients  in  the  D„ 
matrices  of  those  elements.  Of  course,  much  more  efficient  procedures  for  evaluation 
of  D„  may  be  designed  using  the  stiffness  matrix  of  the  unit  cell. 

This  work  was  supported  by  the  Office  of  Xaval  Research,  and  by  the  OXR/DARPA-HiTASC 
project  and  Rensselaer.  Dr  Yapa  Rajapakse  and  Dr  Steve  Fishman  served  as  program  monitors 
Y  B.  is  a  Visiting  Professor  at  Rensselaer  Polytechnic  Institute. 


Appendix 

1  lastic  reciprocal  theorem  states  that  in  a  linearly  elastic  body  subjected  to 
two  terns  of  body  and  surface  forces,  the  work  of  one  system  on  the  displacements 
caused  by  the  other  system  is  related  by  Sokolnikoff  (1956.  p.  392) 

J  qujcLS  +  J  F(u'tdV  »  j  IJujAS  +  J  F|u(dl’.  (A  l) 


where  ut  are  the  displacements  caused  by  the  system  t(,  Ft.  and  u't  are  the 
displacements  caused  by  the  system 

When  distributions  of  eigenstresses  A(>  and  Aj;  are  respectively  applied  together 
with  the  two  systems,  the  local  stress  field  is  given  by  (2t).  In  the  unprimed  system, 
the  stresses  are  given  by 

er^X)  =  <7w(x)  +  A„(jc). 


(A  2) 


<?«(■*)  *  Lifklekl(x). 


where 

The  field  (A  2)  satisfies 

&i}  j +Fi  +  Atj j  =  0  in  V,  A(j  nt  =  tt  on  *S. 

A  similar  representation  holds  for  the  primed  system. 

Define  new  body  forces  and  surface  tractions 

=  +  t(  =  — A„n,, 

and  rewrite  (A  1)  to  read 

|  f>;<LS+ J  P(u{ dF«  |  *>,£1$+ J  Pl^dV.  (A  5) 

Consider  first  the  left-hand  side  and  substitute  from  (A  3)  to  find  the  expression 


A3) 


(A  4) 


J  (<(-A4,n,)«;dS+ j*  />;dF+J  Atl  ju'(dV. 


(A  6) 
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Note  that  the  last  term  can  be  written  as 


J^(Alj;i<')dr  =  J  (AyM^-dr-J  A1;«;  ,dr. 


whereas  the  divergence  theorem  provides 


j  (Ay  dr  =  J  Ay  «'  n;dX. 


Moreover.  u'  ;  =  ey+o»y.  and  Ay  =  Ayi.  toy  =  —  w'r  hence  (A  7)  becomes 


*  C  P 

A«.j«;dr=  Ay«;«,d5-  AyCydr. 

JV  Js  Jv 


Finally,  the  substitution  of  (A  9)  in  (A  6)  gives 


/jUldS+f  Fj  it; dr- (*  AyCydr. 

Js  Jv  Jv 


which  is  the  final  form  of  the  left-hand  side  of  (A  5).  The  same  procedure  can  be 
applied  to  the  right-hand  side  of  (A  5).  That  finally  leads  to  the  following  form  of  the 
reciprocal  theorem,  which  now  accounts  for  the  effect  of  the  applied  eigenstress 
fields . 


J  tjUjcLS  +  J  Ftu'{dV-j  Ay€ydr  =  J  fJujdS  +  J  F;u(dF-J  AyCydF. 


(A  11) 
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Transformation  field  analysis  of  inelastic 
composite  materials 

By  George  J.  Dvorak 

Civil  Engineering  Department.  Rensselaer  Polytechnic  Institute,  T rou. 
New  York  12180 ,  USA. 


A  new  method  is  proposed  for  evaluation  of  local  fields  and  overall  properties  of 
composite  materials  subjected  to  incremental  thermomechanical  loads  and  to 
transformation  strains  in  the  phases.  The  composite  aggregate  may  consist  of  many 
perfectly  bonded  inelastic  phases  of  arbitrary  geometry  and  elastic  material 
symmetry.  In  principle,  any  inviscid  or  time-dependent  inelastic  constitutive 
relation  that  complies  with  the  additive  decomposition  of  total  strains  can  be 
admitted  in  the  analysis.  The  governing  system  of  equations  is  derived  from  the 
representation  of  local  stress  and  strain  fields  by  novel  transformation  influence 
functions  and  concentration  factor  tensors,  as  discussed  in  the  preceding  paper  by 
G.  J.  Dvorak  and  Y.  Benveniste.  The  concentration  factors  depend  on  local  and 
overall  thermoelastic  moduli,  and  can  be  evaluated  with  a  selected  micromechanical 
model.  Applications  to  elastic-plastic,  viscoelastic,  and  viscoplastic  systems  are 
discussed.  The  new  approach  is  contrasted  with  some  presently  accepted  procedures 
based  on  the  self-consistent  and  Mori-Tanaka  approximations,  which  are  shown  to 
violate  exact  relations  between  local  and  overall  inelastic  strains. 


I.  Introduction 

The  purpose  of  this  paper  is  to  introduce  a  method  for  incremental  micromechanical 
analysis  of  local  fields  and  overall  properties  of  inelastic  heterogeneous  media 
subjected  to  uniform  thermomechanical  loading  along  a  prescribed  path.  The 
proposed  approach  relies  on  an  explicit  evaluation  of  piecewise  uniform  approxi¬ 
mations  of  the  residual  fields  that  are  introduced  in  multiphase  solids  by  a 
distribution  of  piecewise  uniform  eigenstrains  or  eigenstresses,  jointly  referred  to  as 
transformation  fields.  As  described  in  the  preceding  paper  (I)  by  Dvorak  & 
Benveniste  (1992),  such  evaluations  are  made  with  the  help  of  novel  transformation 
influence  functions,  or  concentration  factor  tensors.  (References  to,  say,  equation 
(23)  in  the  companion  paper  (I)  will  be  denoted  here  by  (I  23),  etc.)  The  treatment 
is  suitable  for  composite  aggregates  made  of  any  number  of  different,  perfectly 
bonded  inelastic  phases  which  are  represented  by  constitutive  equations  that  admit 
the  additive  decomposition  of  total  strains  into  elastic  and  inelastic  components. 
However,  any  phase  geometry  and  elastic  material  symmetry  can  be  prescribed,  and 
specific  micromechanical  models,  such  as  the  self-consistent,  Mori-Tanaka,  or  unit 
cell  approximations,  are  needed  only  in  evaluations  of  the  transformation 
concentration  factor  tensors.  In  any  event,  since  the  latter  depend  on  local  and 
overall  thermoeiastic  moduli,  only  elastic  solutions  are  required. 

The  elements  of  the  present  approach  have  been  outlined  by  Dvorak  (1991)  for 
elastic  plastic  two-phase  composite  materials  at  small  strains.  The  present  work  goes 
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much  farther  in  that  it  treats  multiphase  media  and  allows  for  many  different  types 
of  inelastic  behaviour.  The  opening  §2  reviews  the  connections  between  the  local  and 
overall  inelastic  and  total  strains.  The  essence  of  the  method  is  described  in  $3. 
through  the  formulation  of  governing  systems  of  equations  for  evaluation  of  the  total 
local  strains  or  stresses,  where  the  coefficients  are  formed,  in  part,  by  the 
transformation  factor  tensors.  Section  4  is  concerned  with  thermomechanical 
deformation  of  elastic-plastic  composite  systems.  Explicit  forms  of  the  instantaneous 
mechanical  and  thermal  concentration  factors  are  found  there  for  two  and  three- 
phase  solids.  Applications  to  viscoelastic  and  viscoplastic  systems  are  described  in 
!?§o  and  fi.  Finally.  §7  contrasts  the  new  approach  with  some  accepted  procedures 
based  on  the  self-consistent  or  Mori-Tanaka  approximations,  which  are  shown  to 
violate  a  general  connection  between  the  local  and  overall  inelastic  strains. 

2.  Decompositions  of  local  and  overall  fields 

We  are  concerned  with  a  representative  volume  I'  of  a  composite  material  that 
consists  of  many  perfectly  bonded  phases  which  may  have  any  physically  admissible 
elastic  symmetry  and  microstructural  geometry.  The  volume  F  may  be  subdivided 

into  several  local  volumes  Vr.  r  =  1.2 . -V.  I  l'r  =  F.  such  that  each  contains  only 

one  phase  material,  although  any  given  phase  may  reside  in  more  than  one  volume 
Fr.  The  boundary  conditions  imposed  on  F  are  limited  to  displacements  compatible 
with  a  uniform  overall  strain  e.  or  tractions  derived  from  a  uniform  overall  stress  <x. 
and  a  uniform  temperature  change  6\  all  are  expressed  in  a  cartesian  coordinate 
system  x  defined  in  F.  The  strains  are  assumed  to  be  small,  but  both  elastic  and 
inelastic  behaviour  of  the  phases  is  admitted,  providing  that  at  each'  instant  of 
loading  it  conforms  with  the  additive  decomposition 

<xr(x)  =  (x?(x)  +  <e<x).  +  (1) 

where  the  inelastic  strain  e‘rn(Jf)  accumulates  incrementally  under  applied  stress, 
according  to  a  certain  phase  constitutive  relation  which  may  or  may  not  depend  on 
time  and  temperature ;  specific  examples  of  such  relations  will  be  discussed  later.  The 
<x"(x)  represents  a  relaxation  stress,  that  develops  in  a  similar  way  under  applied 
phase  strain. 

The  aer(x)  and  e‘(x)  are  elastic  fields  related  by  the  usual  constitutive  relations,  so 
that  (1)  can  be  recast  as 

«rr(x)  =  Lrcr(x)  +  /r0  +  <e(x).  er(x)  =  Afr<Tr(x)  +  mr0  +  £,rn(x).  (2) 

in  terms  of  the  phase  elastic  stiffness  Lr,  or  compliance  Mr  =  L~l.  and  the  thermal 
stress  and  strain  tensors  lr  and  mr  =  —  Mr  lr.  Since  6  and  one  of  the  inelastic  fields  are 
independent,  it  follows  that 

mr  =  -Mrlr.  lT  =  —Lr  mr,  4n(x)  =  -  Afr<r"(x).  <rje(x)  = -JLr4n(x).  (3) 

In  the  special  case  of  a  purely  elastic  response  of  the  composite  aggregate,  the  local 
fields  and  overall  loads  are  related  by  the  mechanical  and  thermal  elastic  influence 
functions 


«,(*)  =  Ar(x)e  +  ar(x)8  if  <r"(x)  =  0.1  .. 

ffr(x|  =  Br(x)ff+Mx)9  if  ein(x)  =  0.J  '  .  1  ’ 

The  total  overall  stress  under  an  applied  overall  strain  e  =  e0,  or  the  total  overall 
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strain  of  the  representative  volume  1'  under  an  overall  stress  <x  =  a0.  and  the 
temperature  change  dQ.  are  evaluated  by  integration  of  (2)  over  As  in  (1).  one  can 
recover  the  additive  decompositions 

<T  =  <Te  +  <Tre  E  =  £e+£in.  (5) 

where  the  individual  terms  are  defined  as 


<re  =  j-.j"  [Lr At(x)£q  +  (Lrar{x)  +  lr) Oa]dV . 

<rre  =  [  [Lr(er(x)-Ar{x)£0-ar( x)d0)  +  (Trfi{x))dV. 

e*  =  y.J  [MrBr(x)o0  +  (Mrbrlx)  +  mr)d0]d\'. 
e1"  =  |.J  [Mr(or{x) - Br(x) oa  - br{x) dQ) + t?{x)}dV . 


(6) 


(7) 


The  <r*  and  £e  represents  the  purely  elastic,  fully  recoverable  overall  response  to  the 
applied  loads  e0  or  <r0.  and  00.  that  follows  from  (2)  to  (4) :  the  associated  local  elastic 
fields  in  1'  are  given  by  (4).  The  a1*  and  £*n  are  the  overall  stress  and  strain  caused 
by  the  local  inelastic  fields  which  are.  in  general,  independent  of  the  current 
thermomechanical  loads.  However,  to  be  admissible  in  the  present  analysis,  the  local 
inelastic  strains  and  the  corresponding  residual  fields  must  be  associated  with 
inelastic  strains  that  are  maeroscopically  uniform.  Note  that  they  are  obtained  by- 
superposition  of  the  volume  averages  of  the  local  inelastic  fields  <x^e(jr,  or  4n(*) 
themselves,  with  the  residual  elastic  fields  induced  in  the  aggregate  by  those  local 
fields,  i.e.  by  <r"(jc)  at  c  =  0  and  6  =  0.  or  by  ^"(jr)  at  a  —  0  and  0  =  0.  The 
implication  is  that  the  inelastic  fields,  introduced  by  some  thermomechanical  loading 
history  leading  to  the  current  values  of  e.  a  and  6.  cannot  be  recovered  by  an 
instantaneous  elastic  unloading. 

The  decomposition  (5)  of  the  overall  response  is  consistent  with  the  decomposition 
( 1 )  of  the  total  local  strain  or  stress  fields,  in  the  sense  that 


a  =  ffe  +  «rre  =  -p J  [<r*(x)  +  <r"(jt)]dl\ 

(8) 

£  =  £e+£in  ~  p  j  [£*(*)  +  4n(*)]<il’- 

(9) 

However,  the  individual  terms  do  not  correspond  to  each  other.  On  the  local  scale, 
the  elastic  fields  in  (1)  results  from  the  superposition  of  the  elastic  local  fields  (4)  with 
the  local  residual  elastic  fields.  On  the  overall  scale,  the  elastic  terms  are  volume 
integrals  of  the  elastic  fields  (4),  whereas  the  inelastic  terms  are  volume  integrals  of 
the  residual  elastic  fields  superimposed  with  the  inelastic  local  fields. 

Evaluation  of  the  inelastic  terms  in  the  above  relations  is  facilitated  by  the  results 
obtained  in  (I).  In  particular,  if  the  local  fields  in  (2)  are  compared  with  those  in  (I  2). 
and  the  overall  fields  in  (8)  with  those  in  (I  1).  the  above  thermal  and  inelastic  fields 
are  identified  as  certain  local  and  overall  transformation  fields, 

kT(x)  =  lr0  +  /tr(x)  =  mr0+ejn(jr),  (10) 

X  =  l6  +  ( rre.  ft  =  md  +  ein.  (11) 
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Since  the  thermal  fields  are  uniform,  one  finds  from  (I  7)  to  (I  9)  that 

/  =  £  crAjlr.  ore  =  ~  f  A?lx)o?(x)dr.  (12) 

r-l  *  J V 

m  =  y  crB? mr  B*(x)t?ix)dV.  (13) 

r-l  *  JC 

where  cr  =  VT/V. 

In  the  spirit  of  the  approach  outlined  in  §3  of  (I).  the  actual  local  fields  will  be 
approximated  below  by  piecewise  uniform  distributions.  Under  such  circumstances 
all  local  fields  and  the  influence  functions  in  (2)-(7)  are  replaced  by  their  averages 
over  Vr.  and  one  also  recovers 


ffre  =  S  2  (14) 

r-l  r-l 

It  is  then  possible  to  evaluate  the  total  stress  and  strain  in  (8)  and  (9)  as 

.V  .V 

o  =  Le  +  16+  2  crA?<rle  =  2  cTor,  (15) 

r-l  r-l 

,V  N 

e  =  Mo  +  md+  2  =  2  crcf, 

r-l  r-l 

with  the  usual  definitions  of  the  overall  elastic  stiffness  L  and  compliance  M 
and  the  overall  elastic  thermal  stress  and  strain  tensors  l,  m, 

■V  .V 

M  -  2  cr M, Br,  m  =  2  (Afr6r  +  mr),  (17) 

r-l  r-l 

.V  N 

I  =  2  crLrAr,  l  =  2  (LraT  +  lT),  (18) 

r-l  r-l 

that  follows  from  (2)-(4),  (6,)  and  (7l). 

The  expressions  for  overall  averages  are  seen  to  be  analogous  to  those  for  the  local 
fields  in  (2),  and  one  can  also  establish  connections  that  are  analogous  to  those  in  (3) 

m  =  —  Ml.  l  =  —Lm ,  c10  =  —  Af<rr*.  it"  =  —  L?n.  (19) 

Note  that  in  addition  to  the  usual  connections  (15,)  and  (16,)  between  the  local  and 
overall  total  strains,  there  exist  additional  independent  connections  (14)  between  the 
local  and  overall  inelastic  fields.  Sections  3-6  below  outline  the  procedure  that 
guarantees  their  satisfaction  in  various  inelastic  heterogeneous  solids,  while  §7  points 
out  that  many  micromechanical  models  currently  in  use  violate  (14). 

Note  also  that  in  a  homogeneous  material  (Lr  =  £,/,  =  /,  etc.),  there  is,  according 
to  (4),  Ar(x)  =  Br(x)  *  /,  and  ar(x)  =  bT( x)  =  0.  Since  the  volume  average  of  eT(x )  in 
V  is  equal  to  c0,  and  that  of  oT(x)  to  <x0,  the  volume  integrals  of  the  residual  fields 
vanish  and  the  overall  inelastic  terms  are  equal  to  the  volume  averages  of  the  local 
inelastic  fields. 


(16) 
=  Ll, 


3.  Evaluation  of  the  transformation  fields 

We  now  recall  the  representation  of  the  local  fields  by  the  transformation 
concentration  factor  tensors  defined  in  (I  13)  and  (I  14).  For  any  representative 
volume  under  uniform  overall  strain  e  =  e0  or  stress  a  =  ff#,  and  a  temperature 
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change  6  =  0O,  which  contains  a  piecewise  uniform  distribution  of  the  thermal  and 
inelastic  fields  associated  with  uniform  overall  loading  and  deformation,  the  averages 
of  the  local  fields  are  written  as 

.v 

e,  =  A,c0  +  2  Z>„(mr0o+4n),  r.s  =  1,2 . X,  (20) 

r- 1 

.V 

as  =  Bs a0  +  2  F„(lr +  <4e)-  r.s  =  1.2 . A*.  (21 ) 

r-l 

The  A,  and  B,  are  the  mechanical  concentration  factor  tensors,  and  D,r,  F,r  are 
certain  eigenstrain  and  eigenstress  concentration  factor  tensors.  They  all  depend  on 
the  local  and  overall  elastic  moduli,  and  on  the  shape  and  volume  fraction  of  the 
phases,  and  are  therefore  constant.  The  self-induced  factors  D„  and  Fn  contribute 
both  the  residual  field  caused  in  Vs  by  the  transformation  fields,  and  the  fields 
themselves,  these  two  contributions  may  be  separated.  Self-consistent  and 
Mori-Tanaka  estimates  of  these  tensors  were  discussed  in  §6  in  (I),  the  key  results  are 
reproduced  in  (63)  and  (64)  below.  Recall  also  that  (I  76)  provides  the  connections 

.V  N 

a,  =  2  D,rmr ,  b,  =  2  F„lr ,  (22) 

r-l  r-l 

hence  the  thermal  terms  in  (20)  and  (21)  may  be  eliminated  from  the  sums. 

Many  inelastic  constitutive  laws  relate  either  the  local  relaxation  stress  <4*  to  the 
past  history  of  the  local  strain  er,  or  the  strain  4“  to  the  history  of  the  local  stress  <rr. 
When  these  stresses  and  strains  are  uniform  in  Vr,  this  can  be  formally  written  as 

<4*  =  g(er),  4"  =  J\or).  (23) 

In  some  cases  (e.g.  in  plasticity  of  metals)  such  relations  exist  between  the  respective 
increments.  In  any  event,  to  accommodate  (23),  the  equations  (20)  and  (21)  are 
modified  by  the  identities  4”  —  —  Mrotr*  and  <rje  *  —  £.r4“.  derived  from  (3),  and  by 
the  relations  (22).  This  provides  the  following  two  systems  of  governing  equations  for 
evaluation  of  the  local  strains  and  stresses 


.v 

c,  +  D„M,g(e,)  +  2  D,rMrg(er)  =  A,c+a,d,  r,s  =  1,2 . X,  (24) 

r-l 

r#f 

N 

a,  +  F„  L,f(e,)  4-  2  F,r  Lrf(ar )  =B,o  +  b,e,  r,  s  =  1 , 2 . N.  (25) 

r-l 

r+t 

At  any  point  of  the  prescribed  overall  thermomechanical  loading  path,  these 
equations  must  be  satisfied  by  the  piecewise  uniform  approximations  of  the  total 
local  fields  in  the  representative  volume  of  an  inelastic  heterogeneous  medium.  As 
long  as  all  the  concentration  factor  tensors  are  constant,  similar  equations  also  hold 
for  local  and  overall  strain  and  stress  increments,  and  for  their  time  rates  of  change. 

If  at  least  one  of  the  above  systems  can  be  solved  along  the  prescribed 

thermomechanical  loading  path,  it  yields  piecewise  uniform  approximations  to  the 
total  local  fields  in  (2). 

In  this  manner,  the  inelast;  deformation  problem  for  a  multiphase  composite 
material  is  reduced  to  evaluation  of  the  mechanical,  thermal  and  transformation 
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factor  tensors,  which  depend  only  on  the  local  and  overall  thermoelastic  moduli,  and 
to  integration  of  one  of  the  systems  of  the  governing  equations  (24)  or  (25)  along  the 
prescribed  loading  path. 

The  concentration  factors  may  be  evaluated  from  a  micromechanical  model  for 
elastic  heterogeneous  solids,  as  discussed  in  §§ 6  and  7  of  (I).  To  be  admissible.  thes*> 
factors  must  satisfy  the  general  connections  (I  47)  to  (I  50).  This  guarantees  that  the 
respective  local  and  overall  inelastic  fields  conform  with  the  relations  ( 12)  to  ( 14).  and 
that  the  total  local  and  overall  stresses  and  strains  satisfy  (15)  and  (16).  Therefore, 
one  can  substitute  from  (152)  or  (162)  into  (25)  or  (24).  respectively,  to  reduce  the 
number  of  unknowns  in  either  system  from  A’ to  A'—  1.  Under  certain  circumstances, 
one  can  also  use  (15,)  or  (16,)  to  accomplish  additional  reductions:  this  is  illustrated 
in  §7  below. 

In  unit-cell  models,  the  concentration  factor  tensors  are  usually  found  from  elastic 
finite  element  solutions,  and  integration  of  (24)  or  (25)  then  reproduces  the  results 
that  would  be  obtained  from  a  finite  element  solution  of  the  particular  inelastic  unit¬ 
cell  domain  during  the  prescribed  loading  history.  Under  certain  circumstances,  the 
present  approach  is  more  efficient  than  the  finite  element  method,  and  in  any  case, 
it  offers  a  particularly  simple  way  for  introduction  of  the  constitutive  relations  of  the 
phases. 

The  method  of  solution  of  (24)  or  (25)  depends  on  the  specific  form  of  the  inelastic 
constitutive  equations  (23),  and  is  best  illustrated  by  the  examples  that  follow. 

4.  Elastic-plastic  composite  systems 

As  one  of  the  possible  applications  of  (24)  and  (25).  we  consider  a  composite 
aggregate  with  elastic-plastic  phases  (Dvorak  1991).  Xo  attempt  will  be  made  to 
spell  out  the  details  of  the  various  constitutive  theories.  Instead,  we  adopt  the 
general  incremental  form  for  material  points  which,  subject  to  certain  loading  and 
unloading  criteria,  undergo  plastic  straining  from  some  current  state 

dar(x)  =  <er[Er(x)- fiT(x).  Hr(x)}dzr(x)  +  (T[Hr(x)]Ad  (26) 

der(jc)  =  Mr  [aT(x)  —  xr(x).  Hr(x)] dar[x)  +  mr  [Hr(x)]d8.  (27) 

The  &T  and  are  the  instantaneous  mechanical  stiffness  and  compliance,  and  fr.  mr 
are  the  instantaneous  thermal  stress  and  strain  vectors  which  usually  reflect  the 
variation  of  yield  stress  with  temperature.  The  above  j?r.  „Mr  depend  on  the 
magnitude  of  the  invariants  of  the  local  strain  er(x)—flr( x).  or  stress  <rr(x)  —  xr(x). 
where  fl,[x)  and  xr(x)  denote  certain  back-strain  or  stress  terms,  associated  with  the 
centres  of  the  current  relaxation  and  yield  surface  of  the  material  at  point  x  in  Vr  , 
Hr(x)  is  a  functional  of  past  deformation  history. 

Volume  averages  of  (26)  and  (27)  can  be  evaluated  only  if  the  actual  fields  are 
known.  In  piecewise  uniform  approximations  of  those  fields,  one  mav  replace  (26) 
and  (27)  with 

d<rr  =  J/’r{er—fir,Hr)deT+Sr(Hr)dd,  der  =  ~#r(or—xr.Hr)dar  +  mr(Hr)dd.  (28) 

in  each  local  volume  Vr.  Of  course,  if  the  subdivision  of  the  representative  volume  V 
into  local  volumes  Vr  is  such  that  the  actual  fields  in  Vr  deviate  substantially  from 
their  respective  averages,  this  replacement  may  lead  to  large  errors. 

From  (26)  and  (2),  the  local  relaxation  stress  and  plastic  strain  are. 

d<r"  =  (&r  -  Lr)  dcr  +  ((r  -  lr)  dd.  de*/1  =  {~Hr  -  Mr )  dor  +  (m,  -  mr)  d0,  (29) 
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or.  in  a  condensed  version,  with  instantaneous  plastic  stiffness  and  compliance 
tensors  d<e  =  &»der  +  /*d0.  d4n  =  .KT?dffr  +  mprdd.  (30) 

When  this  is  substituted  into  the  incremental  form  of  (24)  and  (25).  the  governing 
equations  for  evaluation  of  the  local  strain  and  stress  increments  become 

d£,  +  V  Dsr Mr  <£» der  =  Atde  +  (as-  £  D„ M, dd.  (31 ) 

£  FSTLTM*doT  =  fijdff  +  ^6,-  £  FsrLrm^jd6.  (32) 

In  multiphase  systems,  these  equations  are  best  solved  numerically,  but  closed- 
form  solutions  can  be  easily  obtained,  for  example,  for  systems  consisting  of  two  or 
three  phases.  In  any  case,  it  is  desirable  to  write  the  result  in  the  form  that  is 
analogous  to  (4). 

der  =  s/rde  +  ard0,  dor  =  38rdo+trd0.  (33) 

where  ,s4r.  aT  and  JST.  are  the  instantaneous  mechanical  and  thermal  strain  and 
stress  concentration  factor  tensors  for  the  local  volumes  Vr. 

Once  the  instantaneous  concentration  factor  tensors  are  known,  the  instantaneous 
overall  stiffness  and  compliance  of  the  inelastic  composite  medium  can  be  defined  as 
tensors  relating  the  overall  stress  and  strain  at  any  instant  of  loading.  The  derivation 
and  the  resulting  expressions  are  entirely  analogous  to  the  elastic  case  cf.  (15)  to  (18), 

d«r  =  Hfde+tdG,  ds  =  Ji  d<r  +  m  dd,  (34) 

.v  .v 

&  =  £  crSFrs/r,  t  =  £  cr(SfT*r  +  tT).  (35) 


Jt  =  £  cTJtr£r,  m  =  £  fr(^r^  +  «r).  (36) 

r-1  r-1 

As  one  illustration,  we  present  the  closed-form  solution  for  a  two-phase  system, 
where  the  phases  are  denoted  as  r  —  a,  /?,  and  s  —  a,  fi.  Then.  (31 )  or  (32)  each  provide 
two  equations,  which  may  be  supplemented  bv  ( ld2)  and  (162),  solved  in  the  form 
(33).  and  thus  give  the  concentration  factor  tensors 


1  {38, 

=  [/+  Lx  M\  -  (cjce)  F„LfJ^r'  [bx  -  F„  Lx  «£  -  j 

The  i  oncentration  factors  for  phase  fi  are  obtained  by  exchange  of  the  a  and  fi 
subscripts. 

One  may  recall  here  that  the  transformation  concentration  factor  tensors  of  two- 
phase  materials  are  related  by  exact  connections  to  the  elastic  mechanical 
concentration  factors  (Dvorak  1990,  equations  ( 123)— ( 126)) 

Dr„  =  (I— Ar)(Lx  — Lp)  1  Lx,  Drp  =  ~{I—Ar){Lx  —  Lp)  1  Lfi,  j 
Fra  =  (i-Br)[Mx-Mp)-'Mx,  Frp  =  -(I-Br)(Mx-Mp)-'Mp.\ 

These  may  be  substituted  into  (37)  and  (38)  to  derive  expressions  for  the 
instantaneous  concentration  factor  tensors  which  depend  only  on  the  elastic 
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mechanical  concentration  factor  tensors,  phase  volume  fractions,  and  on  the 
instantaneous  phase  properties.  If  desired,  the  dependence  of  the  instantaneous 
concentration  factor  tensors  on  local  geometry  can  be  eliminated  altogether  by 
appealing  to  (A  17)  in  the  Appendix,  which  relates  the  elas<-‘"  concentration  factor 
tensors  to  the  overall  elastic  moduli  L  or  compliances  M. 

Another  illustration  pertains  to  a  three-phase  system,  r  =  1.2.3.  where  one  may 
write  (31)  or  (32).  together  with  (lo2)  or  (162).  to  express  one  of  the  unknown  strains, 
say  d£3.  as  de3  =  (de— Cjde,— e2de2)/c3.  (40) 

This  reduces  the  system  (31)  to  two  equations  that  can  be  readily  solved.  With 
reference  to  (33,).  one  finds  the  following  instantaneous  strain  concentration  factors. 

(41) 

=  [Z?ZX-  Y?  ¥,}-'&%-  r;'yt).  J 

^  =  [zriz2-  Tr1  t2]-[z-z3-  y3\,  i 

<z2  =  [z2‘z1-K2‘r,nzriz4-Kriy«].  J 

sJ 3  —  (l/c3)[/  c, s& ,  c2 2],  a3  =  (l/c3)[/  c,  c2<z2],  (*13) 

where  the  auxiliary  tensors  were  defined  as 

Z,  =  /+  Dn  Mx  if?  -  (c,/c3)  d13  m3  #1 
Z2  =  Du  Afj  <£\  -  (ct/c3)  D„  M3  iff, 

Z3  =  A}  —  ( l/cj)  D13  M3  iff, 

Z4  =  a,  -  Z)n  Af ,  -  Dlt  M2  ^  -  Z)13  M3 

Yx  =  D21  Af,  if?  -  (c,/c3)  Z>23  Af3  i??, 
r2  =  /+ dm  m2  <e\  -  (Cjc3)  z>23  Afs  if?, 

1^3  =  ~  ( I/C3)  ^23 -^3  *^3’ 

y4  =  a2  —  D2[  M,  /?  —  Du  M2  (\  —  D33  M3 1\.  , 


5.  Linearly  viscoelastic  composite  systems 

The  typical  approach  to  problems  of  this  kind  uses  the  correspondence  principle  of 
linear  viscoelasticity,  to  relate  the  effective  viscoelastic  properties  to  the  effective 
elastic  properties.  In  general,  an  exact  analytical  solution  of  an  elasticity  problem  for 
a  given  geometry  of  a  heterogeneous  medium  can  be  converted  into  a  transform 
parameter  multiplied  Laplace  or  Fourier  transform  of  an  analogous  viscoelasticity 
problem.  The  latter  problem  is  thus  reduced  to  an  inversion  of  the  respective 
transformed  solution  (Christensen  1971). 

The  present  approach  offers  an  alternative  which  may  be  useful  when  the  analytic 
elasticity  solution  or  the  inversion  prove  difficult  to  find.  As  before,  we  consider  a 
representative  volume  of  the  composite  aggregate,  but  allow  viscoelastic  deformation 
to  take  place  in  one  or  more  phases.  The  total  strain  in  each  local  volume  is  assumed 
to  conform  with  the  additive  decomposition  (1),  where  the  elastic  fields  correspond 
to  an  instantaneous  elastic  response  and  thus  depend  only  on  the  current  local  strain 
or  stress  according  to  (2),  while  the  inelastic  fields  are  certain  functions  of  time  and 
of  the  local  strain  or  stress  history.  The  overall  stress  or  strain  and  temperature 
change  applied  to  the  representative  volume  are  assumed  to  be  uniform.  The 
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derivation  is  limited  to  thermorheologically  simple  materials,  where  the  effect  of  a 
uniform  temperature  change  on  the  relaxation  function  is  reflected  by  replacing  the 
time  variable  in  this  function  by  a  new  variable  that  depends  both  on  time  and  on 
a  temperature-dependent  shift  function.  Therefore,  it  is  sufficient  to  consider 
isothermal  viscoelastic  behaviour  in  the  derivations  that  follow,  and  allow  for  the 
influence  of  temperature  changes  on  these  relations  only  in  actual  evaluations. 

In  linear  viscoelastic  solids,  the  total  strain  caused  by  a  history  of  applied  stress 
that  starts  from  zero  stress  at  t  =  0.  is  usually  described  by  (Christensen  1971) 

MO  -  f  JrV — r)  d^7-)  d t.  (45) 

where  the  function  Jr(t  —  r)  is  the  creep  compliance,  assumed  to  possess  the 
symmetries  J\m  =  JTjikl  =  JTklij.  If  the  strains  due  to  the  instantaneous  elastic 
response  can  be  separated  from  the  total  strain  (45).  as  in  (22),  the  corresponding 
elastic  moduli  serve  in  evaluation  of  the  various  concentration  factor  tensors  in  (24) 
and  (25),  while  the  inelastic  part  of  (45)  is  substituted  into  (23)  and  then  into  (24). 

In  a  similar  manner,  if  the  local  volume  VT  is  subjected  to  a  certain  time  history 
of  prescribed  deformation  starting  from  er  =  0  at  t  =  0.  one  can  write  the  resulting 
total  stress  as 

*,(<)-  JV«-T)^dT,  (46) 

where  Gr(t  —  r)  is  the  local  relaxation  function  which  has  the  same  symmetries  as  the 
creep  compliance,  and  then  call  upon  (2,)  to  separate  the  instantaneous  elastic 
response.  Again,  the  resulting  elastic  moduli  are  used  to  evaluate  the  concentration 
factor  tensors  that  appear  in  (25),  and  the  relaxation  stress  component  of  (46)  is 
substituted  into  (23)  and  (25).  In  either  case,  one  obtains  a  system  of  integral 
equations  for  evaluation  of  the  total  local  strains  or  stresses. 

The  preferred  form  of  the  solution  of  (24)  or  (25)  for  the  local  stresses  and  strains 
at  a  given  time  t  of  the  overall  loading  history  is 

MO  =  31,(0  m  +  MO  0(0,  <M0  =  95,(0  <r(0  +  M0  0(0,  (47) 

where  21,(0-  <M0.  and  95,(<),  b,(<)  are  certain  mechanical  and  thermal  influence 
functions  corresponding  to  the  prescribed  history  of  a  uniform  overall  strain  or 
stress.  As  in  (15)  and  (16),  these  results  may  be  used  to  evaluate  the  total  overall 
stress  or  strain  at  time  t. 

In  addition  to  the  total  local  and  overall  strains  and  stresses,  it  may  be  necessary 
to  find  the  corresponding  rates  at  time  t.  As  long  as  the  instantaneous  elastic  moduli 
used  in  evaluation  of  the  concentration  factor  tensors  that  enter  (24)  and  (25)  remain 
constant,  one  can  rewrite  these  equations  for  the  local  and  overall  rates.  The 
corresponding  constitutive  relations  for  the  rates  are  the  time  derivatives  of  (45)  and 
(46).  For  example,  if  one  considers  a  local  deformation  history  starting  from  <r,  =  0 
at  t  -  0,  (45)  can  be  differentiated  with  respect  to  time,  and  the  result  integrated  by 
parts  to  yield 

eT(t)  =  Mr  ofit) + /,(0)<M0  +  £/.(«— T)<r,(r)  dr.  (48) 

The  elastic  part  of  the  total  strain  rate,  ef(t)  =  Mror(t),  replaces  here  the  original 
term  7,(0)  d,(<),  that  reflects  the  instantaneous  elastic  response. 
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Similarly,  for  a  local  deformation  history  that  starts  from  e  =  0  at  /  =  0.  (46)  can 
be  differentiated  and  then  integrated  by  parts  to  establish  that  the  total  local  stress 
rate  is 


Lrir(t)  +  Gr(0)er[t)  + 


(f-T)£r(T)dr. 


(49) 


where  the  elastic  part  of  the  total  stress  rate.  d*(t)  =  Lrer(t)  =  Gr(0)£r((). 

If  the  solution  of  the  equations  (24)  or  (25)  for  the  respective  rates  is  found  in  the 
form 

6r{t) -- sJr(t)e(i,  +  ar(t)d(t).  aT(t)  =  Jr(t)6(t)  +  fir[t)d(t).  (50) 

one  can  then  define  the  instantaneous  overall  stiffness  and  compliance,  and  the 
thermal  strain  and  stress  tensors  of  the  composite  medium  as 

<rr(()  =  +  ({t)  6{t).  £(()  =  -tf(t)<T(t)  +  /»(/)  0(f).  (51) 


and  evaluate  them  as  suggested  by  (35)  and  (36).  The  ss/T{t)  and  Jir(t)  in  (50)  are  the 
instantaneous  mechanical  concentration  factor  tensors,  and  the  ar(l)  and  £r(t)  are  the 
instantaneous  thermal  concentration  factor  tensors.  The  latter  may  reflect  both 
the  elastic  response  and  any  contribution  that  a  temperature  change  may  make  to  the 
inelastic  terms  in  (45)  to  (49).  under  the  stated  assumption  of  thermorheologicallv 
simple  phase  materials. 

Once  again,  the  problem  can  be  simplified  if  the  composite  aggregate  under 
consideration  consists  of  only  two  phases  and  local  volumes  r  —  x.fi.  Then, 
one  can  employ  ( lo2)  and  (162)  to  write  the  connections  cxax{t)  +  c/jo)t(t)  =  a(t). 
cxsJ0+c^e//(t)  =  £(().  and  recover  separate  equations  for  each  of  the  unknowns. 

For  example,  consider  a  two-phase  composite  system  subjected  to  a  prescribed 
history  of  overall  strain  e(t)  and  uniform  temperature  change  6(t).  Let  the  phase 
constitutive  relations  be  known  in  the  form  (45).  or  (46).  To  evaluate  the  estimates 
of  local  strain  rates  at  time  (.  in  terms  of  a  piecewise  uniform  distribution  in  the  two 
phases,  appeal  to  the  rate  form  of  (24)  and  write  the  governing  equations  for  this  case 
as 

cx(t)  +  DlxMx&?(t)  +  D^M^t)  =  ^£(t)  +  aa0(().  j 

i^  +  D^Af^'in  +  DvMpdyit)  =  A0Ht)+*,W). } 

Next,  let  the  relaxation  stresses  be  expressed  by  the  last  two  terms  in  (49).  To 
separate  the  variables,  substitute  in  turn  for  one  of  the  local  strain  rates  from  the 
above  connections,  to  recover  two  uncoupled  equations  for  the  two  rates.  Only  one 
of  them  needs  to  be  considered;  for  example  the  equation  for  evaluation  of  the  rate 
i/t)  is 


=  <0L‘  D^)  (0)  Eg{ t )  + 

Ap]  £(t)  -  (D-J  a3 -  a$)  6(1),  (53) 

where  the  concentration  factors  Ax,  ax,  Dxg,  etc.,  are  evaluated  from  the 
instantaneous  elastic  moduli.  Once  this  has  been  solved,  one  can  find  the  other  rate 
as  £x(t)  =  (£(()— c^e^(t))/cx.  and  add  the  resulting  increments  in  total  strains  to  the 
current  values. 

A  similar  procedure  can  be  followed  in  evaluation  of  the  total  local  strains.  In 


f. 


Gf(t-T)efi(T)dr 
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particular,  for  the  above  two-phase  system  subjected  to  the  prescribed  history  of 
overall  strain  e(t)  and  uniform  temperature  change  6(t).  (24)  provides  two  equations 
for  the  local  strain  fields  which  can  be  solved  for  one  of  the  unknowns,  say  e/t).  to 
yield 

l (O/'i » D~  +  D:>' +  < G,m e(t) 

=  ( DJ  Dx,  -  D^)  Mj  G/t  —  T)£jT)dT 

~  Afi e(t)  -  {D-J  a 2  - afi  0(t).  (54) 

6.  Viscoplastic  systems 

As  pointed  out  in  a  recent  review  by  Chaboche  (1989).  most  constitutive  theories 
for  viscoplastic  deformation  of  metals  conform  with  the  additive  decomposition  (1). 
and  are  of  the  unified  type.  i.e.  no  distinction  is  made  between  the  inviseid  and 
viscous  part  of  the  inelastic  strain.  The  general  framework  of  the  unified  theories 
often  involves  an  assumed  or  implied  viscoplastic  potential  S2.  The  inelastic  strain 
rate  is  then  expressed,  with  reference  to  a  particular  homogeneous  phase  r.  as 

4"  =  tSIr/lar  =  \{<r'r/K*y(a'T-X,r)/J(or-XT),  (55) 

with  the  overstress  or  viscous  stress  <t)  and  the  function  J(ar  —  XT)  defined  by 

<4  =  J{or  —  Xr)  —R*—k*,  J[aT  —  XT)  =  (3«-ATr)  «-ATr)/2]*.  (56) 

where  Xr  is  the  back  stress ;  a'r ,  XT  denote  the  deviators  of  aT  and  Xr.  The  scalar  k* 
denotes  the  initial  yield  stress  magnitude  and  R *  its  evolution,  their  sum  is  the 
equilibrium  stress  corresponding  to  a  vanishing  strain  rate  at  constant  stress ;  K*  is 
the  drag  stress:  each  may  be  a  function  of  temperature.  The  bracket  <x>  =  xH(x). 
where  H(x)  is  the  Heaviside  function. 

Several  particular  forms  and  variants  of  (55)  are  in  use.  with  different  time  and 
temperature-dependent  evolution  rules  for  the  variables  X,  K *,  and  R*,  or  for 
analogous  variables.  Some  theories  (Krempl  &  Lu  1984)  forego  the  assumption  of  a 
viscoplastic  potential,  and  the  associated  loading/unloading  criteria,  and  regard  the 
entire  deformation  process  as  rate  dependent,  even  at  vanishingly  small  rates.  This 
can  be  convenient  in  applications  which  are  likely  to  lead  to  complex  loading 
histories  with  frequent  load  reversals.  In  any  case,  actual  evaluations  of  the  inelastic 
strains  for  a  prescribed  stress  history  tend  to  be  quite  involved,  and  are  often 
predicated  on  the  availability  of  specific  magnitudes  of  many  material  parameters. 
Best  agreement  between  predicted  and  actual  behaviour  usually  obtains  under  cyclic 
loading,  where  the  requisite  material  parameters  appear  to  have  more  reproducible 
magnitudes. 

If  (55)  or  its  equivalent  is  taken  to  represent  the  response  of  one  or  more  phases 
of  a  composite  material,  the  local  inelastic  strain  is  obtained  by  time  integration  of 
(55).  under  the  actual  local  stress  history.  The  latter  is  not  known  a  priori,  but  may 
be  evaluated  at  any  time  t,  from  the  solution  of  the  system  (25).  rewritten  as 

0,(t)+  2  F„Lr  f  ^(rjdr  =  Bs(r(t)  +  b,0(t),  r,s  =  1.2 . -V,  (57) 

r-l  Jo 

under  the  initial  conditions  <rr  =  0,  6  =  0  at  t  =  0,  boundary  conditions  <7  =  <r(t),  and 
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a  uniform  temperature  change  9  =  6(t)  in  the  representative  volume.  The  preferred 
form  of  the  solution  is  formally  identical  with  that  given  by  (472).  For  a  two-phase 
system,  one  can  easily  write  a  governing  equation  similar  to  (54). 

Equation  (57)  can  also  be  used  to  analyse  svstems  where  the  total  strain  rate  of  one 
or  more  phases  is  described  by  nonlinear  functions  of  the  current  stress,  providing 
that  the  total  strain  can  be  decomposed  according  to  (1).  This  may  be  useful  in 
nonlinear  viscous  systems  with  phases  undergoing  power-law  creep. 

7.  Comparison  with  related  methods 

The  standard  procedure  for  evaluation  of  the  overall  instantaneous  properties  of 
inelastic  heterogeneous  media  is  based  on  the  early  work  by  Hill  (1965.  1966  1967). 
and  its  elaboration  by  Hutchinson  (1970)  and  by  many  later  writers.  The  basic  idea 
is  to  estimate  the  total  strains  or  stresses  in  the  phases,  under  an  applied  history  of 
uniform  overall  strain  or  stress,  by  the  self-consistent  method.  For  example,  in  an 
elastic-plastic,  isothermally  deformed  composite  or  polycrystal  one  can  rewrite  (33) 

AS 

der  =  s/rde,  d<iT-3trda.  (58) 

The  self-consistent  estimates  of  the  instantaneous  concentration  factor  tensors  are 
found  from  the  solution  of  an  inclusion  problem,  in  which  an  ellipsoidal  volume  of 
each  phase  is  embedded  in  an  elastic  homogeneous  medium  with  certain 
instantaneous  stiffness  if.  or  compliance  M ■  The  if  and  J(  are  identified  with  the 
as  yet  unknown  effective  properties  of  the  composite  aggregate,  and  the 
concentration  factor  tensors  are  found  from  the  formula  (I  54),  written  as 

s/r  =  (if*  +  ifrr,(if*  +  if),  &r  =  [Je  +  Jlr)-\je  +  M').  (59) 

Here,  the  ifr  and  JtT  are  the  instantaneous  phase  stiffness  and  compliance  matrices 
defined  by  (28),  and  the  if*  and  M*  are  the  instantaneous  constraint  tensors  of  the 
transformed  homogeneous  inclusion  in  the  effective  medium. 

The  unknown  instantaneous  overall  properties  are  found  from  the  general 
connections  ( lo2)  and  (162),  in  the  form  analogous  to  (34),  (35,),  and  (36,), 

s  .v 

if  -  2  crifr^r,  M  -  2  cTJtT&T.  (60) 

r-l  r-1 

In  this  manner,  the  incremental  solution  of  an  isothermal  loading  problem  for  an 
elastic-plastic  composite  is  reduced  to  a  sequence  of  elasticity  problems  for  a 
composite  with  varying  local  and  overall  moduli.  We  recall  from  (I  53)  to  (I  57)  that 
approximate  solutions  of  such  elasticity  problems  by  the  self-consistent  method  are 
formally  similar  to  solutions  by  the  Mori-Tanaka  method,  providing  that  the 
constraint  tensors  in  (59)  are  evaluated  from  the  instantaneous  properties  of  the 
matrix.  Therefore,  with  this  proviso,  the  above  relations  can  also  be  used  to  construct 
the  Mori-Tanaka  estimates  of  instantaneous  overall  properties  of  the  inelastic 
composite.  Such  results  were  recently  found  from  a  different  approach  by  Tandon  & 
Weng  (1988),  Gavazzi  &  Lagoudas  (1990)  and  others.  Of  course,  to  assure  that  these 
expressions  can  be  reduced  to  a  diagonally  symmetric  form.  cf.  (I  55),  it  is  necessary 
to  limit  the  selection  of  admissible  heterogeneous  aggregates  either  to  two-phase 
composites,  or  to  multiphase  systems  reinforced  by  inclusions  of  the  same  shape  and 
alignment,  or  to  multiphase  systems  reinforced  by  similarly  shaped  but  randomly 
orientated  inclusions  (Benveniste  et  al.  1991 ;  Chen  et  al.  1992). 
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It  is  clear  that  the  above  estimates  (60)  of  the  instantaneous  and  M  tensors  do 
comply  with  the  general  connections  (152)  and  (162)  between  the  local  and  overall 
total  strains  and  stresses.  If  the  elastic  compliance  is  subtracted  from  the  total,  one 
finds  the  overall  instantaneous  inelastic  compliance  as 

Jt-M=  S  cT(.HTJ»r-MrBr).  (61) 

r- 1 

However,  if  one  substitutes  into  (142)  the  dcj"  from  (292)  for  dd  =  0,  and  uses  (33)  to 
replace  the  local  stress  d ar  by  the  overall  stress  d«r,  then  (16,)  can  be  used  to  find  the 
overall  inelastic  compliance  as 

.v 

.K-M  =  S  (62) 

r-l 

These  are  completely  general  expressions  that  follow  from  the  representation  of 
local  stresses  by  (4)  and  (58),  and  from  the  two  independent  connections  between  the 
local  and  overall  inelastic  strains  (142)  and  total  strains  (162),  respectively.  It  is 
interesting  to  note  that  (61)  and  (62)  may  also  be  derived  as  two  different  self- 
consistent  estimates  of  M .  Of  course,  the  first  equation  (61)  is  such  an  estimate 
for  a  multiphase  solid  where  the  overall  total  strain  complies  with  the  condition 
e  =  2crcr.  In  contrast,  (62)  is  a  similar  estimate  of  Jt  for  the  same  multiphase  solid, 
where  the  above  condition  has  been  replaced  by  the  relation  (142)  between  local  and 
overall  inelastic  strains. 

It  is  thus  apparent  that  the  two  expressions  are  distinct,  except  perhaps  in  rigid- 
plastic  solids  where  Mr-*0  and  Br  -*■  I.  However,  they  can  be  simultaneously 
satisfied  if  the  instantaneous  stress  concentration  factor  tensors  3tt  is  evaluated  in  the 
manner  described  in  §4.  In  contrast,  some  simple  algebra  shows  that  if  the  3tr  are 
found  from  (59),  then  (61)  and  (62)  provide  entirely  different  estimates  of  the 
instantaneous  inelastic  compliance.  Therefore,  one  must  conclude  that  regardless  of 
their  apparent  popularity  in  the  micromechanics  literature,  the  self-consistent, 
Mori-Tanaka  or  other  procedures  based  on  (59)  and  (61),  or  their  analogues,  are  not 
admissible  in  inelastic  analysis  of  heterogeneous  media. 

That  is  not  to  say  that  the  methods  themselves  are  without  merit.  For  example, 
they  may  serve  in  the  evaluation  of  the  transformation  concentration  factor  tensors 
D,r  and  Fsr  that  enter  the  governing  equations  (24)  and  (25),  and  thus  be  of  use  in 
the  analysis  outlined  in  §§4-6.  Such  evaluation  was  described  in  §6  of  (I),  with  the 
result  (I  58)  and  (I  59)  which  is  reproduced  here  for  completeness: 

D,  r  =  (Ar  /— cr(L*  +  L,)~l{L*  +  L)]  (L*  +  Lr)~lLr 

=  (I-A,)(L,-L)-'(8„I-cr  A?)Lr,  (63) 

jF„  =  [S,rI-cr{M*  +  M,)-1{M*  +  M)](M*  +  Mr)-1Mr 

=  (I-B,)(M,-M)-'lS,rI-crB?)Mr,  (64) 

where  Str  is  the  Kronecker  symbol,  but  no  summation  is  indicated  by  repeated 
subscripts. 

These  expressions  satisfy  the  conditions  (I  47)  to  (I  50)  which  guarantee  that  the 
solutions  of  inelastic  problems  found  from  (24)  or  (25)  agree  with  both  (14)  and  (15) 
or  (16).  In  the  particular  case  of  an  elastic-plastic  composite,  such  result  may  be 
written  as  (332)  or  (582),  and  the  instantaneous  stress  concentration  factors  3tT  found 
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in  this  particular  way  then  satisfy  both  (61)  and  (62).  Note  that  in  contrast  to  (59). 
the  evaluation  of  (63)  or  (64)  involves  only  the  constraint  tensors  and/or  the 
mechanical  concentration  factor  tensors  of  the  elastic  composite. 

To  illustrate  these  aspects  of  the  problem  more  completely,  we  focus  on  a  two- 
phase  elastic-plastic  system,  r  =  z.  fj.  where  both  phases  may  experience  inelastic 
deformation.  In  this  case,  there  are  two  unknown  tensors  which  must  satisfy  the 
additional  relation  c2JIx  +  cjA  =  I.  so  that  only  one  of  the  unknowns  needs  to  be 
found.  One  possible  way  is  to  solve  (61)  and  (62)  for  a  single  JSr.  as 

^  =  11  /M  [Mx -  M,-  {Bi-D  (.*, -  A#,)  +  (B$-D  [Jl-  A#,)]-‘ 

x[Af-J»f<,+(JIJ-/)(-#,,-Af,)].  (65) 

which  may  be  contrasted  with  (592). 

To  prove  that  this  result  is  identical  to  that  derived  by  the  analysis  of  §4.  one  max- 
use  the  notation  „ H {?  =  {~UT  —  Mr)  from  (30).  and  then  compare  (65)  with  the 
analogous  expression  (38,).  First,  it  is  useful  to  recall  that  for  r  =  z.  (i.  the  Fr,  Fril 
tensors  in  (38,)  appear  in  (39).  and  that  their  substitution  into  (38,)  provides 

A  =  [/-  «V/oJ  (/-£,)  (Af,- M,)-1  +  (I—Bj  (Mx-M^K^rx 

x  [Bt  +  ( 1  /ct)  (/-  Bx)  (Mz  -  M„)~l  (66) 

Then,  one  can  proceed  as  indicated  in  the  Appendix  to  show  that  (65)  and  (66)  are 
indeed  identical  and  satisfy  the  identity  relation  preceding  (65). 

8.  Closure 

Equations  similar  to  ( 14)  have  been  known  for  many  years  (Levin  1967 :  Rice  1970 ; 
Hill  1971).  However,  except  for  the  recent  papers  by  Hill  (1984.  1985).  they  have  not 
been  widely  appreciated  in  inelastic  analysis  of  heterogeneous  solids.  One  possible 
reason  was  the  difficulty  inherent  in  evaluation  of  the  residual  local  fields,  which  has 
now  been  resolved  by  Dvorak  (1990)  for  two-phase  media,  and  by  Dvorak  & 
Benveniste  ( 1992)  for  multiphase  media.  This  provides  a  more  consistent  basis  for  the 
theory,  but  it  also  modifies  certain  aspects  of  the  approach  that  follows  (59)  and  (62). 
In  particular,  only  elastic  solutions  of  inclusion  problems  are  used  in  the  evaluation 
of  local  strains,  hence  the  pronounced  directional  weakness  in  constraint  of  an 
already  yielded  aggregate  (Hill  1965)  is  no  longer  reflected  through  the  solution  of  an 
inclusion  problem  in  an  elastic  homogeneous  medium  with  the  instantaneous  overall 
stiffness  if.  which  leads  to  (59).  Instead,  this  feature  is  accounted  for  by  solving  the 
inclusion  problem  in  an  elastic  medium  L.  which  contains  the  eigenstrain  equal 
to  the  total  overall  plastic  strain,  cf.  §6  in  (I). 

Of  course,  the  absence  of  inelastic  inclusion  problems  in  the  analysis  provides  for 
a  much  simpler  implementation  of  specific  inelastic  constitutive  relations  into  the 
governing  equations  (34)  or  (25);  this  is  illustrated  for  example  by  the  closed-form 
expressions  (37)  to  (40)  for  the  elastic  plastic  solids.  That  may  be  particularly 
advantageous  in  unit-cell  models,  which  have  to  use  specific  inelastic  finite  element 
routines.  It  is  now  sufficient  to  use  only  elastic  finite  element  solutions  to  find  the 
constant  transformation  factor  tensors  in  (24)  and  (25).  and  then  solve  these 
equations  directly  with  any  chosen  constitutive  relations.  We  will  show  elsewhere 
that  more  efficient  procedures  can  result,  especially  with  coarsely  subdivided  unit 
cells  that  are  used  in  analysis  and  design  of  composite  structures. 
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Inelastic  field  analysis 

It  should  he  noted  in  passing  that  the  present  results  mav  resolve  some  questions 
that  are  discussed  from  time  to  time  in  the  technical  literature.  One  pertains  to  the 
possibility  of  separation  of  the  mechanical  and  thermal  load  effects  in  inelastic 
multiphase  media.  The  results  of  §§4-6  make  it  clear  that  unde”  combined 
thermomechanical  loading  of  the  aggregate,  the  temperature  change  may  contribute 
to  the  current  magnitude  of  <t"(jc)  and  c*rn(x).  where  the  relative  thermal  and 
mechanical  contributions  to  these  total  local  fields  depend  on  the  inelastic  response 
of  the  phases,  the  microstructural  geometry,  and  on  the  combined  thermomechanical 
loading  path  leading  to  the  current  overall  magnitudes  of  <r  or  e.  and  d.  Therefore,  the 
thermal  contributions  to  the  total  inelastic  fields  may  not  be  separated  a  posteriori, 
and  it  may  not  be  possible  to  define  the  total  thermal  strain  or  relaxation  stress, 
either  in  (1).  or  in  (5).  Only  if  such  definitions  can  be  made  for  the  respective 
increments,  e  g.  in  the  elastic-plastic  systems  in  §4.  the  total  thermal  strain  may  be 
separated  in  integration  along  the  path.  However,  even  in  the  elastic-plastic  systems 
one  cannot  confirm  an  inelastic  analog  of  the  Levin  formula  ( 13, ).  although  it  is  well 
known  that  the  thermal  response  of  certain  two-phase  elastic-plastic  composites  can 
be  simulated  by  mechanical  loading  along  a  modified  path  (Dvorak  1986.  1992). 

Another  observation  can  be  useful  in  formulation  of  so-called  inverse  problems, 
which  attempt  to  determine  the  local  inelastic  strains  from  observed  changes  in 
surface  displacements,  or  in  total  overall  strains.  Note  that  equations  (12)  to  (14) 
suggest  that  any  number  of  local  inelastic  fields  may  exist  in  a  heterogeneous 
medium  such  that  the  overall  inelastic  strain  or  relaxation  stress  both  vanish.  Of 
course,  the  existence  of  such  fields  may  bring  into  question  the  uniqueness  of 
solutions  of  the  inverse  problems. 

This  work  was  supported  by  the  Office  of  N'aval  Research  and  by  the  OXR/DARPA  HiTASC 
program  at  Rensselaer  Dr  Yapa  Rajapaske  and  Dr  Steve  Fishman  served  as  program  monitors. 


Appendix 

Here  we  prove  that  the  instantaneous  stress  concentration  factors  in  (38,)  or  (66), 
and  in  (65)  both  satisfy  the  relation  cxJlx  +  cljJifi  —  I,  and  are  identical. 

Rewrite  the  Mx  in  (66)  as 

a*.1’ -  W,T‘* i1"  (A  I) 

where 

^iu>  =  (A  2) 

=  Bx  +  ( 1/c,)  (/-  Bx)  (Mx - (A  3) 

Similarly,  write  the  3tx  in  (65)  as 

=  (A  4) 

where  JH*11  =  (**-!) -AT* +  (A  5) 

•*<«>  =  +  (A  6) 

The  phase  subscripts  a,  fi  can  be  exchanged  to  obtain 

=  [jy11]-* Mf  =  <a 
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where  =  •£<“>.  ^sl>  =  -*«*»  (A  8) 

and  ^Jr'"  =  (Af,- (A  9) 

J»J,22'  =  +  (A  10) 

It  is  now  easy  to  show  that 

+  =  W,,]-1(  cxJ»^+c^)  =  /  (All) 

+  =  /■  (A  12) 

To  prove  that 

=  £?'.  =  d»f.  (A  13) 

we  focus  on  the  first  equality,  and  write  it  using  (A  1)  and  (A  4)  as 

=  [&*  l>]-,^«\  (A  14) 

or  as  (A  15) 

under  the  assumption  that  the  inverses  exist. 

The  relation  (A  15)  can  be  proved  by  verifying  that 

=  {Mx-MfiYxa™.  (A  16) 


This  can  be  easily  shown  to  be  true  for  any  finite  if  one  recalls  the  identities 

that  holds  for  two-phase  materials. 

cxBx  =  (Ma-M,)-MM-M,)f 

cxBp  =  —  (Mx  —  Mx),  (A  17) 

and  appeals  to  the  symmetry  relations 

M  =  ATT  Mx  =  AfJ,  M0  =  A/J,  l 

BX(MX-M^yl  =  Bjj{Mx  —  MpTx  =  (Mx-M,fxBj)  (A  18) 

Q.E.D. 
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Simple,  explicit  formulae  are  derived  for  estimates  of  the  effective  elastic  moduli 
of  several  multiphase  composite  materials  with  the  Mori-Tanaka  method.  Specific 
results  are  given  for  composites  reinforced  by  aligned  or  randomly  oriented,  trans¬ 
versely  isotropic  fibers  or  platelets,  and  for  fibrous  systems  reinforced  by  aligned, 
cylindrically  orthotropic  fibers. 


1  Introduction 

Estimates  of  overall  elastic  moduli  of  composite  materials, 
in  terms  of  phase  geometry  and  moduli,  can  be  obtained  by 
several  well-known  methods.  For  example,  the  Hashin-Shtrik- 
man  bounds  which  bracket  the  actual  magnitudes  of  the  moduli 
are  available  for  many  two-phase  and  multiphase  systems 
(Hashin  and  Shtrikman  1963,  Walpole  1969, 1981, 1984).  Also, 
self-consistent  estimates  have  been  available  for  many  years 
for  such  systems  as  aligned  Tiber  composites  (Hill  1965a),  two- 
phase  media  reinforced  by  spherical  panicles  (Budiansky  1965), 
or  by  randomly  orientated  inclusions  of  various  shapes  (Wal¬ 
pole  1969),  and  for  multiphase  aggregates  with  fibrous  and 
penny-shaped  (platelet)  inclusions  (Laws,  1974).  Other  such 
estimates  were  found  by  Christensen  and  Waals  (1972),  Boucher 
(1974),  Berryman  (1980),  Cleary,  Chen,  and  Lee  (1980),  and 
Willis  (1981).  The  conditions  which  guarantee  that  the  self- 
consistent  estimates  lie  within  the  bounds  were  established  by 
Hill  (1965b)  and  Walpole  (1969,  1981). 

In  its  recent  reformulation  by  Benveniste  (1987),  the  Mori- 
Tanaka  (1973)  method  offers  another  alternative  to  finding 
estimates  of  elastic  moduli  and  local  fields  in  composite  ma¬ 
terials.  Recent  applications  include  the  work  of  Weng  (1984) 
who  found  the  effective  bulk  and  shear  moduli  of  two  and 
three-phase  composites  with  spherical  isotropic  inclusions  in 
an  isotropic  matrix.  Benveniste,  Dvorak,  and  Chen  (1989)  ap¬ 
plied  this  method  to  coated  fiber  composites.  Zhao,  Tandon, 
and  Weng  (1989)  derived  the  effective  moduli  for  a  class  of 
porous  materials  with  various  distributions.  Norris  (1989)  ex¬ 
amined  many  aspects  of  the  method  and  its  relation  to  the 
Hashin-Shtrikman  bounds. 

The  present  paper  is  concerned  with  evaluation  of  estimates 
of  overall  elastic  moduli  of  certain  composite  materials  by  the 
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Mori-Tanaka  method.  In  particular,  we  consider  multiphase 
composites  reinforced  either  by  aligned  fibers  or  platelets,  and 
similar  systems  with  randomly  oriented  reinforcement.  In  either 
case,  the  reinforcement  may  be  isotropic  or  transversely  iso¬ 
tropic.  Moreover,  we  examine  fibrous  composites  reinforced 
by  cylindrically  orthotropic  fibers.  As  Benveniste,  Dvorak,  and 
Chen  (1991a)  have  shown,  both  the  Mori-Tanaka  and  the  self- 
consistent  methods  deliver  diagonally  symmetric  estimates  of 
overall  stiffness  in  the  selected  systems.  However,  such  sym¬ 
metry  does  not  obtain  in  estimates  of  overall  stiffness  for 
multiphase  systems  with  inclusions  of  different  shapes  or  ori¬ 
entation. 

We  stan  with  a  summary  of  most  of  the  present  results.  This 
is  followed  by  an  outline  of  the  method  and  its  application  to 
the  selected  systems.  For  the  most  pan.  the  derivation  is  rel¬ 
atively  straightforward.  However,  the  cylindrically  orthotropic 
fibers  call  for  a  special  treatment.  Some  of  the  moduli  are 
found  by  replacement  of  the  actual  fiber  by  an  equivalent 
transversely  isotropic  fiber,  but  this  approach  does  nor  extend 
to  the  shear  modulus  in  the  transverse  plane.  That  p  srticular 
result  can  be  extracted  only  from  a  numerical  evalc  ttion  of 
the  overall  stiffness  tensor. 


2  Phase  and  Overall  Properties 


Fibers  and  platelets  used  as  composite  reinforcements  are 
often  transversely  isotropic.  The  same  is  true  for  composite 
aggregates  reinforced  by  aligned  fibers  or  platelets.  If  the  axis 
of  symmetry  is  chosen  as  parallel  to  the  x,-axis  of  a  Cartesian 
coordinate  system,  then  the  elastic  response  of  a  transverse); 
isotropic  solid  may  be  described  in  the  form: 


si  _  k  /]  \e 
o  l  n  t 


(!) 


TJJ-2/7MU,  T,2-2p«,l, 


where 


r-~  (<ra+<r»),  e-ejj  +  tj),  ««*n,  (2) 

and  k,  l,  m,  n,  and  p  are  Hill’s  elastic  moduli  (1964).  In 
particular,  k  is  the  plane-strain  bulk  modulus  for  lateral  dil- 
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atation  without  longitudinal  extension,  n  is  the  modulus  for 
longitudinal  uniaxial  straining,  /  is  the  associated  cross  mod¬ 
ulus,  m  is  the  shear  modulus  in  any  transverse  direction,  and 
p  is  the  shear  modulus  for  longitudinal  shearing. 

For  an  isotropic  material,  these  moduli  are  related  to  the 
bulk  and  shear  moduli  K  and  C  as: 

k  =  k---  G,  l  =  k-~  G,  n  =  k+-  G,  m*p  =  G.  (3) 

In  what  follows,  the  above  notation  will  be  used  both  for 
the  phase  and  overall  moduli.  The  phase  properties  will  have 
a  subscript  r  =  1,  2,  ...  .V,  while  the  overall  quantities  will 
appear  without  a  subscript. 

Some  fibers,  particularly  carbon  fibers,  are  cylindrically  or¬ 
thotropic.  Their  elastic  moduli  in  the  tangential,  radial,  and 
axial  directions  are  distinct.  Nine  stiffness  coefficients  describe 
this  kind  of  anisotropy.  In  a  cylindrical  coordinate  system,  the 
stress-strain  relation  of  a  cylindrically  orthotropic  solid  is  usu¬ 
ally  written  as: 
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where  z  is  the  axis  of  rotational  symmetry,  and  C,,,  Cm,  <j.e, 
and  Cr-  are  stiffness  coefficients. 


3  Summary  of  Present  Results 

For  convenience,  we  first  summarize  the  main  results  for 
several  systems  of  practical  interest:  composites  reinforced 
by  aligned,  transversely  isotropic  fibers  or  platelets,  systems 
with  randomly  oriented,  transversely  isotropic  fiber  or  platelet 
reinforcement,  and  unidirectionally  reinforced  materials  with 
cylindrically  orthotropic  fibers.  Derivation  of  the  results  ap¬ 
pear  in  Sections  5,  6,  and  7. 


3.1  Unidirectional  Fibrous  Composites.  We  consider  a 
system  reinforced  by  aligned,  transversely  isotropic  fibers  (r 
=  2,  3,  ...  AO  in  a  transversely  isotropic  matrix  (r  *  1).  Many 
different  fiber  materials  may  be  admitted  at  the  same  time. 
The  overall  elastic  moduli  of  such  a  fiber  system  are: 
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We  now  list  the  results  for  two-phase  systems  of  techno¬ 
logical  interest;  the  subscripts  /and  m  represent  the  fiber  and 
matrix,  respectively: 


lC,PmPr*  pmp,*pj) 

2 cfpm  +  cm(pf+pm) 

|  rnmmr(k„  +  2mm)  +  kmmm(c,mf+c„mm) 
{k„t-2mm)(c,mm  +  cmm/) 

,  Crk,{km  +  mm)  + c Jcm (kf+m„) 
Cf(km+- mm)  ~cm(kf-r  mm) 

,  cfif{km+mm)+cjm(k/-m„) 

Cr{km  +  mm)  +  cm(kf+  mm) 

n  =  cj im  -t-  C/U/+  ( l-c/lf -  cjm ) . 

Kf—  Km 


(8) 

(9) 

(10) 

(ID 
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It  should  be  mentioned  that  the  effective  plane-strain  bulk 
modulus  k  and  cross  modulus  l  in  (10)  and  (11),  predicted  by 
the  Mori-Tanaka  method,  coincide  with  those  derived  by  Hill 
(1964,  Eq.  (3.6))  for  the  cylindrical  composite  element.  In  two- 
phase  fibrous  media,  the  effective  modulus  n  obeys  the  uni¬ 
versal  connections,  hence  all  the  moduli  k ,  /,  n  have  the  same 
values  as  those  derived  by  Hill  (1964).  Therefore,  for  axisym- 
metric  loading  situations,  the  Mori-Tanaka  predictions  coin¬ 
cide  with  those  suggested  by  the  composite  cylinder  model. 

Furthermore,  Norris  (1989)  has  shown  that  the  Mori-Tanaka 
approximation  for  multiphase  composites,  where  all  panicles 
have  the  same  shape  and  alignment,  satisfies  the  appropriate 
Hashin-Shtrikman  or  Hill-Hashin  bounds. 


3.2  Unidirectional  Platelet-Reinforced  Composites.  As 
above,  we  denote  the  matrix  as  r  *  1,  and  the  platelets  as  r 
=  2, 3,  ...A/.  Transverse  isotropy  or  isotropy  via  (3)  is  assumed 
in  all  phases,  together  with  alignment  of  the  phase  symmetry 
axes  with  x,.  The  overall  elastic  moduli  of  such  composite  are 

N  N  .V 

p“*2  m  “  2  cyn"  n"'  =  2 
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S 


(13) 


Surprisingly,  the  effective  Mori-Tanaka  moduli  k,  /,  m,  n, 
p  of  composites  with  aligned  platelet  reinforcement  are  iden¬ 
tical  with  those  derived  from  the  self-consistent  model  by  Laws 
(1974,  Eqs.  (42)-(46)).  Moreover,  we  note  that  they  also  co¬ 
incide  with  the  effective  moduli  of  a  laminated  plate  (Postma, 
1955). 


33  Composites  With  Randomly  Oriented  Fibers  or  Plate¬ 
lets.  We  assume  that  both  the  matrix  (r  »  1)  and  the  com¬ 
posite  are  isotropic  and  characterized  by  the  bulk  and  shear 
moduli  K,,  K,  and  Cg,  C.  The  elastic  moduli  of  the  reinforcing 
phases  r»2,3, ...  N  are  defined  in  the  local  coordinates  of 
each  phase  r,  and  in  those  coordinates  each  phase  may  be 
transversely  isotropic  or  isotropic.  The  overall  moduli  of  com¬ 
posites  with  such  random  reinforcements  are 


where  the  parameters  a„  i?,  depend  on  the  moduli  and 
geometry  of  the  phases. 

For  fibrous  systems,  these  parameters  are  given  as  in  terms 
of  phase  moduli  of  the  phases  as 
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where  in  this  case  (isotropic  matrix)  71  in  (5)  reduces  to 
3  G,X-,  +  G? 


7i=- 


3K,  +  7  G, 


(18) 


(19) 


For  penny-shaped,  randomly  oriented  inclusions,  the  above 
parameters  assume  the  values 

2«,-/,  „  1  f  7/j,  +  2/,  +  4Gi  2G,] 

»-V*3  —  ■  a'“  j(. - iT  — J 


If  the  fibers  or  penny-shaped  inclusions  are  isotropic,  then 
one  can  verify  that 

6,  =  3K,  a„  ij,  =  2G,  <3„  (21) 

and  for  composites  with  reinforcements  of  these  two  kinds, 
the  bulk  and  shear  moduli  in  (14)  can  be  simplified  as 


.V 

r-2 


(V 

c, + 2  c<a’ 

3-1 


u 

G-G\  +  2  C-(G,-Gi) 
,.2 


& 


■  /V 

ci + 2 


(22) 


For  such  isotropic  fibers  or  needle-shaped  inclusions,  (IS)  and 
(16)  reduce  to 

3*,  +  3Gi  +  G, 


Or,= 


3K,+  3G|  +  G, 


(23) 


if  4G,  +  3Af,  4G,  2(7,  + 0,)] 

^  5  [_  3K,  +  3G,  -*■  G,  Gi  +  G,  yI  +  C,  J  ' 

Therefore,  for  two-phase  media  with  randomly  oriented  fi¬ 
brous  reinforcements,  the  effective  bulk  modulus  K  and  shear 
modulus  G  become 

«-*,-c,(*,-*,)[l (25) 

G.G2-c,(CJ-Gl)[.-i- ^ 

(26) 

i  +  7i  5  G:  +  G|J 


2  G2-( 

"$ClG:- 


Equations  (25)  and  (26)  can  be  compared  with  similar  but  not 


identical  results  found  from  the  self-consistent  method  by  Wal¬ 
pole  (1969,  Eq.  (60)). 

For  randomly  oriented,  isotropic,  penny-shaped  inclusions, 
(20,)  reduces  to 

3*,+4G,  .  2G,  1  9AT,+  8G,^4G, 

a'  ~  3K,  -  4G/  C, +  5  3Kr  -r  4G, 


and  the  overall  bulk  and  shear  moduli  of  two-phase  media  can 
be  obtained  as 


K=Ki-cAKi-Ki) 


1  -c2 


3(AS-A~,) 
3  Ki  t  4G2 


(28) 


G  =  G2  —  C\(G2  —  G\) 


G2  -  G, 
3/f2  +  4G: 


G.— G,~ 
G: 


-1 


(29) 


It  is  interesting  to  note  that  (28)  and  (29)  are  exactly  the 
same  expressions  as  those  derived  with  the  self-consistent 
method  by  Walpole  (1969,  Eq.  (61)). 

Also,  it  should  be  mentioned  that  Benveniste  (1987)  has 
recently  proved  that  the  bulk  and  shear  moduli  predicted  by 
the  Mori-Tanaka  method  for  a  two-phase  composite  with  ran¬ 
domly  oriented  ellipsoidal  particles  will  lie  within  the  Hashin- 
Shtrikman  bounds. 


3.4  Composites  Reinforced  by  Cylindrical^  Orthotropic 
Fibers.  The  constitutive  Eq.  (4)  suggests  that  cylindrical^ 
orthotropic  fibers  have  constant  moduli  in  the  cylindrical  co¬ 
ordinate  system.  However,  most  overall  moduli  must  be  eval¬ 
uated  in  a  Cartesian  system,  where  the  fiber  properties  are  no 
longer  constant.  The  effective  moduli  of  unidirectional  com¬ 
posites  of  this  kind  are  still  those  of  a  transversely  isotropic 
solid,  and  can  be  obtained  from  the  Mori-Tanaka  procedure, 
but  at  least  one  of  the  overall  moduli,  the  transverse  shear 
modulus  m,  may  not  be  found  in  closed  form.  Except  for  m, 
evaluation  of  the  moduli  is  best  accomplished  by  introduction 
of  a  replacement  fiber  which,  under  certain  overall  stress  states 
has  the  same  effective  properties  as  the  cylindrical!-/  ortho¬ 
tropic  fiber  described  by  (4).  In  particular,  in  their  recent  study 
of  thermomechanical  behavior  of  composite  systems  rein¬ 
forced  by  coated  cylindrical^  orthotropic  fibers,  Chen,  Dvo¬ 
rak,  and  Benveniste  (1990)  and  Hashin  (1990)  observed  that 
in  axisymmetric  loading  situations  the  cylindrical^  onhotropic 
fiber  can  be  replaced  by  an  equivalent  transversely  isotropic 
fiber  without  changing  the  fields  of  outer  phases  and  the  overall 
behavior  of  the  composite.  Moreover,  we  show  in  Section  7 
that  a  replacement  fiber  with  an  effective  modulus  pf  can  also 
be  found  for  the  longitudinal  shear  loading  case.  No  such 
replacement  seems  possible  for  transverse  normal  or  shear 
loading. 

The  effective  moduli  of  the  replacement  fiber  are  recorded 
here  as 

*/«  C„)/2,  ifWCr*v  +  f»' ,  P/=VGWG^ 

ij+  1 


(30) 


/!/*  —  +  [(C^W,  +  •+•  Ca) 


-  7T~  +  C*W|  ♦  C„>  J, 

‘  +  V  '~rrTl  +  Cv* 

where  the  C,,  were  defined  in  (4),  p;  is  derived  in  Section  7, 
and 


1 

r,  ~(C„/C„)\  H 


C»t  ~  Cn 

c„-c„- 


(31) 
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These  effective  fiber  moduli  can  be  employed  in  (8),  and 
(10)  to  (12),  to  find  the  corresponding  overall  moduli  of  the 
unidirectional  composite  reinforced  by  the  cylindrically  or¬ 
thotropic  fibers.  The  overall  transverse  shear  modulus  m  must 
be  extracted  from  the  overall  stiffness  derived  in  Section  7. 


4  The  Mori-Tanaka  Method 

To  introduce  the  derivation  of  the  above  results  we  sum¬ 
marize  here  the  essence  of  this  method,  in  the  form  which  was 
recently  suggested  by  Benveniste  (1987).  A  representative  vol¬ 
ume  element  V  of  the  composite  is  chosen  such  that  under 
homogeneous  boundary  conditions  it  represents  the  macro¬ 
scopic  response  of  the  composite.  The  volume  is  filled  with  a 
certain  number  of  homogeneous  phases  which  are  perfectly 
bonded  to  a  common  matrix .  The  phase  volume  fractions  c, 
satisfy  E  cr  =  1;  r  =  ;,  2,  ..  N.  In  the  sequel,  r  =  1  denotes 
the  matrix  phase.  The  volume  V  is  subjected  to  uniform  dis¬ 
placement  or  traction  boundary  conditions 

u(S)  =  t°x,  t(S)  =  A  (32) 

where  u  and  t  denote  the  applied  displacement  and  traction; 
f°,  a0  are  constant  strain  and  stress  tensors,  and  n  is  the  outside 
normal  to  5. 

The  objective  is  to  evaluate  the  overall  elastic  stiffness  L 
and  its  inverse,  the  compliance  M,  of  the  composite  aggregate, 
defined  by 

a  =  L«°.  «  s  Me0,  (33) 

where  5  and  <  denote  the  volume  average  stresses  and  strains 
in  V.  An  intermediate  step  is  evaluation  of  the  elastic  fields  in 
the  phases.  Those  are  found  in  terms  of  phase  volume  averages 
(Hill  1963) 

«,« A/,  (34) 

where  A,  and  B,  are  referred  to  as  mechanical  concentration 
factors.  Under  the  boundary  conditions  (32t)  and  (32!),  the 
local  and  overall  field  averages  in  V  are  respectively  related 
by 

•°»2wn  <r°=  2  (35) 

'■1  rm | 

Then,  the  overall  elastic  moduli  L  and  compliance  M  follow 
as 

N  /V 

l*JcJ,X  M -  2  (36) 

'■  1  rm  l 

In  the  evaluation  of  the  concentration  factors  by  the  Mori- 
Tanaka  method,  each  inclusion  is  regarded  as  a  solitary  in¬ 
homogeneity  embedded  in  an  infinite  matrix  material  under  a 
remotely  applied  strain  or  stress  equal  to  the  matrix  average 
«i  or  c,.  For  ellipsoidal  inclusions,  the  local  fields  in  such 
solitary  inhomogeneities  are  uniform,  and  can  be  evaluated  in 
terms  of  partial  concentration  factors  T„  W,: 

e,«W,e,.  (37) 


Once  the  T,and  W,are  known,  one  can  utilize  (33)  to  establish 
that 


K 

- 1 

«l  ” 

rm  1 

«°.  *1  = 

2c'w' 
rm  I 

(38) 

and  derive  the  mechanical  concentration  factors  in  (34)  as 


Ar»T, 


I>t, 


.  W, 


(39) 


The  effective  stiffness  and  compliance  tensors  L  and  M  then 
follow  from  (36)  and  (39): 


The  partial  concentration  factors  in  (37)  are  conveniently 
expressed  in  the  form 


T,=  [I-P(L,-L1)]-‘,  W,=  [i  +  Q(M,-M,)j-'  (41) 

where  the  tensors  of  P  and  0  depend  only  on  the  shape  of  the 
inclusion,  and  on  the  elastic  moduli  of  the  surrounding  matrix. 
For  example,  for  an  inclusion  in  the  shape  of  a  circular  cylinder 
in  a  transversely  isotropic  matrix,  the  nonvanishing  terms  of 
P,  written  in  a  (6  x  6)  array  are  (Walpole,  1969), 


frj  +  4/H| 
8m,(k,  +  /H|)  ’ 


Pu  *  Pn  = 


-*i 

80!|(*i  +•  mt)  ’ 


P»  =  P«6 


>c,  t  2m  i 
2mt(kl  +  m,) 


(42) 


in  terms  of  the  elastic  moduli  (1)  or  (3)  of  the  matrix  (/■  =  1). 
Similarly,  for  a  circular  disk  in  a  plane  normal  to  the  direction 

Of  X(, 


fn-r  .  P»  =  Pu  =  -  ■  (43) 

"i  Pi 

Alternatively,  (41)  can  be  written  in  terms  of  the  overall 
constraint  tensors  L* ,  (Hill,  1963b)  which  relate  the  uni¬ 
form  fields  in  the  inclusion  r  to  the  uniform  applied  fields  a0 
and  €°  as 

ff,-e°«L*(t°-tr),  t,- t°  =  M*(o0-®,).  (44) 

Those  are  connected  to  the  partial  concentration  factors  by 
T,=  (L*  +  L,)*  ‘(L*  +  L,).  W,*  (M*  +  M,)~'(M*  +  M,).  (45) 


The  determination  of  L*  and  M*  relies  on  solutions  of 
boundary  value  problems  for  a  uniformly  stressed  or  strained 
cavity  in  the  infinite  matrix  medium.  For  example,  the  non¬ 
vanishing  terms  of  the  overall  constraint  compliance  M,*  of  a 
circular  cylindrical  cavity  are  (Walpole,  1969;  Laws,  1974): 

(A#i  )a*(Afi  ^ ,  (A/|)m*(M|  )j2=  -j£- 

(M  |  )js  =  (Af  i )«  » — ,  (jW,  )„  * — +— .  (46) 

Pi  ttti  *i 


S  Composites  Reinforced  by  Aligned  Inclusions 

S.l  Aligned  Fiber  or  Needle-Shaped  Inclusions.  We  now 
proceed  to  derive  the  results  which  were  summarized  in  Section 
3.1.  First,  consider  a  single  fiber  in  an  infinite  matrix  (r  *  l) 
subjected  to  a  longitudinal  shear  strain  2c,  on  its  outside  bound¬ 
ary.  In  this  dilute  configuration,  2<i  is  equal  to  the  average 
matrix  strain,  and  the  overall  stress  is  a  pure  shear  r,  «  2 plc,. 
This  is  an  antiplane  problem,  hence  the  stress  and  strain  in  the 
fiber  r  have  only  the  longitudinal  shear  components  rr  »  2 pa,. 
These  local  and  overall  quantities  are  related,  according  to 
(44,)  and  (46j),  as 

t'-T  I«2jp,(«|-t,).  (47) 

From  the  phase  constitutive  relations  and  (47),  one  finds  that 
W,  *  2p/(p,+/>i),  and  the  average  matrix  longitudinal  shear 
stress  follows  from  (35i)  as 
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2* 


2Pr 

Pr+P\ 


I 


(48) 


where  r°  is  the  overall  longitudinal  shear  stress  that  is  actually 
applied  to  the  composite.  The  average  phase  strains  in  (35,) 
can  be  written  here  as 


Finally,  a  substitution  of  (47)  and  (48)  in  (49)  leads  to  the 
expression  for  the  effective  longitudinal  shear  modulus  p  in 
(5,). 

A  similar  procedure  can  be  extended  to  the  transverse  shear 
loading  case.  The  constraint  tensor  in  (464),  (44,)  reduces  to 
7,  =  (1/m,  +  2/A:,)"1,  hence  r,  -  r,  =  2  >,(«,  -  «,),  where 
r,  and  t,  represent  the  corresponding  transverse  shear  stress 
and  shear  strain  in  the  phase  r,  respectively.  As  in  the  derivation 
of  the  longitudinal  shear  loading  case,  the  average  stress  in  the 
matrix  is 


r  i 


y  ntr  ( m,  +  y  | )  0 

^°m,(m,+7,) 


(50) 


and  the  effective  transverse  shear  modulus  m  can  then  be 
derived  in  the  form  given  by  (5i). 

Next,  a  pure  lateral  dilatation  is  applied  without  longitudinal 
straining;  i.e.,  e°  *  0, «°  =  0  in  (1).  The  local  stress  and  strain 
relation  is  thus  reduced  to  s,  *  k*„  and  from  (46,)  and  (462) 
the  corresponding  equation  fo.  the  constraint  modulus  is  (s, 
-  s ,)  =  m,(e 1  -  er).  This  and  (35J  imply  that 


s,  kAkj  +  mt)  =  A  Ar,(Ar,+m,)  „ 

s,  k,(kr+m,)’S'  '  kt(kr  +  mt) 


Then,  the  effective  plane-strain  bulk  modulus  k  given  by  (6,) 
can  be  derived  from  (35,). 

In  the  same  loading  situation  as  above,  t°  *  0  suggests  that 
I  =  Are0,  a  =  It0.  (52) 

From  (352)  and  (52),  one  can  write  the  average  longitudinal 
stress  as 


Then,  (51),  and  (6,)  lead  to  the  expression  for  the  effective 
cross  modulus  /  in  (62). 

For  evaluation  of  the  modulus  n,  consider  overall  uniaxial 
straining  without  lateral  contraction,  i.e., «°  *  0,  e°  «  0  in 
(1).  The  phase  averages  in  the  transverse  plane  and  in  the 
longitudinal  direction  are 

Zc#r »  0,  Zcjr  *  It0,  Zcfi,  *  nt,  tr m  t°,  r  m  1 ,2. .  JV.  (54) 
Using  (54,).  Eqs.  (54,)  and  (54,)  can  be  recast  as: 


2  c,(Ac,-/r,)e,=  I-^cJr  t°, 


2c,(/,-/1)«,«(b-2c',i')(0-  (55> 

rm  1  \  r»\  ' 

In  two-phase  media,  n  follows  from  (55)  and  from  the  uni¬ 
versal  connections  for  two-phase  fibrous  media  with  trans¬ 
versely  isotropic  constituents  (Hill  1964): 


«-C|rt,-C2fl2  ^  h  ~h 
/  c, /,  —  C2/2  Ar,  —  4ra 


(56) 


In  multiphase  systems,  one  additional  condition  is  needed 
for  evaluation  of  n,  namely  the  magnitude  of  er/(J.  In  the 
Mori-Tanaka  method,  one  can  use  (41,)  and  (39,).  with  the  P 
tensor  given  in  (42)  to  obtain  the  necessary  components: 

1  yi  C,(/,-/|) 

e,  Ac ,*m,  k,+m, 

—  ,  —  >  w  ) 

«  Kr  +  m{  cr 

“ f  kr-rm, 

Then,  the  effective  modulus  rt  in  (7)  for  longitudinal  uniaxial 
straining  can  be  obtained  from  (55i)  and  (57). 

5.2  Aligned  Penny-Shaped  inclusions.  Consider  penny¬ 
shaped  or  disk-shaped  reinforcement  with  the  normal  to  the 
plane  face  of  the  platelet  in  the  x,-direction.  Due  to  the  simple 
form  of  the  P  tensor  in  (43),  the  partial  strain  concentration 
factor  can  be  derived  from  (41,).  The  nonvanishing  compo¬ 
nents  are: 


(58) 

T'a=T'„  =  T'M=\,  r$5=7-«=fi. 

Pr 

The  effective  moduli  can  be  derived  as  in  Section  5.1  or  by 
applying  (58)  directly  in  (40).  In  either  case,  the  results  obtained 
appear  in  (13). 


6  Randomly  Oriented  Inclusions 

In  this  section,  the  matrix  is  assumed  to  be  isotropic  and 
the  inclusions  at  most  transversely  isotropic  in  their  respective 
local  coordinate  systems.  The  effective  properties  predicted  by 
the  Mori-Tanaka  method  follow  from  a  modification  of  (40,) 
and  have  the  form  (Benveniste  1987), 

S  <59> 

rm  1 


Curly  brackets  I A  |  denote  the  average  of  A  over  all  possible 
orientations.  Note  that  all  such  averaged  quantities  in  (59)  are 
isotropic  fourth-order  tensors,  even  though  the  underlying  ten¬ 
sor  quantities,  such  as  T„  need  not  be  isotropic.  Hill  (1965c) 
and  Walpole  (1981)  pointed  out  that  any  general  isotropic 
tensor  A  is  subject  to  the  spectral  decomposition 

A=oJ  +  *K  (60) 

where  a  and  b  are  certain  scalars,  and 

m  r  (5ii fiji  +  6  fa — -  6,/5„) 

3  2  3  (61) 

JJ-J.  KK-K,  JK-KJ-0 

This  invites  the  notation  A  *  (a,  b).  A"1  *  ( 1  /cr.  l/b)  in  lieu 
of  that  in  (60). 

To  evaluate  the  overall  elastic  moduli  (59),  we  recall  the 
following  result  of  Kroner  (1958).  For  any  fourth-order  tensor 
A,,h,  the  orientation  averaged  quantity  |A)  can  be  expressed 
as 

|A)«(a,S),  (62) 

where  the  scalars  a,  8  are  given  as 

nr  *  j  A ,yj,  8  *  J  Ayy  ~  4®.  (63) 

To  apply  this  result  to  the  L ,  and  T,  tensors  we  write 
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(T,  |  =(<*,,  8r),  |L,T,} 


(64) 


and  utilize  it  in  (59)  to  arrive  at  the  expressions  for  the  effective 
bulk  and  shear  moduli  that  appear  in  (14). 

Certain  simplifications  are  possible  for  two-phase  media 
with  isotropic  constituents,  where  one  can  rewrite  (59)  as 

L  =  L:  +  c1|L1-Lj)[c1I  +  c2{iJ]'1.  (65) 

Since  both  phases  are  isotropic  then  the  first  orientation 
average  term  in  (65)  becomes 

I L,  -  L2 )  =  <3K,  -  3tf2,  2G,  -  2Gj)  (66) 


where  Ku  G|  are  matrix  moduli. 


7  C ylindrically  Orthotropic  Fibers 


7.1  Replacement  Fiber.  With  reference  to  the  discussion 
in  Section  3.4,  we  present  the  derivation  of  the  effective  lon¬ 
gitudinal  shear  modulus  pf  of  a  replacement  fiber.  Under  re¬ 
motely  applied  stress  a°„,  the  admissible  displacement  field 
selected  in  the  fiber,  and  the  nonvanishing  components  of  stress 
are  (Chen,  Dvorak,  and  Benveniste,  1990): 


u{  =  ArA  sind,  0-£t«G„/4'V<'~1  sind,  0*i»G*(aV~‘  cosd, 

(67) 

where  q  =  \I  G9Z/Gn  for  the  original  fiber,  and  q  =  1  for  the 
transversely  isotropic  replacement  fiber.  To  insure  that  the 
local  field  in  the  outer  phase  does  not  change  after  replacement 
of  the  fiber,  the  interfacial  quantities,  u{  and  0^,  must  both 
be  identical  in  the  replacement  fiber  and  in  the  original,  cy- 
lindrically  orthotropic  fiber.  Evaluation  of  this  requirement 
leads  to  the  equivalent  longitudinal  shear  modulus  of  trans¬ 
versely  isotropic  fiber  in  the  form  listed  in  (30j). 

Moreover,  the  average  stress  afn  must  have  the  same  mag¬ 
nitude  in  both  fibers.  Evaluation  of  this  condition  provides 
the  following  expression  for  the  effective  longitudinal  shear 
modulus  of  the  replacement  fiber: 


G*q  +  G«j 

Pf - 


(68) 


It  can  be  shown  that  (303)  and  (68)  are  identical,  hence  either 
represents  the  unique  longitudinal  shear  modulus  of  the  re¬ 
placement  fiber. 


7.2  Evaluation  of  the  Overall  Transverse  Shear  Modulus 

m.  In  a  homogeneous  elastic  medium  subjected  to  a  uniform 
field  of  simple  shear  deformation  in  the  transverse  ory-plane, 
the  displacement  components  are  defined  by: 

r,  -cy,  u,«0,  (69) 

where  c  is  a  constant.  In  cylindrical  coordinates  this  becomes 
u,  *  cr  cos  2d,  u*  *  -  cr  sin  20,  ut »  0.  (70) 

In  analogy  with  (70),  we  assume  that  the  displacement  field 
in  a  cylindrical^  orthotropic  medium  under  transverse  shear 
has  the  general  form: 

u,*>  C/,(r)  cos2<6,  u*»  £/*(r)sin2o,  u,«  0,  (71) 

where  l/,(r),  (/*(/■)  are  unknown  functions  of  r,  which  need 
to  be  determined  from  the  equations  of  equilibrium  in  cylin¬ 
drical  coordinates.  The  requisite  substitution  provides  the  fol¬ 
lowing  equations  for  evaluation  of  U,(r),  Ut{r): 


d>U,  C„  dU,  (A  i  \ 

Cn  dr*  r  dr  \pG~r  C—Jlr 

+  2 (C^O.)  dU.2  (72) 

r  dr  r 

2(G,*  +  C*)  dU,  2(G,e  +  C„)  ,,  „  d*Ue 

- - - « - Ur  +  Ure  ,  ' 

r  dr  r  dr 

Gh  dU~  Gm  4 Cgg. 

+  —  Lr'o  =  0.  (73) 

r  dr  r 

These  can  be  solved  analytically,  the  result  is: 

Vr(r)  =  2((G^  +  C„)  -  7,(C*  +  G„)]Ar\  +  2[(G„  ♦  C„) 
vti(CV»  Gr» 

+  2[(G^  +  C„)~  7j(C„-r  G„)]Cr"2  +  2[(G„  +  Co,) 

+  72  (Co.  +  G^)]^-’’:  (74) 


</.{/■)-  [C„v] -  (4G,.  +  C„)\Ar" 

+  tOji  "  (4G„  +  C*. )  ]Br  - *«  +  [CrrV:  ~  (4 Gn  +  C«,  )]Cr"- 

+  |C  -(4G„  + Co.  )](>- ’’z  (75) 

where  ef  and  t)\  are  the  roots  of 

CrrG^n  +  l4Ci  +  8  C„G„  -  4C„C„  -  G„  ( C„  +  C*. )  b: 

-  9G^Coo  =  0, 

and  A,  B,  C,  and  D  are  certain  constants. 

In  the  Mori-Tanaka  procedure,  one  must  first  solve  an  aux¬ 
iliary  problem  for  a  single  fiber  in  an  infinite  matrix  volume. 
The  displacements  (71),  (74),  and  (75)  are  admitted  in  the  fiber 
domain,  while  the  displacements  in  the  matrix  are  special  forms 
of  (74)  and  (75)  for  a  transversely  isotropic  or  isotropic  me¬ 
dium.  In  any  event,  to  assure  boundedness  of  the  displacements 
at  the  origin,  the  terms  which  contain  the  negative  powers  of 
7i  and  7j  must  be  excluded.  The  resulting  admissible  displace¬ 
ment  field  are  best  written  in  terms  of  the  transverse  normal 
stress  <r°  as 

u  r  *  4£  ^2[(G,*  +  CH )  —  7 1  (Cr*  +  G^* )  Jo, 

+  2[(G„  +  C*»)  -  n2(C„  +  G„)]c,  Q  ,2j  cos2o  (76) 

+  IC*!-(4G„  +  C**)]c,  Q  sin2e> 

ur-0, 

where 

{*,-(2 rnm  +  km)/km, 

and  e°  is  the  normal  transverse  stress  applied  at  infinity.  As 
yet  unknown  constants  a,,  a2,  C|,  and  c2  have  been  introduced 
to  replace  the  A,  B.  C.  D  constants  in  (74)  and  (75).  Since  the 
matrix  is  regarded  as  transversely  isotropic,  we  have  used  the 
connections  between  elastic  constants  to  introduce  the  Hill's 
moduli  ir  and  mm. 
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To  complete  the  solution  of  the  auxiliary  problem,  the  four 
unknown  constants  must  be  evaluated  from  the  usual  con¬ 
tinuity  requirements  for  the  stresses  <r„,  and  the  displace¬ 
ments  ur,  ua  at  the  interface  r  =  a.  However,  the  resulting 
equations  are  coupled,  and  are  best  solved  numerically.  Once 
the  constants  are  known,  the  phase  stress  fields  under  overall 
transverse  shear  loading  can  be  derived  from  the  displacement 
fields  (76)  to  (77),  and  the  appropriate  constitutive  relations 
(1)  or  (4). 

This  completes  the  solution  of  the  auxiliary  problem,  and 
opens  the  way  to  evaluation  of  the  Mori-Tanaka  estimate  of 
the  overall  stiffness  which  contains  the  unknown  transverse 
shear  modulus  m.  Of  course,  the  above  solution  delivers  the 
auxiliary  stress  and  strain  fields  in  the  phases  in  the  cylindrical 
coordinate  system,  and  both  the  fields  and  the  phase  moduli 
must  be  first  transformed  into  the  Cartesian  system.  As  in 
Chen  et  al.  (1990,  Section  3),  we  denote  the  cylindrical  system 
by  the  vector  (,  the  fields  themselves  by  primed  letters  a  (() 
and  i  ((),  and  the  phase  properties  in  the  {  system  by  L', 
M ' .  Note  that  the  factor  2  must  appear  in  the  shear  terms  of 
the  6  x  1  strain  vector,  in  the  Cartesian  coordinates,  these 
quantities  are  denoted  by  similar  but  unprimed  letters. 

At  any  point  in  a  given  phase  r ,  the  transformation  of  the 
stress  and  strain  fields  between  the  current,  cylindrical,  and 
the  Cartesian  components  is  written  as 

<Mx)  =  R<r,'(«),  eXx)  =  Se,’  ({),  (78) 


where,  the  transformation  matrices  R  and  S  are  related  by  Rr 
=  S' '.  Of  course,  in  a  transformation  between  the  cylindrical 
and  Cartesian  systems,  R  and  S  are  functions  of  the  angle  0. 
Next,  write  the  phase  constitutive  relations,  such  as  (4),  in  the 
symbolic  form: 

(« ) = Li  ({)«;  ({), «; = m;  «)»;  «>.  (79) 

Equations  (78)  and  (79)  provide  the  relations 

®Xx)  =  RL, S '  '«Xx),  eXx)  =  SM,’R*  '<rXx)  (80) 


at  each  point  x.  Note  that  S,  R.  L,‘ ,  M,'  may  now  be  functions 
of  x,  but  for  brevity  in  notation  the  argument  wiU  be  omitted 
in  the  sequel. 

The  local  fields  in  (80)  are  related  to  the  uniform,  remotely 
applied  fields  <°  and  <r3  through  certain  influence  functions 
AXx),  BXx);  their  volume  averages,  the  mechanical  concen¬ 
tration  factors,  appear  in  (34).  Thus,  under  overall  applied 
strain,  (32|)»  the  local  strain  field  in  (80a)  may  be  replaced  by 
the  term  AXx)  <°,  and  the  result  substituted  into  the  formal 
phase  constitutive  relation  <tr  »  L*,.  When  solved  for  r,  the 
relation  yields  the  result 


L,= 


'KAxyiVr 


K7 


(Si) 


A  similar  operation  on  the  local  stress  field  in  (80,),  but  under 
boundary  conditions  (32J,  leads  to 


M,= 


SM,'R-'BXx)dK. 


B,- 


(83) 


The  above  transformation  relations  are  valid  for  any  actual 
composite  material  or  its  model.  Of  course,  in  the  Mori-Tanaka 
model  one  can  employ  the  expressions  (39)  for  A,  and  B,  to 
find 


L,= 


M,= 


T,~ 


-  \  RL,'S-1TXx)dV', 

*r  J  V. 

77  f  SM'R-'WXxW, 

V,  Jy 


W,  (83) 


Recall  that  the  partial  concentration  factors  and  the  under¬ 
lying  influence  functions  follow  from  the  solution  (77)  of  the 
auxiliary  problem,  and  the  transformation  relations  (78).  When 
substituted  into  (83),  they  provide  the  necessary  phase  stiff¬ 
nesses  and  concentration  factors  for  evaluation  of  the  overall 
stiffness  and  compliance  in  (40).  Of  course,  the  procedure 
yields  all  components  of  L  and  M.  However,  the  magnitudes 
of  the  moduli  k ,  /,  n,  and  p  for  the  present  system  are  already- 
known  from  (30)  and  (8),  (10),  (11),  and  (12),  and  only  the 
magnitude  of  m  represents  new  information. 

We  note  in  passing  that  in  a  transversely  isotropic  solid  with 
the  jr.-axis  of  symmetry,  the  Hill’s  elastic  moduli  and  the  stiff¬ 
ness  coefficients  are  related  as  follows: 

L\ i  =  n,  L\i  =  Z.,3  =  l,  Lj2  =  £j3  =  k+  m,  (84) 

3- 23 =  k  tti ,  Lu  *  /w,  Ljj  —  Ljj  -  p. 


8  Closure 

The  formulation  of  the  Mori-Tanaka  method  does  not  guar¬ 
antee  diagonal  symmetry  of  the  estimated  overall  stiffness  ten¬ 
sor.  Indeed,  it  is  easy  to  construct  systems  for  which  the 
predicted  stiffness  is  not  diagonally  symmetric.  However,  Ben- 
veniste,  Dvorak,  and  Chen  (1991a, b)  prove  that  the  Mori- 
Tanaka  estimates  are  symmetric  in  all  two-phase  systems  of 
any  geometry,  and  in  those  multiphase  systems  where  all  in¬ 
clusions  have  the  same  shape  and  orientation,  or  the  P  tensor. 
Such  proof  was  also  constructed  for  the  unidirectional  com¬ 
posite  reinforced  by  coated,  cylindrically  orthotropic  fibers. 
This  suggests  that  the  present  estimates  of  overall  stiffness  for 
all  systems  with  aligned  fibers  or  inclusions  are  diagonally 
symmetric.  An  analogous  conclusion  for  the  randomly  orien¬ 
tated  reinforcement  is  indicated  by  (63). 

Both  the  Mori-Tanaka  and  the  self-consistent  methods  pro¬ 
vide  approximations  which  are  admissible  only  if  they  are 
bracketed  by  available  Hashin-Shtrikman  bounds.  For  the 
Mori-Tanaka  method,  this  question  was  recently  explored  by 
Norris  (1989),  who  shows  that  the  effective  moduli  estimated 
by  the  Mori-Tanaka  approximation  for  two-phase  composites 
always  satisfy  the  Hashin-Shtrikman  and  Hill-Hashin  bounds. 
However,  this  property  does  not  generalize  to  general  multi¬ 
phase  composites.  The  status  of  the  estimates  for  aligned  plate¬ 
let  reinforced  systems,  and  for  multiphase  random 
reinforcement,  remains  to  be  established. 
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Some  Remarks  on  a  Class  of  Uniform 
Fields  in  Fibrous  Composites _ 


Y.  Benveniste4  and  G.  J.  Dvorak5 


1  Introduction 

In  a  series  of  recent  papers,  Dvorak  (1983,  1986)  pointed 
out  that  a  one-parameter  uniform  strain  field  can  be  created 
in  certain  fibrous  composite  media  of  any  transverse  geometry 
by  a  superposition  of  a  uniform  overall  stress  with  a  uniform 
change  in  temperature.  Moreover,  under  such  superimposed 
loads,  Dvorak  and  Chen  (1989)  found  a  uniform  strain  field 
in  a  three-phase  fibrous  composite,  and  Benveniste  and  Dvorak 
(1990a,  1990b)  constructed  uniform  stress  and  strain  fields  in 
two-phase  media  of  any  geometry  and  phase  material  sym¬ 
metry.  Finally,  Dvorak  (1990a)  identified  uniform  strain  fields 
in  both  fibrous  and  general  two-phase  media  of  any  phase 
material  symmetry  in  the  presence  of  arbitrary  but  uniform 
eigenstrains  in  the  phases. 

The  existence  of  uniform  strain  fields  is  useful  in  solution 
of  problems  which  involve  phase  eigenstrains,  e.g.,  thermal, 
swelling,  or  plastic  strains.  If  such  eigenstrains  are  or  are  taken 
as  uniform,  then  it  is  possible  to  evaluate  an  auxiliary  uniform 
overall  stress  state  which  will  change  the  initial  strain  field  into 
a  uniform  strain  field  in  the  entire  volume.  Of  course,  the 
auxiliary  stress  needs  to  be  removed,  but  that  can  be  accom¬ 
plished  in  a  purely  mechanical  loading  step.  In  this  way,  ei- 
genstrain  problems  may  be  converted  into  much  simpler 
mechanical  loading  problems.  For  example,  thermoplasticity 
problems  in  composite  media  can  be  solved  as  mechanical 
problems  along  a  modified  loading  path.  Many  other  appli¬ 
cations  of  the  technique  can  be  found  in  Dvorak  ( 1990a,  1 990b). 

This  Note  is  concerned  with  Dvorak’s  (1986)  paper,  where 
a  one-parameter  family  of  uniform  strain  fields  was  created 
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in  a  binary  fibrous  composite  through  a  uniform  temperature 
change  and  proportional  mechanical  loading.  The  parameter 
can  be  selected  in  many  different  ways,  the  actual  choice  in 
Dvorak  (1986)  related  the  longitudinal  normal  stress  and  the 
transverse  hydrostatic  stress  in  the  matrix  through  a  scalar 
parameter  p.  The  results  included  a  derivation  of  the  instan¬ 
taneous  effective  thermal  expansion  coefficients  of  two-phase 
composite  aggregates  with  plastically  deforming  matrices.  Even 
though  the  derivation  utilized  an  arbitrary  parameter,  it  was 
expected  that  the  resulting  effective  thermal  expansion  coef¬ 
ficients  would  be  independent  of  that  parameter.  This  was 
verified  in  Dvorak  (1986)  by  numerical  examples,  but  not  es¬ 
tablished  analytically.  Moreover,  since  the  overall  expansion 
coefficients  depend  on  some  overall  moduli,  the  examples  had 
to  make  recourse  to  approximate  micromechanical  models  for 
evaluation  of  such  moduli. 

The  present  Note  gives  an  analytical  proof  of  the  inde¬ 
pendence  of  Dvorak’s  (1986)  final  result  for  the  overall  thermal 
expansion  coefficients  on  the  free  parameter  p.  Although 
Dvorak’s  analysis  applies  to  fibrous  systems  with  transversely 
isotropic  phases,  we  restrict  ourselves  to  the  simpler  case  of 
isotropic  phases.  First,  the  Note  presents  a  simplified  deri¬ 
vation  of  the  relevant  results  of  the  (1986)  paper.  Then,  an 
analytical  proof  shows  that  these  results  are  independent  of 
the  parameter  p.  The  proof  is  completely  general  and  does  not 
rely  on  any  micromechanical  model.  Finally,  it  is  shown  that 
the  thermal  expansion  coefficients  found  with  the  uniform 
fields  technique  coincide  with  those  derived  by  Levin  (1967) 
from  the  virtual  work  theorem.  This  supplements  a  similar 
conclusion  reached  by  a  different  route  in  Dvorak  (1990a), 
and  confirms  that  the  uniform  field  technique,  while  offering 
a  much  more  extensive  scope  in  applications,  gives  results  in 
agreement  with  those  that  follow  from  Levin’s  approach. 


2  Analysis 

Let  us  consider  a  binary  composite  consisting  of  an  isotropic 
matrix  reinforced  by  perfectly  bonded,  aligned,  isotropic  cy¬ 
lindrical  fibers  of  arbitrary  cross-section.  A  Cartesian  coor¬ 
dinate  system  is  chosen  with  the  x3-axis  aligned  with  the 
direction  of  the  fibers.  As  pointed  out  by  Dvorak  (1986),  a 
uniform  strain  field  and  a  piecewise  uniform  stress  field  can 
be  created  in  this  binary  composite  by  superposition  of  a  uni¬ 
form  temperature  change  with  certain  auxiliary  tractions  on 
the  externa]  boundary.  Let  the  desired  uniform  fields  be  de¬ 
noted  by  b),  and  V„  with  s  =  /,  m  for  the  fiber  and  matrix, 
respectively.  They  must  satisfy  the  traction  and  displacement 
continuity  at  the  cylindrical  fiber-matrix  interfaces.  Since  the 
fields  are  uniform,  the  continuity  requirements  are  met  if  the 
fields  conform  to  the  following  conditions: 


<Tll  —  &Z  ~  =  =  9 

(i) 

- /  <»  m  -  f  -  m  -/  «m 

(2) 

The  shear  strain  and  stress  components  of  the  auxiliary  fields 
vanish  in  the  present  situation.  The  <rj3  and  a",  need  not  be 
equal  to  each  other,  but  are  also  uniform  within  each  phase. 
In  other  words,  the  e33  stresses  are  piecewise  constant  in  the 
fibrous  composite,  while  all  the  other  strains  and  stresses  are 
uniform  throughout. 

We  now  appeal  to  the  familiar  thermoelastic  constitutive 
relations,  and  express  the  phase  strains  in  (2)  under  the  con¬ 
straints  indicated  by  (1).  Thus,  Eq.  (2)t  results  in 

(<T3j/ Ef)  -  Ef)a + aj6a  =  (ej \/Em) 

-(2  vm/Em)6  +  a^0  (3) 

where  E„  v„  a,  with  s  =  /,  m  denote,  respectively,  the  Young’s 
modulus,  Poisson’s  ratio,  and  the  thermal  expansion  coeffi- 
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cient  of  the  matrix  and  fiber,  respectively;  80  is  the  uniform 
temperature  change.  Similarly,  under  (1),  Eqs.  (2)2  and  (2)3 
become 

(if)  "  ~  ^  +  =  l1!?)  a"e°-  (4) 

For  a  given  temperature  change,  (3)  and  (4)  provide  two  equa¬ 
tions  for  the  three  unknown  components  b,  cr{},  a of  the 
piecewise  uniform  stress  field.  This  suggests  that  an  additional 
relation  may  be  prescribed  between  these  unknowns.  In  ac¬ 
cordance  with  Dvorak  (1986),  we  chose 


At=- 


1-i 


Em 


1  -»T  .  VL 


1 


( 1  -t-  vm)E, 


Bt= - - 


n 

El 


Cm  +  Cf- 


( 1  +  v/)Em 
( 1  +  v„)E,  | 


( 1  +  vf)Em 
Ct=Cl,  Dt  =  Dl. 


(15) 


0)3=  pb. 


(6) 

Q 

t- 

II 

8 

3 

+ 

_  1 

l 

*/ 

(7) 

be 

OLf 

-cr„ 

(5) 

where  p  is  an  arbitrary  parameter.  From  (3),  (4),  and  (5)  one 
readily  obtains 

bi,  =  b\  1  +  [(1  +  Vm)E,(p  -  1)/(1  +  vf)En)  I 

.  _ _ (1  Jrvf)(af-  am)80 _ 

[1  2vmv/+ p(v/~  vm)]/Em  +  (1  +  •>/)(2iy-  1  )/£>' 

Therefore,  for  any  finite  value  of  p,  uniform  fields  c< 
created  in  the  fibrous  composite  by  application  of  the  stresses 
(5)  and  (6)  on  planes  x3  =  constant,  together  with  tractions 
resulting  from  b  on  the  lateral  surface,  and  by  a  uniform 
temperature  change  80  throughout.  These  uniform  fields  can  where 
be  used  to  derive  the  effective  thermoelastic  constants  of  the 
composite. 

At  this  stage  we  focus  our  attention  on  a  Fibrous  composite 
which  is  transversely  isotropic  on  the  macroscale  and  is  sub¬ 
jected  to  a  uniform  temperature  change,  while  its  external 
surface  is  kept  traction-free.  By  definition,  the  longitudinal 
and  transverse  thermal  expansion  coefficients  of  the  composite 
are  given  by 

aL8o  =  Cfti)  +  c^y)  (8) 

<xt8o  =  C/c/u  +cm?  71  =C/«^j  +  C„eS  (9) 

where  an  overbar  denotes  an  average  over  the  volume  of  re¬ 
spective  phases  and  c„  s  =  /,  m  are  the  volume  fractions. 

The  thermal  strains  on  the  left-hand  side  of  (8)  and  (9)  can 
be  derived  from  the  uniform  strain  field.  This  is  accomplished 
by  an  application  of  a  loading/unloading  sequence  where  the 
loading  consists  of  80  and  b,,,  and  the  unloading  is  a  subtraction  =  (c/*7+  cm»m) 
of  the  average  surface  tractions,  which  have  been  induced  by 
b„.  Then,  (8)  and  (9)  may  be  rewritten  as 

aL80  =  h)  -  (C/<H 3  +  cmpb)/EL  +  (2i>L/EL)b  (10) 

<*t0o  =  «ii  -((1  -vT)/EAS+  ( vl/El ) ( C„pa + erf, ) ,  (11) 

where  EL ,  £r,  vL,  and  vT  are,  respectively,  the  effective  lon¬ 
gitudinal  and  transverse  Young’s  moduli  and  longitudinal  and 
transverse  Poisson’s  ratios  of  the  transversely  isotropic  fibrous 
composite. 

The  expressions  for  b,  b{}  and  e{3,  i{\  obtained  in  (6),  (7), 

(3),  and  (4),  render  Eqs.  (10)  and  (11)  in  the  form 

aL  =  am  +  (a/-am)(l  +  ) '/HAL  +  Blp)/(Cl  + Dj>)  (12) 
atT=am  +  (a/-am)(\  +  Vf)(Ar+  Bip)/(Cr+  Dtp),  (13) 
where 


At  this  stage  we  ask  whether  the  results  (12)  and  (13)  are 
independent  of  the  arbitrary  parameter  p,  and  whether  these 
expressions  can  be  reduced  to  the  following  well-known  for¬ 
mulae,  originally  derived  by  a  different  approach  by  Levin 
(1967) 


J _ 1_1 

Kf  Km 


3(1-2^)^  1 

El  Km 


K,  =  EAb 0  -2k,))  with  s=/,m. 


(16) 


(17) 


(18) 


and  k  denotes  the  effective  plane-strain  bulk  modulus  for  lat¬ 
eral  dilatation  without  axial  extension. 

In  what  follows,  the  equivalence  between  (12)-(13)  and  (16)- 
(17),  respectively,  is  established  by  recalling  first  Hill’s  (1964) 
universal  relations  between  the  effective  moduli  of  a  binary, 
transversely  isotropic  fibrous  composite  with  cylindrical,  trans¬ 
versely  isotropic  phases.  Two  of  these  relations  which  will  be 
needed  here  are  (see,  for  example,  Hashin,  1983); 


El  =  (CjEf+  cmEm) 


(?/iri)/(r,- z))  m 


where 


(21) 


k,~ 1  =  2(1  +  v,)(l  -  2 »s)Es  1  with  s=f,m, 

and  k  is  the  same  effective  modulus  appearing  in  (17).  Equa¬ 
tions  (19)  and  (20)  allow  one  to  write 


EL  =  a  +  b*L>  ~^  =  c+dvL 


(22) 


with 

a=  (C/£/+c*£, 


Al= 

1  [_  Em  El\  Et[  (1  +  »>/)£„ J* 

a- 


Cm  +  Cf 


(1  +  *m)E,\ 
(1  +  v/)Em 


CL  =  (1  -  vm -  2fmi '/)  +  (1  +  V/K2V/-  l)j , 


Dl  =  {»f-vm)/Em 


(14) 


b  =  P^±,  (23) 

I  n  Vk«  k// 

L  */“*-] 

d=  -4/6. 

Let  us  now  show  the  equivalence  of  (12)  and  (16).  To  this 
end  we  first  express  vL  in  terms  of  EL  and  the  constituent 
properties  through  (22)|.  Then,  (18)  allows  one  to  cast  (16) 
into  the  form 
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ai  =am 


1  +  »/  I  (cj{  1  vm)Ef 

»f~  »m  El  \  »f~  vm 


+ 


cj  1  +  ty)f  „A 

"/-  »m  ) 


(a/-am) 


(24) 


which  involves  only  EL  as  the  single  effective  elastic  modulus. 
Application  of  the  same  procedure  to  (14,)  makes  it  possible 
to  express  the  constant  AL  in  terms  of  constituents  properties 
and  El  only.  It  is  now  clear  that  for  the  parameter  p  to  dis¬ 
appear  altogether  from  (12),  the  following  relation  must  hold 
between  AL,  BL,  CL,  and  DL: 


Al/Cl  =  Bl/Dl,  (25) 

which  results  in 

( AL  +  BLp)/(CL  +  Da>)=BL/DL .  (26) 

Some  algebra  shows  that  (25)  is  indeed  fulfilled,  and  it  becomes 
then  an  easy  matter  to  verify  that  one  can  use  (26),  together 
with  ( 14)i  and  (14)4  to  reduce  Eq.  (12)  identically  to  (24). 

Establishing  the  equivalence  between  (13)  and  (17)  is  similar 
in  principle  to  the  procedure  described  previously.  We  start 
by  using  (22)  in  conjunction  with  (18)  and  (21)  and  choose  this 
time  to  cast  (17)  in  terms  of  the  constituent  properties  and  vL 
only.  After  considerable  manipulation,  (17)  can  be  written  in 
the  form 

aT=ctm  +  (aj~an)(e+fvL)/(ci  +  bvL)  (27) 

where  a  and  b  are  given  by  (23)  and 

e  =  a(-Km(  1 +  »/)/(«>/- vJJ,  /=/,  +  Cj/2  (28) 

with 


,  2(1  +  y/)<rJ2*/»w(»/-0-  (1  +  vm)(2vm-  l)(<rw-lr,)l 

'  (km~kf)(vf-vm) 

(29) 

/:=-<!  +  <-/)(l  +  Ol2*z„(l  +  vm)(l  -  2vm) 

+  2  k](  l  +  vj)(  1  -  2  vf)  +  kmkf(%vmvf~  4  +  2vm  +  2vf)\ 

/l(*’/-vm)((l  +  vm)km  -  kj(  1  +  vj)  I .  (30) 

Next  we  turn  to  Eq.  (13).  In  analogy  to  (25)  and  (26),  what 
now  needs  to  be  established  is  that 

At/Ct=Bt/Dt  or  At/Bt=Ct/Dt  (31) 

or 

(At+ Btp)/(Ct+ Dtp)  —  Bt/Dt  (32) 

so  that  p  disappears  from  (13).  Furthermore,  it  needs  to  be 
shown  that 

(1  +  vf)(BT/DT)  =  (e+ft>L)/(a+bvL).  (33) 

The  ratio  Ct/Dt  in  (31)2  easily  follows  from  (15,).  (15:),  (14)j, 
(I4)«  as 

Ct/Dt-[E„(\  +  vf)(2vf-  D  +  f/I 

-ym-  2vmvr)y\Ef(  vj-  O]  (34) 

which  is  seen  not  to  contain  any  effective  moduli.  On  the  other 
hand,  the  expression  A  y/By  in  (31)2  does  contain  the  effective 
constants  j >y,  £>,  *7.,  and  El  as  seen  from  (14),  and  (16)*. 

At  this  stage,  we  recall  the  identity  (see,  for  example,  Hashin, 
1983,  Eq.  3.2.4) 

(1  -»tVEt=\El  +  4*»-i)/(2*£t),  (35) 

and  make  use  of  (22)i  and  (22)  to  express  all  the  effective 


moduli  in  (15)i  and  (15)2  in  terms  of  vL  only.  The  ratio  A  r- 
Bj  can  eventually  be  written  as 

Ay/By=l(  1  +vLh)/(  1  +  vJ)](Cy/DT)  (36) 


where 


h  =  b/a- (£mrf-2c/g/a)[2(l-^)-c£ml-‘ 


g  =  E, 


(1  +  ym)Ef 
( 1  +  vf)Em 


j-  ~  ( Em~vmb-c#)/(vma ), 


(37) 


and  a,  b,  c,  d,  are  given  by  (23). 

To  establish  the  validity  of  (31)2,  it  needs  to  be  shown  that 
h  =  j\  this  follows  after  some  algebra  from  (23)  and  (37). 

Finally,  to  prove  the  validity  of  (33),  Br  in  (14)6  needs  to 
be  expressed  in  terms  of  vL  and  the  constituents  properties 
from  (22), .  Then,  the  expressions  for  a,  b,  e,  f  which  were 
derived  in  (23)  and  (28)  lead,  after  considerable  manipulation, 
to  Eq.  (33).  This  shows  that  (33)  is  indeed  valid. 


3  Conclusion 

In  summary,  we  have  shown  that  Eqs.  (12)  and  (13)  derived 
by  the  procedure  described  in  Dvorak’s  (1986)  paper  are  indeed 
independent  of  the  free  parameter  p,  and  that  they  reduce 
properly  to  the  forms  (16)  and  (17)  originally  derived  by  Levin 
( 1967).  Of  course,  the  proof  has  been  constructed  only  for  the 
case  of  isotropic  constituents,  whereas  Dvorak's  results  also 
apply  to  transversely  isotropic  phases.  Extension  of  the  proof 
to  such  systems  should  be  possible,  but  it  if  beyond  our  present 
scope. 
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ABSTRACT 

Local  stresses  censed  by  tnwrhxwirai  ead  thermal  loads  in  high  temperature 
intermetallic  matrix  composites  are  evaluated  using  a  finite  dement  solution  for  a  periodic 
hexagonal  array  microstructure.  Both  uncoated  and  coated  elastic  fibers  are  considered. 
The  matrix  is  assumed  to  be  elastic-plastic  and  insensitive  to  loading  rates.  Mechanical 
properties  of  the  phases  are  function  of  temperature.  It  was  found  that  a  CVD  deposited 
carbon  coating  can  be  quite  effective  in  reducing  thermal  stresses  at  the  matrix/ coating 
interface.  Certain  mechanical  stress  concentration  factors,  however,  may  be  aggravated  by 
the  compliant  coating.  In  composite  systems  with  a  ductile  matrix,  plastic  deformations 
reduce  stress  concentration  and  lead  to  stress  redistribution.  In  such  systems, 
thermomechanical  loading  regimes  can  be  designed  to  reduce  adverse  local  stresses 
introduced  during  fabrication,  for  example,  by  hot  isostatic  pressing. 

INTRODUCTION 

It  is  well  known  that  the  overall  behavior  of  fibrous  composites  is  directly  affected 
by  the  local  phenomena.  For  example,  the  overall  performance  of  a  composite  may  be 
impaired  if  Himig*  or  instability  is  initiated  in  the  phases  or  at  their  interlaces.  On  the 
other  hand,  the  overall  strength  may  be  enhanced  by  plastic  flow  of  the  matrix.  Therefore, 
evaluation  of  local  stresses  in  fibrous  composites  is  important  in  material  selection, 
evaluation  and  design  under  both  thermal  and  mechanical  loads. 

The  present  paper  is  concerned  with  evaluation  of  the  local  stresses  in  high 
temperature  fibrous  composites  under  thermomechanical  loads.  Specifically,  the  stresses  in 
uncoated  and  coated  fiber  reinforced  intermetallic  matrix  composites  are  examined.  For 
unidirectional  coaposites,  the  analysis  was  performed  for  an  idealised  geometry  of 
the  aicrostructure  using  the  Periodic  Hexagonal  Array  (PHA)  model  (Dvorak  and 
Teply,  1985;  Teply  and  Dvorak,  1988).  This  geoaetry  permits  selection  of  a 
representative  unit  cell,  the  response  of  which  is  identical  with  the  response  of 
the  coaposite  aggregate  under  overall  unifora  stress  or  strain  fields.  The  overall 
response  and  locaTnelds  are  then  found  in  the  unit  cell  using  the  finite  dement  method. 
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The  remit i  reported  in  this  paper  focus  on  the  effect  of  fiber  coating  on  the  local 
thermal  and  mechanical  stress  concentration  factors  in  elastic  as  well  as  elastic-plastic 
matrices.  Thermal  residual  stresses  generated  by  cooldown  of  unidirectional  composites 
from  fabrication  temperatures  are  also  evaluated.  The  present  study  examines  various 
thermomechanical  loading  regimes  that  may  be  applied  during  the  fabrication  process  to 
reduce  the  tensile  stresses  in  tne  matrix. 

The  paper  begins  with  a  brief  description  of  the  PHA  model  for  uni  directionally 
reinforced  composites.  Next,  material  properties  for  the  composite  system  examined  in  this 
study  are  given.  Two  principal  results  obtained  with  the  PHA  model  for  intermetallic 
matrix  composites  reinforced  by  on  coated  and  coated  fibers  are  then  presented  and 
discussed.  One  is  concerned  with  the  effect  of  fiber  coating  on  thermal  and  mechanical 
stresses,  the  other  examines  the  effect  of  the  thermomechanical  loading  regime  applied 
during  fabrication  of  composites  by  hot  isostatic  pressing  on  the  local  stresses. 

THE  COMPOSITE  MODEL 

Several  material  models  have  been  developed  for  elastic-plastic  fibrous  composites 
under  various  approximations  of  the  microgeometry.  While  averaging  models,  such  as  the 
self-consistent  model  (Hill,  1965)  and  the  Mon-Tanaka  (1973)  method,  approximate  the 
microgeometry  by  a  single  inclusion  embedded  in  an  infinite  mass  of  a  different  material, 
periodic  models  (Aboudi,  1986,  Dvorak  and  Teply,  1985;  Nemat-Nasser  et  al.,  1982) 
consider  actual  details  of  the  miaostructure.  The  latter  class  of  models  assumes  certain 
periodic  arrangements  of  the  fiber  in  the  transverse  plane  of  the  composite  and  performs 
the  analysis  on  a  unit  representative  cell  of  the  periodic  microstrncture.  Other  models 
which  are  phenomenological  in  nature  have  been  also  developed  (see  for  example  the 
Vanishing  Fiber  Diameter  (VFD)  model  by  Dvorak  and  Bahei-El-Dii;  1982;  and  the 
Bimodal  Plasticity  Theorv  (BPT)  by  Dvorak  and  Bahei-El-Din,  1987)  but  are  more 
suitable  for  prediction  of  the  overall  response  of  composites.  A  surrey  of  tne  above  models 
can  be  fonnd  in  the  reviews  by  Bahei-El-Din  and  Dvorak  (1989)  and  Dvorak  (1991). 

An  essential  requirement  in  the  theoretical  model  used  in  the  present  study  is  the 
ability  to  represent  details  of  the  local  stress  and  strain  fields  in  the  phases  of  a 
uni  directionally  reinforced  composite  subjected  to  uniform  overall  stress  and  thermal 
change.  This  narrows  down  our  choices  to  the  periodic  models.  In  particular,  we  employed 
the  PHA  model  developed  by  Dvorak  and  Teply  (1985)  and  Teply  and  Dvorak  (1988) 
which  we  have  verified  experimentally  (Dvorak  et  al.,  1988;  Dvorak  et  al.,  1990).  In  this 
model,  the  microstructural  geometry  in  the  transverse  plane  of  a  uni  directionally  reinforced 
fibrous  composite  is  represented  by  a  periodic  distribution  of  the  fibers  in  a  hexagonal 
anay.  Cross  section  of  the  fibers  is  approximated  by  a  nx6-sided  polygon.  An  example  of 
the  PHA  microgeometry  with  dodecagonal  fiber  cross  section  is  shown  in  Fig.  la.  The 
hexagonal  array  shown  in  Fit.  la  is  divided  into  two  unit  ceils,  as  indicated  by  the  shaded 
and  unshaded  triangles.  Under  overall  uniform  stresses  or  strains,  the  two  sets  of  unit  cells 
have  related  internal  fields.  Accordingly,  under  properly  prescribed  periodic  boundary 
conditions,  only  one  unit  cell  from  either  set  needs  to  be  analysed.  Figure  lb  shows  a  three 
dimensional  view  of  one  of  the  unit  cells. 

The  actual  analysis  is  performed  by  the  finite  element  method.  The  unit  cell  is 
subdivided  into  a  selected  number  of  subelements  in  the  matrix,  fiber,  and  coating 
subdomains.  A  fairly  refined  subdivision  is  required  for  evaluation  of  the  local  fields. 
Figure  2  shows  two  examples  of  such  a  finite  element  mesh.  The  results  reported  here  were 
found  with  the  ABAQUS  finite  element  program.  Resident  constitutive  relations  were 
used  for  the  homogeneous  phases.  The  fiber  and  the  coating  were  assumed  elastic,  whereas 
the  matrix  was  assumed  elastic-plastic,  invisdd,  and  follows  the  Mises  yield  criterion. 
Stress-plastic  strain  response  of  the  matrix  was  assumed  to  follow  a  linear  strain  hardening 
behavior,  and  the  matrix  yield  surface  to  follow  the  Prager-Ziegler  kinematic  hardening 
rule.  Thermoelastic  properties  of  the  phases  as  well  as  the  matrix  yield  stress  and  plastic 
tangent  modulus  are  piecewise  linear  functions  of  temperature. 
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Fig.  2  Two  refined  meshes  of  the  PHA  unit  ceil. 
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THE  COMPOSITE  SYSTEM 


An  intermetallic  matrix  composite  system  reinforced  by  aligned  continuous  fibers  is 
considered.  The  matrix  is  a  nickd-a,' ununi de  compound  (NijAf)>  and  the  reinforcement  is 
a  carbon-coated  or  uncoated  silicon-<arbide  fiber  (SCS61  at  25%  volume  fraction.  The 
carbon  coating  thickness  is  10  tan.  Tables  1  and  2  show  material  properties  of  the  phases. 
Thermcelastic  constants  of  the  silicon-carbide  fiber  and  the  carbon  coating  are  not 
function  of  temperature,  while  those  of  the  nickd— aiuminide  matrix  vary  with 
temperature.  Also,  the  yidd  stress  and  the  plastic  tangent  modulus  of  the  NijAf 
compound  vary  with  temperature.  Figure  3  shows  variation  of  the  tensile  yield  stress  with 
temperature  for  the  NijAf  matrix.  UaMec  other  aiuminide  compounds,  for  example  TisA4 
for  which  the  yidd  stress  increases  monotonically  with  decreasing  temperature  (see  Fig.  3), 
the  yield  stress  of  the  nickel-aluminide  compound  decreases  with  decreasing  temperature  if 
the  latter  is  below  600°C.  This  causes  plastic  deformation  of  the  matrix  during  cooldown 
of  NijAf-based  system  which  may  help  in  reducing  th*  adverse  thermal  residual  stresses. 

RESULTS 

Effect  of  Fiber  Coating  c a. Local  Stresses 

To  examine  the  effect  of  fiber  coating  on  the  local  thermal  and  mechanical  stresses, 
we  plotted  stress  contours  in  the  unit  cell  for  the  transverse  local  stress  aJ2.  Figures  4  and 
5  show  the  results  for  the  SCS6/NijAf  composite  in  the  elastic  range  under  thermal 
loading  and  overall  transverse  tension,  respectively.  It  was  assumed  tha*  the  composite  is 
stress  free  at  the  fabrication  temperature  of  1200°C,  and  small  increments  of  a  temperature 
decrease  and  transverse  tensile  stress  were  applied  sepaxatdy.  The  local  stress  found 
from  finite  dement  solution  of  the  uni?  cell  was  then  normalized  by  the  applied  load  and 
plotted  in  the  transverse  plane.  The  unit  cell  is  indicated  in  Figs.  4  and  5  by  the  dashed 
triangular  boundary.  The  contours  outside  the  unit  cell  were  generated  using  the  periodic 
properties  of  the  local  stress  field. 

It  is  seen  from  Fig.  4a  that  tensile  hoop  stresses,  and  compressive  radial  stresses 
devdop  in  the  matrix  if  the  temperature  is  decreased,  whereas  compressive  hoop  stresses 
devdop  in  the  fiber.  These  stresses  are  caused  by  the  mismatch  between  the  thermal 
strains  generated  in  the  fiber  and  the  matrix.  At  the  G'oer/matnx  interface  in  the  system 
under  consideration,  the  matrix  tends  to  move  in  the  volume  occupied  by  the  fiber  when 
the  temperature  is  decreased,  but  is  prevented  by  the  stiff  fiber  which  deforms  at  a  muck 
smaller  temperature  rate.  Consequently,  radial  cracks  may  develop  in  the  matrix  under 
cooling  from  the  fabrication  temperature.  If,  on  the  other  hand,  the  '^efficient  of  thermal 
expansion  of  the  fiber  was  larger  than  that  of  the  matrix,  local  damage  under  temperr.ure 
reduction  would  take  the  form  of  disbonds  at  the  fiber/matrix  interface,  and  radial  cracks 
in  the  fibers. 

Applying  a  carbon  coat  to  the  fiber  causes  significant  redactions  in  the  local  thermal 
stresses,  particularly  at  the  fiber/matrix  interface,  Fig.  4b.  Compared  to  the  matnx  and 
the  fiber,  the  carbon  coating  has  a  much  smaller  elastic  stiffness  in  the  transverse  plane, 
and  as  such  it  can  accommodate  the  thermal  strains  developed  in  the  phases.  Conversely, 
the  coating  enhances  sharply  the  mechanical  transverse  stresses  as  s*en  in  Fig.  5.  This 
tradeoff  must  be  carefully  considered  in  design  of  composites. 

If  the  matrix  deforms  plastically,  the  local  stresses  are  reduced  substantially, 
particularly  under  thermal  loads.  This  is  seen  in  the  contours  plotted  in  Figs.  6  and  7  after 
loading  the  composite  well  into  the  plastic  region  so  that  the  matrix  subdomain  is  fully 
plastic.  In  this  case,  the  matrix  is  very  much  compliant  compared  to  the  fiber  and 
therefore  can  deform  without  developing  large  stresses.  In  fact,  the  stiffness  of  the  matnx 
in  the  plastic  range  is  comparable  to  the  stiffness  of  the  carbon  coating  so  that  the 
differences  in  the  stresses  developing  in  the  coated  and  the  uncoated  systems  are  not 
significant. 

These  results  indicate  that  material  selection  may  favor  uncoated  fibrous  systems 
with  ductile  matrices  over  coated  elastic  systems.  Under  repeated  loads,  however,  low 
cycle  fatigue  may  develop  in  the  matrix  under  cyclic  plastic  straining  leading  to  nudeation 
of  small  cracks.  Certain  tradeoffs  therefore  exist  and  must  be  applied  in  material  selection 
and  evaluation. 
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Table  1  Material  properties  of  SCS6  fiber  and  carbon  coating 


1 

3 

4 

s 

i 

T 

Ei 

GPa 

Er 

GPa 

CL 

GPa 

Gr 

GPa 

ul 

(10  Vc) 

SCS6  fiber 

413.6 

159.1 

159.1 

mm 

4.6 

4.6 

Carbon  coating 

6.9 

14.5 

3.8 

Rfl 

1.8 

28 

‘Longitudinal  Young’s  modulus 
Transverse  Young’s  modulus 
Longitudinal  shear  modulus 
Transverse  shear  modulus 
Longitudinal  Poisson’s  ratio 
Longitudinal  coefficient  of  thermal  expansion 
Transverse  coefficient  of  thermal  expansion 


Table  2  Material  properties  of  Ni,Al  matrix  (Stoloff,  1989) 


r‘ 

°c 

i 

GPa 

i 

V 

4 

a 

ioH/°c 

MPa 

if 

GPa 

1200 

134 

0.32 

20.6 

137 

6.70 

994 

142 

0.32 

19.0 

279 

7.10 

776 

150 

0.32 

17.2 

459 

7.50 

673 

154 

0.32 

16.4 

557 

7.70 

642 

155 

0.32 

16.1 

564 

7.75 

578 

158 

0.32 

15.6 

535 

7.90 

378 

165 

0.32 

14.3 

356 

8.25 

327 

167 

0.32 

14.0 

279 

8.35 

206 

172 

0.32 

13.4 

156 

8.60 

127 

175 

0.32 

13.0 

110 

8.75 

21 

179 

0.32 

12.5 

79 

8.95 

‘Temperature 
Young’s  modulus 
Poisson’s  ratio 

Coefficient  of  thermal  expansion 
'Tensile  yield  stress 
'Tensile  plastic  tangent  modulus 
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Fig.  3  Yield  stress— temperature  curve  for  NijAf  andTijAl  compounds. 


Effect  of  Fabrication  Parameters  on  Residual  Stresses 

This  part  of  our  study  of  local  stresses  in  fibrous  system  is  concerned  with 
evaluation  of  the  thermal  residual  stresses  generated  during  fabrication  and  examination  of 
possible  thermomechanical  loading  regimes  that  can  be  applied  during  cooldown  to  room 
temperature  so  that  high  tensile  thermal  stresses  in  the  matrix  can  be  reduced.  The  results 
presented  in  the  preceding  section  indicate  that  plastic  flow  of  the  matrix  causes 
redistribution  of  the  local  stresses  and  reduction  of  the  interfadal  stresses  in  the  matrix. 
Consequently,  in  fabrication  of  intermetallic  matrix  composites  by  hot  isostatic  pressing 
(HIP),  one  can  select  the  optimum  temperature/pressure  path  to  follow  so  as  to  minimize 
the  adverse  local  stresses  in  the  phases,  particularly  the  matrix.  This,  of  course,  can  be 
accomplished  only  for  composites  with  a  ductile  matrix. 

Considering  the  SCS6/NijAf  composite,  we  first  examined  the  local  stresses 
retained  in  the  system  at  room  temperature  after  exposure  to  HIP  temperature  of  1200°C 
and  hydrostatic  pressure,  ?e>  of  200  MPa  when  the  room  temperature/sero  pressure 
condition  is  reached  through  the  various  unloading  options  shown  in  Fig.  8.  In  particular, 
we  compared  the  magnitude  of  the  local  interfadal  stresses  in  the  phases  of  uncoated  and 
coated  systems  for  the  various  cases  listed  in  Fig.  8.  In  each  case,  the  composite  was 
assumed  to  be  free  of  internal  stresses  at  the  fabrication  temperature  (1200°C),  and  the 
hydrostatic  pressure  ?0  was  applied  in  small  increments  up  to  200  MPa.  Although  the 
overall  load  applied  in  this  segment  of  the  loading  path  is  isotropic,  the  matrix  stress  is  not 
necessarily  isotropic.  Nonetheless,  the  matrix  isotropic  stress  was  dominant  so  that  the 
matrix  phase,  which  was  assumed  to  be  plastically  incompressible,  remained  elastic  under 
200  MPa  hydrostatic  pressure  and  1200°C.  In  a  typical  HIP  process,  the  composite  is 
treated  at  the  HIP  condition  for  a  spedfic  duration.  In  our  simulation,  however,  we 
assumed  that  the  matrix  is  invisad,  and  continued  to  unload  the  composite  from  the  HIP 
conditions  to  the  room  temperature  and  atmospheric  pressure.  Plastic  flow  of  the 
nickel-aluminide  matrix  occurred  in  all  the  cases  shown  in  Fig.  8  but  the  onset  of  yielding 
varied  among  these  cases.  The  local  stresses  retained  in  the  composite  at  room  temperature 
are,  therefore,  expected  to  vary  as  well  among  the  loading  cases  shown  in  Fig.  8. 
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Fig.  4  Tramrene  thermal  strew  concentration  factor*  computed  in  a  SCS6/NixAt 
composite  m  the  elaitic  range,  (a)  uncoated  fiber,  ' 

(b)  carbon-coated  fiber. 
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Fig.  5  Transverse  mechanical  itress  concentration  factors  computed  in  a  SCS8/NijA i 
composite  in  the  elastic  range  under  overall  transverse  tension, 

(a)  uncoated  fiber,  (b)  carbon-coated  fiber. 
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Fig.  8  Pouible  variations  of  the  temperature/hydrostatic  pressure  loading  path 
applied  to  unidirectional  composites  during  hot  isostatic  pressing. 


Comparing  the  magnitude  of  the  local  interfacial  stresses  in  the  phases  of  the 
uncoated  and  the  coated  SCSfi/NijAf  composite,  we  found  that  the  stresses  computed  in 
cases  (a),  (b),  (d)— <e).  Fig.  8,  are  very  similar.  On  the  other  hand,  the  adverse  stresses 
were  substantially  reduced  when  the  hydrostatic  pressure,  <r0,  was  sustained  during 
cooldown  of  the  composite,  Fig-.  8c.  Moreover,  the  stresses  benefit  from  increasing  the 
magnitude  of  the  hydrostatic  pressure  applied  during  the  HIP  process.  Specifically,  the 
tensile  stresses  found  in  the  phases  were  reduced  substantially  when  a0  was  increased  from 
200  MPa  to  400  MPa. 

Table  3  compares  the  interfacial  stresses  computed  in  uncoated  and  coated 
SCS6/NisAl  composites  when  the  thermomechanical  loading  paths  shown  in  Fits.  8a, c 
were  applied.  The  stresses  found  in  case  (c)  under  hydrostatic  pressure  of  200  MPa  and 
400  MPa  are  shown.  The  table  lists  the  radial  stress,  a„,  tangential  stress,  <*«,  end  anal 
stress,  <ni,  found  at  the  interface  at  either  point  ’a’  or  point  ’b’  indicated  on  the  unit  cell 
shown  in  the  inset  in  Table  3.  The  isotropic  stress  in  the  matrix,  (<r0)a,  found  in  each  case 
is  also  indicated.  It  is  seen  that  the  tensile  stresses  at  the  fiber/matrix  interface  have  been 
reduced  in  the  uncoated  composite  by  maintaining  the  hydrostatic  pressure  while  cooling 
the  composite  down  to  room  temperature.  More  reductions  in  the  tensile  stresses  are 
achieved  by  elevating  the  hydrostatic  stress  to  400  MPa.  For  example,  the  matrix  hoop 
stress  is  reduced  by  18%  when  the  pressure  is  200  MPa,  and  by  37%  when  the  pressure  is 
400  MPa.  It  appears  that  the  tensile  stresses  can  be  reduced  farther  by  increasing  the 
hydrostatic  pressure  during  the  HIP  process.  However,  the  magnitude  of  the  pressure  that 
can  be  applied  during  fabrication  is  usually  limited  by  the  equipment  used  in  the  HIP 
process. 

The  matrix  interfacial  tensile  stresses  in  the  coated  system  have  been  also  reduced, 
but  ts  a  lesser  extent,  by  following  the  loading  path  indicated  in  Fie.  8c,  Table  3.  The 
hoop  stress  in  the  coating,  however,  is  not  affected  by  the  thermomecnanical  path  applied 
during  fabrication.  Except  for  the  axial  stress,  elevating  the  pressure  applied  during  the 
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Table  3  Maximum  interfadal  stresses  found  in  a  SCS6/NijAf  composite 
at  room  temperature  following  hot  isostatic  pressing 


Interfadal 
Stress  (MPa) 

Uncoated 

Fiber 

Coated 

Fiber 

Uncoated 

Fiber 

Coated 

Fiber 

Uncoated 

Fiber 

Coated 

Fiber 

(tfrr). 

-980b 

-840b 

-790b 

-940b 

-600b 

-910b 

1900b 

1580b 

1550b 

1520b 

120Ob 

1520b 

(<m). 

1980b 

1860b 

1790b 

1430b 

1610b 

1410b 

(ffu)c 

- 

1850a 

- 

- 

1880a 

(<m)c 

- 

-6680b 

- 

- 

-6240b 

(*rr)f 

-980b 

-1100b 

-790b 

-1220b 

-600b 

-1210b 

-940a 

-1080a 

-760a 

-1170a 

-590a 

-1160a 

(<m)f 

-6050b 

-3640b 

-5520b 

-2800b 

-5000b 

-2610b 

(*o). 

970b 

87Qb 

850b 

740b 

670b 

Table  4  Matrix  internal  stresses  found  in  a  SCSfi/NijAf  composite 
at  room  temperature  following  hot  isostatic  pressing 


Stress  at 
■c’  (MPa) 

Uncoated 

Fiber 

Coated 

Fiber 

Uncoated 

Fiber 

Coated 

Fiber 

Uncoated 

Fiber 

Coated 

Fiber 

(<7ii)« 

213 

213 

195 

179 

177 

177 

(<7j  )■ 

115 

128 

96 

162 

76 

164 

(*o). 

101 

105 

90 

106 

79 

106 
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HIP  proceM  does  not  effect  the  stresses  in  the  costed  system.  In  sny  esse,  the  mstrix 
isotropic  stress,  snd  consequently  damage  initistion,  is  effected  by  the  thermomechsnicsl 
losding  psth  followed  daring  the  HIP  run. 

Tsble  4  lists  the  locsl  stresses  found  in  the  mstrix  internet  point  ’c’  (see  inset  of 
unit  cell).  The  sxisl  stress,  (<rn)a,  the  transverse  stress,  (*«),,  snd  the  isotropic  stress, 

ere  shown  for  three  thermomechsnicsl  losding  regimes  applied  during  the  HIP 
process.  It  is  seen  that  the  stresses  in  the  uncosted  system  ere  effected  by  the  HIP  regime. 
Substantial  reductions  in  the  mstrix  stresses  ere  achieved  by  cooling  down  the  composite 
under  constant  pressure,  snd  by  elevating  the  hydrostatic  pressure  applied  during  the  HIP 
run.  While  these  factors  reduce  the  mstrix  axial  stress  in  the  costed  system,  the  transverse 
stress  is  increased  and  the  isotropic  stress  is  unchanged. 

The  stresses  found  in  the  phases  after  the  composite  was  reheated  to  1200°C  were 
not  affected  bv  the  loading  path,  or  the  magnitude  of  the  hydrostatic  pressure,  Oo,  applied 
during  the  HIP  process. 

DISCUSSION 

A  particular  CVD  deposited  carbon  coating  can  be  quite  effective  in  reducing  the 
adverse  thermal  residual  stresses  generated  during  fabrication  of  fibrous  composites.  The 
fiber  coating,  however,  enhances  certain  local  mechanical  stresses.  In  any  case,  the 
significance  of  these  effects  depends  on  the  relative  stiffness  of  the  matrix,  the  fiber,  and 
the  coating.  In  particular,  plastic  flow  of  the  matrix  causes  substantial  reductions  in  the 
tensile  interfadal  stresses  in  the  phases.  The  implication  is  that  mechanical  compatibility 
in  fibrous  composites  is  not  only  a  function  of  the  thermal  properties  of  the  phases,  but  also 
depends  on  the  constitutive  behavior  of  the  phases.  Accurate  evaluation  of  thermal 
residual  stresses,  therefore,  can  be  only  performed  with  appropriate  micromechanical 
models. 

Plastic  flow  of  the  matrix  can  be  utilised  to  reduce  the  tensile  local  stresses 
generated  during  hot  isostatic  pressing  (HIP)  of  fibrous  composites.  Selection  of  the 
temperature/pressure  path  as  well  as  tne  magnitude  of  the  hydrostatic  pressure  applied 
during  the  HIP  treatment  should  focus  on  inducing  plastic  deformation  in  the  matrix  early 
during  the  cooldown  cycle.  In  our  study  of  the  local  stresses  in  a  unidirectional 
SCS6/Ni|A/  composite  we  found  that  the  matrix  interfadal  tensile  stresses  are  lowest 
when  the  isotropic  pressure  applied  during  the  HIP  process  was  maintained  during  cooling 
to  room  temperature.  Also  the  local  stresses  can  be  reduced  by  increasing  the  HIP 
isotropic  pressure.  Our  yet  unpublished  results  indicate  that  more  reductions  in  the 
thermal  residual  stresses  can  be  achieved  through  plastic  deformation  of  the  matrix  if  the 
hydrostatic  pressure  applied  during  the  HIP  process  is  confined  to  the  composite’s 
transverse  plane.  The  results  which  qualify  this  proposition  are  published  elsewhere 
(Bahei-EL-Din  et  al.,  1991). 

ACKNOWLEDGEMENT 

This  work  was  supported,  in  part,  by  the  Air  Force  Office  of  Sdentific  Research,  the 
Office  of  Naval  Research,  and  the  DARPA-HiTASC  program  at  RPI.  Dr.  J.F.  Wu 
assisted  in  the  finite  element  calculations  using  the  ABAQUS  program. 

REFERENCES 

Aboudi,  J.,  1986,  "Elastoplastidty  Theory  for  Composite  Materials,"  Solid  Mech. 
Archives,  Vol.  11,  pp.  141-183. 

Bahei-El-Din,  Y.A.,  and  Dvorak,  G.J.,  1989,  "A  Review  of  Plastiaty  Theory  of 
Fibrous  Composite  Materials,"  Metal  Matrix  Composites:  Testing,  Analysis,  and  Failure 
Modes,  ASTM  STP  1032,  W.S.  Johnson,  ed.,  American  Sodety  for  Testing  and  Materials, 
Philadelphia,  pp.  103-129. 

Bahei-El-Din,  Y.A.,  Dvorak,  G.J.,  and  Wu,  J.F.,  1991,  "Fabrication  Stresses  in 
High  Temperature  Fibrous  Composites  with  Ductile  Matrices,"  to  be  published. 


33 


Dvorak,  G.J.,  1991  "Plasticity  Theories  for  Fibrous  Composite  Materials,"  Metal 
Matrix  Composites,  Vol.  t,  Mechanisms  and  Properties,  R.K.  Everett  and  R.J.  Arsenault, 
eds.,  Academic  Press,  Boston,  pp.  1 — 77. 

Dvorak,  G.J.,  and  Bahei-El-Din,  Y.A.,  1982,  "Plasticity  Analysis  of  Fibrous 
Composites,"  J.  AppL  Mech.,  Vol.  49,  pp.  327-335. 

Dvorak,  G.J.,  and  Bahei-El-Din,  Y.A.,  1987,  "A  Bimodal  Plasticity  Theory  of 
Fibrous  Composite  Material,"  Acta  Mechantca,  Vol.  69,  pp.  219-241. 

Dvorak,  G.J.,  Bahei-El— Din,  Y.A.,  Macheret,  Y.,  and  Liu,  C.H.,  1988,  "An 
Experimental  Study  of  Elastic-Plastic  Behavior  of  a  Fibrous  Boron-Aluminum 
Composite,"  J.  Mech.  Phys.  Solids,  Vol.  36,  pp.  655-687. 

Dvorak,  G.J.,  Bahei— El— Din,  Y.A.,  Shah,  R.S.,  and  Nigam,  H.,  1990,  "Experiments 
and  Modeling  in  Plasticity  of  Fibrous  Composites,"  Inelastic  Deformation  of  Composite 
Materials,  G.J.  Dvorak,  editor,  Springer-Verlag,  New  York,  Inc.,  pp.  270—293. 

Dvorak,  G.J.,  and  Teply,  J.L.,  1985,  "Periodic  Hexagonal  Array  Models  for 
Plasticity  of  Composite  Materials,"  Plasticity  Today:  Modeling,  Methods  and  Applications, 
A.  Sawcxuk  and  V.  Bianchi,  eds.,  Elsevier,  Amsterdam,  pp.  623-642. 

Hill,  R.,  1965,  "Theory  of  Mechanical  Properties  of  Fiber-Strengthened 
Materiale-in,  Self-Consistent  Model,"  J.  Mech.  Phys.  Solids,  Vol.  13,  pp.  189-198. 

Mori,  T.,  and  Tanak,  K.,  1973,  "Average  Stress  in  Matrix  and  Average  Elastic 
Energy  of  Materials  with  Misfitting  Inclusions,"  Acta  MetaL,  Vol.  21,  pp.  571-574. 

Nemat-Nasser,  S.,  Iwakuma,  T.,  and  Hejari,  M.,  1982,  "On  Composites  with 
Periodic  Structure,"  Mech.  of  Materials,  Vol,  1,  pp.  239-267. 

Stoloff,  N.S.,  1989,  "The  Physical  and  Mechanical  Metallurgy  of  Ni*A/  and  its 
Alloys,"  IntL  Materials  Review,  Vol.  34. 

Teply,  J.L.,  and  Dvorak,  G.J  ,  1988,  "Bounds  on  Overall  Instantaneous  Properties 
of  Elastic-Plastic  Composites,"  J.  Mech.  Phys.  Solids,  Vol.  36,  pp.  29-58. 


34 


lnnmononai  Jovmat  of  Ptmatf.  Vol.  I.  pp  M7-*92.  1992 
Printed  in  (he  USA 


ff749-*«  19/92  S5  00  •  00 
Copyright  £  1992  Perganon  Preu  Ltd 


UNIFORM  FIELDS,  YIELDING,  AND  THERMAL  HARDENING 
IN  FIBROUS  COMPOSITE  LAMINATES 

Yehia  A.  Bahei-El-Din1 
Cairo  University 


Abstract- A  uniform  strain  field  is  found  in  fibrous  composite  laminates  with  isotropic  ma¬ 
trix  and  transversely  isotropic  fiber  under  uniform  phase  thermal  strains  and  overall  uniform 
stresses  which  are  functions  of  thermoelastic  properties  of  the  phases.  The  only  restriction  on 
the  structure  of  the  laminate  is  that  the  plies  be  identical  except  for  the  fiber  orientation.  Ther¬ 
moelastic  properties  of  the  phases  are  functions  of  temperature.  The  resulting  uniform  strain 
field  in  the  laminate  is  isotropic.  The  corresponding  stress  field  is  uniform  and  isotropic  in  the 
transverse  plane  of  each  lamina  and  piecewise  uniform  in  the  longitudinal  direction.  In  any  case, 
the  matrix  stress  is  isotropic  which  causes  no  plastic  deformation  in  plastically  incompressible 
materials.  The  solution  leads  to  a  correspondence  between  thermal  and  mechanical  loads  in  lam¬ 
inates  which  converts,  in  an  exact  way.  any  thermomechanical  loading  path  to  an  equivalent 
mechanical  path.  Application  of  the  thermomechanical  uniform  fields  to  initial  yielding  of  com¬ 
posites  identifies  thermal  hardening  of  the  overall  yield  surface  with  translation  along  a  stress 
vector  that  is  a  function  of  the  phase  thermal  strains.  Examples  of  thermal  hardening  in  inter- 
metallic  matrix  composite  laminates  are  shown. 


I.  INTRODUCTION 

It  is  well  known  that  the  stress  and  strain  fields  in  heterogeneous  media  subjected  to  uni¬ 
form  boundary  conditions  are,  in  general,  not  uniform.  The  existence  of  uniform  fields 
in  heterogeneous  media,  particularly  two-phase  fibrous  composites,  under  overall  uni¬ 
form  fields  and  phase  thermal  strains  has  been  shown  in  many  publications  (Dvorak 
[1983,1986.1987];  Dvorak  *  Chen  [1989];  Benveniste  *  Dvorak  [1990]).  A  general 
evaluation  of  uniform  fields  in  two-phase  media  of  arbitrary  geometry  has  been  worked 
out  recently  by  Dvorak  [1990a].  It  was  shown  that  local  uniform  stress  or  strain  fields 
can  be  created  by  uniform  phase  eigenstrains  and  certain  uniform  overall  stress  or  strain 
fields  which  are  functions  of  the  eigenstrains.  Moreover,  Dvorak  [1990a]  found  that 
a  uniform  strain  field  can  be  created  by  overall  stress  or  strain  fields  that  have  one  free 
parameter  that  can  be  selected  at  will.  These  uniform  fields  have  several  applications 
in  fibrous  composite  media.  A  particularly  useful  result,  which  was  found  by  Dvorak 
[1983,1990a]  and  Benveniste  and  Dvorak  [1990]  for  two-phase  media,  is  the  correspon¬ 
dence  between  thermal  and  mechanical  loads. 

The  present  study  is  concerned  with  evaluation  of  uniform  fields  in  fibrous  compos¬ 
ite  laminates  and  their  application  to  thermomechanical  loading  and  yielding  problems. 
The  problem  can  be  stated  as  follows:  if  the  phases  of  several  identical  laminae,  which 
are  bonded  together  with  variable  fiber  orientation  to  form  a  symmetric  laminate,  are 
subjected  to  uniform  thermal  strains,  we  wish  to  find  a  strain  state  that  is  spatially  uni¬ 
form  in  the  plane  of  the  laminate.  Since  the  laminae  have  different  fiber  orientations, 
the  requirement  of  uniform  in-plane  strains  implies  that  the  strains  must  be  isotropic 
in  the  plane  of  the  laminate. 


1  Formerly  research  associate  professor.  Department  of  Civil  and  Environmental  Engineering,  Rensselaer 
Polytechnic  Institute,  Troy,  NY,  USA. 
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The  solution  to  this  problem  can  be  found  by  a  decomposition  procedure  that  utilizes 
the  uniform  fields  found  by  Benveniste  and  Dvorak  [1990]  and  Dvorak  [1990a]  for 
unidirectional  composites.  The  procedure  consists  of  decomposition  of  the  laminate  into 
separate  plies  and  application  of  the  temperature  change  to  each  individual  ply.  Exist¬ 
ing  solutions  for  uniform  strains  in  unidirectional  composites  under  phase  eigenstrains 
are  then  used  to  reassemble  the  laminate  maintaining  a  uniform  strain  field  in  each  ply. 
In  certain  cases,  the  strain  fields  found  in  the  different  plies  are  not  compatible  due  to 
the  variation  in  fiber  orientation.  In  these  cases,  another  uniform  strain  field  is  created 
by  mechanical  loads  applied  to  the  individual  layers  and  superimposed  on  the  strain  field 
created  by  the  phase  thermal  strains.  The  lamina  stresses  are  found  from  compatibility 
of  the  total  strain  field  in  the  plane  of  the  laminate.  Finally,  the  laminate  overall  stress 
is  determined  from  equilibrium  with  the  lamina  stresses. 

Section  II  evaluates  uniform  strain  fields  in  unidirectional  fibrous  composites  and  lam¬ 
inates  under  phase  thermal  strains.  The  solution  leads  to  a  correspondence  between  ther¬ 
mal  and  mechanical  loads  in  laminates  which  is  introduced  in  section  III.  Section  IV  is 
devoted  to  evaluation  of  overall  yielding  in  laminates  where  a  general  description  of  the 
overall  yield  surface  is  given  and  followed  by  a  specific  evaluation  using  the  bimodal 
theory  (Dvorak  a  Bahei-El-Din  [1987]).  Using  the  uniform  fields  constructed  in  lam¬ 
inates,  the  effect  of  temperature  variations  on  the  overall  yield  surface  is  determined  in 
section  V.  Finally,  examples  showing  the  effect  of  cool-down  from  fabrication  temper¬ 
atures  on  the  bimodal  yield  surfaces  of  specific  intermetallic  matrix  composites  are  given 
in  section  VI. 

Throughout  this  study,  (6x1)  vectors  are  denoted  by  boldface,  lowercase  Greek  or 
Latin  letters.  A  superimposed  prime  on  a  boldface,  lowercase  Greek  or  Latin  letter 
denotes  a  (3  x  1)  vector,  whereas  unprimed  boldface,  uppercase  Latin  letters  denote 
(3  x  3)  matrices,  unless  otherwise  indicated.  The  transpose  of  a  matrix  A  is  denoted 
A7-,  and  the  inverse  is  denoted  A-1.  Scalars  are  denoted  by  lightface  letters.  The  cus¬ 
tomary  indicial  and  contracted  notations  are  interchangeably  used  for  stress  and  strain 
components. 


II.  UNIFORM  FIELDS  IN  FIBROUS  MEDIA 
II .  1 .  Unidirectional  composites 

Consider  a  unidirectionally  reinforced  lamina  consisting  of  an  elastic  cylindrical  fi¬ 
ber  aligned  parallel  to  the  jf,-axis  of  a  Cartesian  coordinate  system,  and  embedded  in 
an  elastic  matrix.  The  jcjXj -plane  coincides  with  the  transverse  plane  of  the  fibrous  lam¬ 
ina.  The  two  phases  are  assumed  to  be  homogeneous  and  perfectly  bonded.  A  trans¬ 
versely  isotropic  fiber  and  an  isotropic  matrix  with  therm oelastic  constants  that  vary  with 
temperature  are  considered.  The  total  phase  strain  c ,  caused  by  a  uniform  stress  *v  and 
a  temperature  change  9  from  a  reference  temperature  90  is  given  by 

«,  =  M,(8)e,+  fin  ‘r(9)d9,  (1) 

Jt 0 

where  M,  is  the  elastic  compliance  matrix  corresponding  to  the  current  temperature  and 
m'r  is  a  list  of  the  coefficients  of  thermal  expansion  of  the  phase.  The  incremental  form 
of  (1)  is  found  as 


dtr  =  M  A9)de,  +  m  ,(ar.9)d9. 


(2) 
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m r(or,d)  =  O,  -f  m'A8).  (3) 

at) 

The  thermomechanical  coupling  implied  by  the  first  term  in  (3)  is  due  to  variation  of 
the  elastic  compliance  with  temperature  during  application  of  the  thermal  change  dd. 
This,  however,  does  not  suggest  that  the  response  is  path  dependent.  On  the  contrary, 
the  accumulated  mechanical  and  thermal  strains  found  by  integration  of  (2)  and  (3)  over 
a  specified  thermomechanical  loading  path  are  uncoupled  and  independent  of  the  ther¬ 
momechanical  loading  sequence,  eqn  (1).  To  avoid  this  kind  of  ambiguity,  our  deriva¬ 
tion  of  the  uniform  fields  will,  in  some  instances,  start  with  evaluation  of  cumulative 
fields  and  then  derive  the  incremental  form  of  the  solution. 

Assuming  the  unidirectional  lamina  to  be  free  of  internal  stresses,  we  first  consider 
a  temperature  change  (6  -  60),  and  find  a  uniform  strain  field  in  the  entire  composite. 
This  can  be  achieved  by  the  following  decomposition  sequence,  which  was  outlined  by 
Benveniste  and  Dvorak  [1990]  and  Dvorak  [1990a].  Separate  the  fiber  and  matrix 
phases  from  each  other  and  apply  the  uniform  thermal  strain  given  by  the  second  term 
of  (1).  To  reassemble  the  composite,  the  phases  must  be  compatible.  This  is  achieved 
by  applying  to  each  phase  unknown  tractions  derived  from  the  auxiliary  uniform  stress 
field 


»**(«)  =ia,  (4) 

such  that  the  total  strain  is  uniform.  Hence, 

«/(*)  =  «m(*)  =  ia  (5) 

From  (1),  (4),  and  (5,).  the  overall  stress  ia  is  found  as 

a"  =  [M/(0)  -  Mm(0>]-'  P  [m'„,(0)  -  m }(*)]  dd.  (6) 

The  increment  of  the  auxiliary  stress  can  be  found  by  differentiating  (6)  after  premui- 
tiplying  both  sides  of  the  equation  by  the  matrix  (M/(0)  -  Mm(0)].  Hence, 

di'=  [M/W  -Mm(0)]-'[rnm(#^> 0)]d0.  (7) 


where  mr,r  =  fm ,  is  given  by  (3).  Using  the  explicit  form  of  the  elastic  compliance 
matrices  Mr  and  Mm  and  the  coefficients  of  thermal  expansion  m),  ml*  for  transversely 
isotropic  fiber  and  isotropic  matrix,  we  find  that  the  auxiliary  stress  in  (6)  is  axisymmet- 
ric  and  vector  mr,  eqn  (3),  has  a  transversely  isotropic  form.  Hence,  the  incremental 
auxiliary  stress  field  given  by  (7)  is  also  axisymmetric: 

daf  =  dSX  =  dd,  da°  =  daf  =  dSf  =  sfdB,  da’ =  0,  j  =  4,5,6.  (8) 

The  coefficients  si  and  sf  are  found  from  (3),  (7)  as 

a  admL  -  2bAmT  „  -bdmL  +  cJmT 
Sa=  (nc-2bJ)"’  Sr"  (ac  -  2b2)  *  (9) 
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rtf  _  {  1  -  »m) 
Ikfil  Em 


SmL  =  mJL  -  m'L 


=  —  Sfl 
de  Sa 


i  db  f  , 

+  2  —  bT  +  dL-d„ 


(10) 

(11) 


d$ 


4mr  =  mJT  -  m7  =  ^  Si  +  ^  S?  +  Hi  -  (3„ 


cfo 

de 


(12) 


Young’s  modulus  and  Poisson’s  ratio  of  the  matrix  are  denoted  Em,  vm,  and  those  of 
the  fiber  associated  with  loading  in  the  longitudinal  direction  xt  are  denoted  El  A. 
The  constants  nf,  kf  denote  Hill's  moduli  for  the  fiber  (Hill  [1964]).  The  symbols  mrL 
and  mrT,  r  =/,m,  denote  the  components  of  the  thermal  strain  vector  m,,  eqn  (3),  in 
the  axial  direction  and  transverse  plane,  respectively,  whereas  H{,  Hr  denote  axial  and 
transverse  coefficients  of  thermal  expansion  of  the  fiber,  and  0„  denote  coefficient  of 
thermal  expansion  of  the  isotropic  matrix. 

According  to  (5),  the  strains  are  uniform  in  the  composite  aggregate.  From  (2),  (52), 
and  (8)  we  find 


de?  =  [si  -  2v„s?  +  Emm7)  d6,  (13) 

t-m 

de 2  =  de?  =  [sf(l  -  vm)  -  vmsi  +  Emm7]d6,  (14) 

def  =  0.  j  =  4,5,6.  (15) 

If  both  the  matrix  and  fiber  are  isotropic,  the  above  solution  reduces  to 

da?  -  da?  =  da?  =  sTde,  da"  =  0,  j  =  4,5,6,  (16) 

de?  =  de?  =  de?  =  h  dO,  de"  =  0,  j  =  4,5,6,  (17) 

sT  =  -3(m7  -  mm)/( \/Kf  -  \/Km),  (18) 

h  —  s?/lKm  +  mm  =  ( Kmmm  —  K/rri/)/ (Km  —  Kf),  (19) 


where  K,,  r  ~/,m,  is  the  bulk  modulus  and  mr  denotes  the  component  of  the  isotropic 
thermal  strain  vector  tn,,  eqn  (3).  In  this  case,  the  stress  and  strain  fields  are  isotropic 
and  spatially  uniform  in  the  entire  composite  lamina. 

If  thermoelastic  properties  of  the  phases  are  functions  of  temperature,  the  solution 
at  a  given  temperature  0  is  found  by  integrating  (8M15),  or  (16H19).  However,  since 
the  phases  are  elastic  and  their  thermomechaflical  response  is  path  independent,  the  so¬ 
lution  can  be  easily  found  at  the  current  temperature  by  reducing  eqns  (8H15)  or  ( 16>— 
(19)  to  the  temperature-independent  form,  in  which  the  temperature  derivatives  in  (11) 
and  (12)  vanish,  and  the  coefficients  of  thermal  expansion  of  the  phases. 
are  replaced  by  the  average  thermal  strain  per  unit  temperature  computed  over  the  tern- 
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perature  range  (6  -  80).  For  example.  j3m  is  replaced  by  &m  =  [ffodm(8)d$]/(6  -  e0). 
Similar  expressions  define  the  average  thermal  strains  31,3?  for°the  fiber. 

In  this  way.  uniform  strain  and  stress  fields  can  be  created  in  unidirectional  compos¬ 
ites  under  a  thermal  change  dfi  if  the  composite  is  simultaneously  subjected  to  mechan¬ 
ical  load  dba ,  which  is  a  function  of  the  thermoelastic  constants  of  the  phases.  Since 
the  fields  are  uniform,  the  solution  is  exact  regardless  of  microstructural  details  of  the 
composite.  If  one  phase  is  at  most  transversely  isotropic,  the  overall  stress  and  strain 
fields  are  axisymmetric.  On  the  other  hand,  the  overall  fields  are  isotropic  if  both  phases 
are  isotropic.  In  the  latter  case,  the  strains  in  any  longitudinal  plane  are  independent  of 
the  fiber  orientation  in  that  plane.  This  feature  is  useful  in  analysis  of  laminates  as  dis¬ 
cussed  in  the  sequel. 

Uniform  strain  fields  can  aiso  be  created  by  mechanical  loads.  Considering  an  over¬ 
all  uniform  stress  dab  applied  to  a  stress-free  unidirectional  composite,  while  the  cur¬ 
rent  temperature  is  held  constant,  we  wish  to  find  the  magnitude  of  dab  which  causes 

a  uniform  strain  field  in  the  entire  composite.  This  is  the  homogeneous  part  of  a  more 

general  problem  considered  by  Dvorak  (1990a).  The  solution  is  again  obtained  with  a 
decomposition  sequence  in  which  the  phases  are  separated  and  subjected  to  certain  sur¬ 
face  tractions  of  unknown  magnitude,  which  cause  uniform  stresses  da?  in  the  phases. 
The  composite  is  then  reassembled  satisfying  the  constraint  equation 

difix)  =  dtbm(x)  =  dib,  (20) 

as  well  as  the  traction  equilibrium  condition  at  the  cylindrical  interfaces  between  the  fi¬ 
ber  and  the  matrix.  Since  the  local  stresses  are  uniform,  then 

dof  ~  cf  dbf  +  cm  dbf”,  (21) 

dbf  =  doff  =  dbf”,  j  =  2.3. ...  6.  (22) 

where  c ,  and  cm  are  volume  fractions  of  the  phases  such  that  cf  +  cm  =  1. 

Equations  (21)  and  (22)  contain  seven  unknown  stresses.  From  (20,).  we  obtain  the 
following  system  of  six  equations  for  the  unknown  stresses  dbf,  dbf”,  dbf,j  =  2,3, ...  6 
(Dvorak  [1990a]): 

6 

M{\  dbf  -  MX  dbf”  +  2  (M;J  -  Mf)  dbf  =  0;  i  =  1,2, ...  6.  (23) 

i 

One  of  the  unknown  stresses  may  be  selected  as  a  free  parameter,  the  remaining  stresses 
are  found  by  solving  the  above  system  of  equations. 

For  isotropic  matrix  and  transversely  isotropic  fiber,  the  solution  of  (23)  is  found,  af¬ 
ter  some  algebra,  as: 

dbf  =  T/  dSf  dbf”  =  ym  dSf,  (24) 

dbf  =  dbf  =  dSf,  dbf^O,  >  =  4,5,6,  (25) 

7/  =  [E[/2kf  -  (!  +  vm)E[/2Km  +  -  *'«))/(*'/-»'».).  (26) 

ym  =  \Em/2k;  +  vm(2v[  +  1)  -  1  )/(v{  -  •'=) 


(27) 
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Note  that  the  solution  in  (24)-(27)  exists  only  if  v[  *  vm.  The  solution  for  the  general 
case  where  this  condition  is  violated  is  given  by  Dvorak  (1990a). 

The  overall  axial  stress  is  then  found  from  (21)  and  (24)  as: 


do?  =  dSS  =  y  dS£,  y  =  cfy,  +  c„ym. 

The  overall  strain  diB  is  found  from  (20).  Considering  (202).  we  find 

diB  =  h\  dSB,  diB  —  di B  —  h 2  dSj,  diB  =  0,  j  =  4,5,6, 

1/2*/  -  (1  +  0/3 Km  ,  —vm/2kf  +  r{(\  +  0/3 Km 
n  1  —  - 7 - »  "2  =  - 7 - 


(28) 


(29) 

(30) 


It  is  seen  that  application  of  an  overall  axisymmetric  stress  dSB  in  the  axial  direction 
and  dSr  in  the  transverse  plane  causes  a  spatially  uniform  strain  field  in  the  compos¬ 
ite  and  a  uniform  local  stress  field  in  the  phases.  The  magnitudes  of  dS%  and  dSB  are 
related  by  eqn  (28).  Eitner  dSB  or  dSB  may  be  selected  as  a  free  parameter  in  the  solu¬ 
tion  which  depends  on  the  elastic  properties  of  the  phases  and  their  volume  fractions. 


II. 2.  Laminates 

Consider  a  symmetric  laminate  consisting  of  2/t  identical  unidirectionally  reinforced 
thin  laminae  in  which  the  matrix  is  isotropic  and  the  fiber  is  transversely  isotropic,  and 
whose  thermomechanical  properties  vary  with  temperature.  Fiber  volume  fraction  is 
equal  in  all  plies,  but  ply  thickness  can  be  different.  The  ply  volume  fraction  is  defined 
as  c,  =  t,/t,  where  t,  is  the  ply  thickness  and  It  is  the  laminate  thickness.  The  plane  of 
the  laminate  coincides  with  the  x,x2-plane  of  a  Cartesian  coordinate  system  (Fig.  1), 
and  is  parallel  to  the  x,x2 -planes  associated  with  the  laminae.  Fiber  orientation  of  lam¬ 
ina  i  is  specified  with  the  angle  y>,  between  the  x,-axis  and  the  xi-axis.  The  plies  are  as¬ 
sumed  to  be  perfectly  bonded  together  such  that  they  deform  equally  in  the  x,x2-plane. 
If  the  phases  of  all  the  laminae  deform  with  the  uniform  thermal  strain  f*o m'r(0)  dd,  we 
wish  to  find  a  strain  field  which  is  spatially  uniform  in  the  entire  laminate. 

This  problem  can  be  solved  by  applying  a  decomposition  approach  similar  to  that  em¬ 
ployed  for  unidirectional  composites  and  utilizing  the  uniform  fields  found  in  the  pre¬ 
ceding  section.  Specifically,  we  first  decompose  the  laminate  into  separate  plies,  apply 
the  temperature  change  (9  -  90)  to  each  lamina,  and  recall  the  uniform  fields  found  in 
section  II.  1 .  The  next  step  is  to  reassemble  the  laminate  maintaining  strain  compatibil¬ 
ity  among  the  layers  in  the  X)X2 -plane.  Since  the  plies  have  different  fiber  orientations, 
strain  compatibility  among  the  plies  in  the  xtx2-plane  can  be  achieved  if  we  require  the 
uniform  strain  field  c  in  each  lamina  to  be  isotropic  in  the  x,x2-plane: 

di,  «  *Y  (31) 

In  what  follows,  we  find  the  solution  for  two  cases:  a  composite  laminate  with  trans¬ 
versely  isotropic  fiber  and  isotropic  matrix,  and  a  composite  laminate  with  isotropic 
phases.  The  solution  is  found  in  incremental  form  for  temperature-dependent  phase 
properties.  As  indicated  in  section  II.  1 ,  the  solution  at  the  current  temperature  9  can  be 
obtained  either  by  integrating  the  resulting  equations,  or  by  evaluating  the  solution  using 


f 
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+ 
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Fig.  1.  Geometry  of  a  fibrous  composite  laminate. 


the  elastic  constants  given  at  9  and  replacing  the  coefficients  of  thermal  expansion  of 
the  phases  by  their  average  over  the  temperature  range  (9  -  90). 

Consider  first  the  case  of  transversely  isotropic  fiber  and  isotropic  matrix.  In  this  case, 
the  uniform  strain  field,  dia,  found  in  each  unidirectional  lamina  under  the  uniform 
temperature  increment  dd  and  the  auxiliary  stress  field  dia,  eqns  (13)— (15),  does  not 
satisfy  (31).  The  required  field  can  be  found  by  superposition  of  dia  and  the  uniform 
strains  dib ,  eqns  (29)  and  (30),  caused  by  the  unknown  overall  axisymmetric  stresses 
dS%  and  dSb.  Satisfying  (31)  with  the  total  strain  (dia  +  dib)  and  using  (282),  the  mag¬ 
nitudes  of  dSJl  and  dSb  can  be  found.  The  local  and  overall  fields  are  then  obtained  by 
superposition  of  the  two  solutions.  The  resulting  lamina  stresses  in  the  Jr,  coordinate 
system  are  given  by 


da,  =  sA  d9,  da2  =  ddj  -  sTd9,  dbj  =  0,  j-  4,5,6,  (32) 

[g(l  -  7m)  +  (a  +  h)-y]4ffit  -  (2h(l  -  ym)  -Met  2b)y)dmT 
Sa  ~  (ffc  -  2h2)(l  -  ym) 

_  (a  +  bym)AmL  -  (26  +  cym)4mT 
St  (ac  -  2h2)(l -7m) 

The  total  matrix  stress  is  isotropic,  whereas  the  fiber  stress  is  axisymmetric: 
da?  =  da?  =  da?  =  db{  =  da{  =  srd9,  da”  =  ddf  =  dbj  =  0,  j  »  4,5,6, 

da{  m  -  (sA  -  cmsr)  J6.  (36) 

cf 


(34) 


(35) 


The  strains  are  uniform  in  the  composite  aggregate,  the  magnitude  of  which  can  be 
found  from  the  matrix  strains: 


dij  =  dij  -  di ”  ■  h  d0,  j  =  1,2,3, 


(37) 
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dij  =  dif  =  di )m  =  0,  J  =  4,5,6.  (38) 

h  =  sT/2Km  +  m„.  (39) 

Using  a  different  approach,  and  assuming  temperature-independent  phase  properties, 
Dvorak  [1986]  found  equations  analogous  to  the  above  solution. 

Next,  we  consider  the  case  of  isotropic  phases,  in  this  case,  the  strains  dia,  eqn  (17), 
are  isotropic  and  satisfy  (31),  which  permits  the  laminate  to  be  reassembled  from  the 
individual  piies.  The  required  solution  is  given  by  eqns  ( 16)— ( 19). 

The  above  solutions  result  in  lamina  stresses  sA  dd  in  the  axial  direction  and  sTd6  in 
the  transverse  plane  in  the  x,  coordinate  system.  The  corresponding  laminate  stresses, 
denoted  ddL ,  are  tound  by  transformation  of  the  lamina  stresses  to  the  x,  coordinates. 


and  satisfying  the  overall  force  equilibrium  conditions.  The  result  is 

dot  =  s,  dd,  dd2  —  s2  dd,  dd)  =  sTdd,  (40) 

dot  =  dot  —  0.  dot  —  s}  dd.  (41) 

S|  =  sA  C|  +  SjCi,  s2  —  sAC2  +  sTCt ,  $3  =  $  ~  sT)C},  (42) 

n  n  n 

C,  =  2  c,  cos2  *>,,  C2  =  ZC  sin2  <fi,.  Cj  =  2 c,  sin  2^,,  (43) 

l»l  !■ I  l«l 


where  c,  is  the  volume  fraction  of  a  ply  and  <p,  is  the  angle  between  the  local  x,-axis  and 
the  overall  x,-axis.  Fig.  1.  For  balanced  layups,  the  in-piane  shear  stress  dot  vanishes. 
If  both  phases  are  isotropic,  there  is  sA  =  sT,  where  sT  is  given  by  eqn  (18)  and  the  stress 
field  given  by  (40), (41)  is  spatially  uniform  and  isotropic.  Since  the  solution  in  this  case 
is  independent  of  the  fiber  volume  fraction,  cy,  the  plies  can  have  different  fiber 
concentrations. 


III.  THERMOMECHANICAL  CORRESPONDENCE 

Assuming  the  matrix  to  be  plastically  incompressible,  the  fields  found  in  the  preced¬ 
ing  section  are  unaffected  by  plastic  deformations  induced  by  any  loading  regime  prior 
to  application  of  the  temperature  increment  dd  and  the  auxiliary  overall  stress  diL. 
This  becomes  dear  if  we  view  the  matrix  phase  during  the  decomposition  procedure  as 
an  elastic  material  that  has  been  subjected  to  eigenstrains  caused  by  prior  thermome¬ 
chanical  loading  histories.  Since  application  of  dd  and  the  auxiliary  fields  required  to 
reassemble  the  laminate  causes  isotropic  stresses  in  the  matrix  [see  eqn  (35)],  only  elas¬ 
tic  strains  are  produced  in  the  matrix  and  the  current  plastic  strains  are  unaltered.  The 
composite  laminate  is  now  left  with  the  overall  stress  diL  which  must  be  removed.  This 
loading  step,  together  with  the  overall  in-plane  stress  increments  dat,do2,dot,  which 
may  be  applied  simultaneously  with  the  temperature  increment,  can  cause  plastic  defor¬ 
mation  in  the  matrix.  The  total  fields  are  then  found  by  superposition  of  the  solutions 
of  the  thermal  problem  and  the  mechanical  one.  The  result  is  equivalent  to  application 
of  the  mechanical  load 


do*  -  [(do\  -  S\dd)  ( do2-s2dd )  -  sTdd  0  0  (dot  -  s}dd)]r.  (44) 
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Let  superimposed  prime  on  the  stress  or  strain  vectors  indicate  (3x1)  arrays  listing  the 
components  associated  with  the  xx  x:-plane  of  the  laminate,  e.g.  do'  -  \da[  da2  da6] T, 
df'  =  [d«i  de:  2de6]T.  The  overall  in-plane  strains  caused  by  simultaneous  applica¬ 
tion  of  d a  and  dd  are  then  found  as 

dt' =  h  1  dd  +  <M{do  -  (s  +  isT)dd\,  (45) 

s  =  [5,  s2  s}]r,  1  =  [1  1  0]r.  (46) 

Matrix  cM  is  the  instantaneous  compliance  of  the  laminate  associated  with  in-plane  loads, 
and  1  defines  in-plane  stresses  caused  by  unit  out-of-plane  normal  stress  when  the  in¬ 
plane  strain  dt'  equals  zero.  Expressions  for  WM  and  4  are  derived  in  the  Appendix.  The 
first  term  in  (45)  is  the  uniform  strain  generated  by  the  phase  thermal  strains  in  each 
ply  of  the  decomposed  laminate,  eqns  (37),(38).  The  second  term  is  the  in-plane  strain 
caused  by  application  of  the  equivalent  stress  da *,  eqn  (44),  to  the  laminate. 

The  nonzero  phase  stresses  in  the  plies  are  the  in-plane  stress  da',  =  [da[  da{  da'h  ] T, 
r  =s  f,m,  and  the  out-of-plane  component  do2.  The  local  stresses  are  nonuniform  in 
reality.  Let  g).(x)  and  f‘,(x)  define  phase  instantaneous  stress  concentrations  for  the  in- 
plane  stress  da',  caused  in  the  zth  ply  under  overall  in-plane  stresses  and  out-of-plane 
normal  stress,  respectively.  The  first  column  of  g  is  the  stress  do',  caused  by  overall 
stress  da,  =  1  applied  to  the  laminate,  the  second  column  corresponds  to  da2  =  1,  etc. 
Similarly,  9  is  the  stress  do',  caused  by  da}  =  1.  Also,  let (x)  and  t‘, define  stress  con¬ 
centration  factors  for  out-of-plane  normal  stress  in  the  phases  corresponding  to  over¬ 
all  in-plane  stresses  and  out-of-plane  normal  stress,  respectively.  The  phase  stresses 
caused  in  lamina  /  by  da'  and  dd  can  be  written  as 

da‘,(x)  =  sTi,de  +  g ‘,(x)(da'  -  s dO)  -  y,(x)sTdO,  (47) 

do"{x)  =  sTdd  +  yrT(x)(da'  -  s dO)  -  e‘r(i)sTde,  (48) 

1  0]r,  fm  =  l,  f/  =  (sA/sr  —  cm)/Cf.  (49) 

The  concentration  factors  g,  f,jT,  and  e  are  given  in  the  Appendix.  The  first  term  in 
(47)  and  (48)  is  the  uniform  stress  caused  in  the  phases  by  the  local  thermal  strains  in 
the  decomposed  laminate,  eqns  (35), (36).  As  noted  previously,  this  stress  is  isotropic 
in  the  matrix  and  does  not  cause  plastic  deformation  in  plastically  incompressible  ma¬ 
terials.  The  second  term  is  the  stress  caused  by  the  in-plane  mechanical  load  {da'  -  s  dd), 
and  the  third  term  is  the  stress  caused  by  removing  the  out-of-plane  normal  stress  sTdO. 

In  this  way,  any  thermomechanical  loading  path  applied  to  symmetric  laminates  with 
identical  plies  and  variable  fiber  orientation  can  be  convened  in  an  exact  way  to  a  me¬ 
chanical  path.  The  magnitude  of  the  equivalent  mechanical  load  depends  on  the  volume 
fraction  of  the  phases,  the  laminate  layup,  and  the  elastic  thermomechanical  properties 
of  the  phases.  The  overall  strain  and  local  fields  caused  by  the  actual  thermomechani¬ 
cal  loads  are  found  by  superposition  of  the  uniform  fields  caused  by  the  phase  thermal 
strains  and  the  auxiliary  stress  field,  and  the  field  caused  by  the  equivalent  mechanical 
load  (44). 

The  laminate  in-plane  stress-strain  relations  can  be  written  in  the  alternate  form 


dt'  =5  JAdo'  +  m '  dd. 


(50) 
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where  m'  is  a  (3  x  1)  thermal  strain  vector  which  lists  the  in-piane  coefficients  of  ther¬ 
mal  expansion  of  the  laminate.  Comparing  eqns  (45)  and  (50),  we  find 

m'  =  Al  -  cM(s  +  isT)f  (51) 

which  defines  the  overall  thermal  strain  in  terms  of  the  mechanical  properties.  Similarly, 
the  phase  stresses  can  be  written  as 

dttr(x)  =  }',(%)  de'  +  g  r(x)d6,  (52) 

do?{x)  ssj'rr(x)  da'  +  *;(x)  de,  (53) 

where  gj.and  e‘,  are  thermal  stress  concentration  factors.  From  eqns  (47),  (48),  (52),  and 
(53),  we  find 


gj-(x)  =  ST1,  -  (8M*)s  +  »U*)5r). 

(54) 

e!(x)  =sr~  (j'/(x)s  +  ei(x)sr)- 

(55) 

Equations  (54)  and  (55)  define  the  thermal  stress  concentration  factors  for  the  matrix 
and  fiber,  r  =/,  m,  in  terms  of  their  mechanical  counterparts.  Alternate  expressions  for 
the  thermal  concentration  factors  have  been  derived  by  Bahei-El-Din  [1990]  using  the 
laminate  theory  of  symmetric  plates. 


IV.  OVERALL  YIELD  SURFACE 


IV.  1.  General  description 

Assume  the  existence  of  a  matrix  yield  surface  which  encompasses  all  stress  states  that 
can  be  reached  from  the  current  state  by  purely  elastic  deformation.  The  onset  of  yield¬ 
ing  begins  when  the  stress  point  is  on  the  yield  surface.  Plastic  deformation  develops 
only  when  the  loading  point  traverses  the  yield  surface.  In  this  case,  and  assuming  that 
the  load  is  quasistatic,  the  yield  surface  translates  in  the  stress  space  to  contain  the  load¬ 
ing  point.  This  is  known  as  kinematic  hardening  of  the  yield  surface.  Translation  of  the 
yield  surface  may  be  accompanied  by  isotropic  deformation  of  the  surface  which  is 
caused,  in  part,  by  variation  of  the  yield  stress  with  temperature.  In  the  subsequent  dis¬ 
cussion,  we  will  assume  that  the  matrix  yield  surface  hardens  kinematically,  and  that 
any  isotropic  change  will  be  caused  only  by  variation  of  the  matrix  yield  stress  with  tem¬ 
perature.  Hence,  the  current  yield  surface  of  the  matrix  is  defined  by  the  function 

/((#„  0,  (56) 

where  am  is  the  center  of  the  yield  surface  or  back  stress.  If  am  =  0,  eqn  (56)  represents 
the  initial  yield  surface.  Considering  stress  states  in  which  the  an  and  a3 1  stresses  van¬ 
ish,  we  list  the  in-plane  stress  components  alf0],a«,  followed  by  the  out-of-plane  stress 
<7i  in  the  stress  vectors,  which  now  represent  (4  x  1)  arrays.  In  this  case,  eqn  (56)  is 
written  for  elastically  isotropic  Mises-type  matrix  material  as 


/[<•„  -  «„M)  •\(am-  «m)rC(em  -  «„)  -  ri($)  =  0. 


(57) 
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where  C  is  a  (4  x  4)  symmetric  matrix  with  nonzero  coefficients  eM  =  c22  =  c*  = 
c33  =  2,  c,2  =  cu  =  c24  =  -5.  and  r0  is  the  matrix  initial  yield  stress  in  shear.  Under  a 
multiaxial  stress  state,  the  onset  of  initial  yielding  in  the  Mises  matrix  occurs  when  the 
effective  stress  given  by  \llJ2,  where  J2  is  the  second  invariant  of  the  deviatoric  stress 
tensor  of  the  matrix,  equals  the  tension  yield  stress  given  by  \/lr0. 

Corresponding  to  the  matrix  yield  surface  (56),  there  exists  a  yield  surface  in  the  i, 
lamina  stress  space.  We  assume  that  at  a  temperature  0,  the  lamina  yield  surface  is  lo¬ 
cated  at  a,.  If  in  addition  the  lamina  yield  stress  is  a  function  of  temperature,  then  its 
yield  surface  is  defined  by  the  function 

*,(<*,  -  «,),»]  =0.  (58) 

Similarly,  there  exists  a  lamina  yield  surface  g,  in  the  overall  stress  space  with  center  at 
a,  such  that 


*,[(*- a, M]  =0.  (59) 

Since  the  stress  states  within  the  yield  surface  correspond  to  purely  elastic  deformation, 
the  “radii”  of  the  yield  surfaces  /,  f,,  and  g,  are  related  (Bahei-El-Din  *  Dvorak 
(19821;  Bahei-El-Din  (1990)); 

(*,  -  a,)  =  W,(ff  -  at,),  .  (60) 

(<,(*)  -  «;(*)]  =  Bm(x)(«,  -  «,)  =  GUxH*  -  «,).  (61) 

Matrix  W,  relates  the  lamina  stresses  in  the  x,  coordinates  to  the  laminate  stresses, 
whereas  Bm  and  G'm  =  BmW,  relate  the  matrix  local  stresses  to  the  lamina  stresses  and 
the  laminate  stresses,  respectively.  Here,  we  assume  identical  plies,  in  which  case  Bm 
does  not  vary  among  the  plies.  Expressions  for  the  elastic  “concentration”  factors 
W;,  Bm,  G'm  are  given  in  terms  of  the  overall  properties  in  the  Appendix.  As  indicated 
in  (61),  the  matrix  stress  is  not  uniform  in  reality.  In  actual  calculations,  however,  the 
stress  concentration  factor  Bm  is  found  for  a  piecewise  uniform  matrix  stress  field.  For 
example,  in  the  Periodic  Hexagonal  Array  model  (Dvorak  a  Teply  [1985];  Teply  a 
Dvorak  (1988)),  the  matrix  domain  is  subdivided  into  a  number  of  finite  elements  in 
which  the  stresses  are  uniform.  On  the  other  hand,  averaging  models  such  as  the  self- 
consistent  method  (Hm  (19651),  the  Mon-Tanaka  method  (Mori  *  Tanaka  (1973)),  and 
the  Vanishing  Fiber  Diameter  model  (Dvorak  a  Bahei-El-Din  [1982])  compute  an  av¬ 
erage  stress  concentration  factor  Bm  for  the  matrix  phase.  In  any  case,  eqn  (61)  is  re¬ 
placed  by 

(*m-«m)  =  B*(#/-  «*)  =  G£(#  -«,*),  i  =  l,«r;  *=1,N,  (62) 

where  N  is  the  number  of  matrix  subelements. 

Considering  the  averaging  models  for  which  N  -  1,  the  yield  functions  g,  and  §,,i  = 
1,  n,  can  be  written  from  (56)  and  (S8M61)  as 


g,((*  -  a,),0]  ■  #,(W,(»  -  a,), 9)  -  a,), 6)  =  0. 


(63) 


If  /  is  given  by  (57),  then 


g,((ff  -  a,),a\  *  I(ff  -  a, ) TC, ( o  -  a,)  -  ro*(0)  =  0,  (64) 

C,  =  C,G'm.  (65) 

Equation  (63)  or  (64)  represents  n  yield  surfaces  in  the  laminate  stress  space  a.  At  the 
current  temperature  0,  the  centers  of  the  yield  surfaces  are  located  at  the  stress  point 
given  by  the  vectors  a,,i  =  I,  n.  The  laminate  yield  surface  is  then  the  inner  envelope 
of  the  surfaces  g,,g2.  . .  .g„.  Specific  forms  of  the  overall  yield  functions,  g,,  are  found 
next  using  the  bimodal  theory. 


IV.  2.  Bimodal  yield  surfaces 

The  laminate  yield  surface  defined  above  is  obtained  here  using  a  specific  material 
model.  Namely,  we  find  the  yield  surface  (58)  of  a  unidirectional  lamina  using  the  bi¬ 
modal  plasticity  theory  of  Dvorak  and  Bahei-El-Din  [1987],  The  theory,  which  was 
verified  experimentally  (Dvorak  et  al.  (1988]),  admits  two  distinct  overall  deformation 
modes,  the  matrix-dominated  mode  (MDM)  and  fiber-dominated  mode  (FDM),  that 
may  exist  in  binary  elastic-plastic  fibrous  composite  systems  under  certain  loading  con¬ 
ditions.  To  each  mode,  there  corresponds  a  segment  of  the  overall  yield  surface  that  re¬ 
flects  the  onset  of  yielding  of  the  matrix  phase  in  that  mode.  The  inner  envelope  of  these 
two  segments  is  the  overall  surface  of  the  composite  lamina.  In  its  application  to  lami¬ 
nates,  the  yield  surface  (58)  corresponding  to  each  mode  must  be  separately  transformed 
to  the  laminate  stress  space  for  each  lamina  according  to  (63 1).  This  results  in  In  yield 
surfaces  of  the  type  (59),  the  inner  envelope  of  which  constitutes  the  laminate  yield 
surface. 

Matrix-dominated  mode  (MDM):  This  deformation  mechanism  is  characterized  by 
plastic  shear  deformation  in  the  matrix  on  certain  hypothetical  slip  planes  that  are  par¬ 
allel  to  the  fiber  axis,  and  in  certain  preferred  slip  directions  on  these  planes.  Apart  from 
specifying  the  orientation  of  the  slip  planes,  the  fiber  does  not  participate  in  this  mode. 
Hence,  the  composite  is  treated  as  a  macroscopically  homogeneous  medium  with  known 
slip  systems,  which  are,  of  course,  in  the  matrix  constituent.  Under  the  normal  stresses 
ct[,  d'i,  and  a]  and  the  longitudinal  shear  stress  the  lamina  yield  surface  g,  in  this 
mode  has  two  branches  (Dvorak  *  Bahei-El-Din  (1987];  Bahei-El-Din  *  Dvorak 
[1989]); 


8-  *  i((®2  “  “2)  “  <9i  ~  «j))2(1  +  4,2)2  “  *o<0)  =0,  |4,l  Si,  (66) 
g,  m  (a£  -  d«)2  -  rj(0)  =  0,  14,1  2t  1,  (67) 

where 

Q,  =  (®«  ~  a«)/((ff2  ~  “D  ~  ~  “r))-  (68) 

The  first  term  in  (66)  and  (67)  is  the  resolved  shear  stress  on  a  specific  slip  plane  and 
slip  direction  which  depend  on  the  lamina  stresses.  Hence,  plastic  flow  occurs  in  the  ma¬ 
trix-dominated  mode  when  the  maximum  resolved  shear  stress  reaches  the  initial  yield 
stress  r0.  Since  the  slip  planes  are  parallel  to  the  fiber  longitudinal  axis,  the  axial  stress 
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a[  does  not  contribute  to  the  resolved  shear  stress  on  these  planes  and,  therefore,  does 
not  appear  in  eqns  (66)  or  (67). 

The  lamina  stresses  are  given  in  terms  of  the  overall  stress  by  eqn  (60).  Substituting 
(60)  into  (66)  and  (67),  and  noting  the  structure  of  matrix  W  found  in  eqns  (A-27)  and 
(A-28)  in  the  Appendix,  the  lamina  yield  surface  g,  described  in  the  overall  stress  space 
is  found  as 


g,  3  i(yUa  ~  a,))2(l  +  q‘)z  -  r$(8)  =  0,  \q,\ s  1,  (69) 

g,  ■  (z,rU-a,)):-TO2(0)=O,  k,|>l,  (70) 

where 

q,=q,=  (i,r(*  -  a,))/(y,r<ff  -  a,))  (71) 

y,r  =  [w;,w;2w;3(w;4-  d),  (72) 

z,r  =  [WJ.WkWjjWfc],  (73) 

where  W,,  is  the  (ij) th  entry  of  matrix  W. 


Fiber-dominated  mode  (FDM):  In  this  mode  the  matrix  and  fiber  phases  deform  to¬ 
gether  in  the  elastic  as  well  as  the  plastic  ranges.  In  contrast  to  the  matrix-dominated 
mode,  no  specific  deformation  mechanism  is  suggested.  Instead,  the  fiber-dominated 
mode  is  treated  as  a  general  case  of  plastic  deformation  of  a  heterogeneous  medium. 
The  overall  yield  surface  in  this  case  is  the  envelope  of  all  stress  states  which  can  be 
reached  by  pure  elastic  deformation  in  the  matrix  phase.  Hence,  the  FDM  yield  surfaces 
g,  of  the  plies  described  in  the  overall  stress  space  are  defined  by  eqn  (63).  An  exam¬ 
ple  is  given  in  (64)  for  a  Mises  matrix.  Averaging  models  such  as  the  self-consistent 
method  or  the  Mori-Tanaka  method  can  be  used  to  determine  the  stress  concentration 
factors  required  in  this  deformation  mode.  Our  unpublished  calculations  of  FDM  yield 
surfaces  using  the  Vanishing  Fiber  Diameter  (VFD)  model  indicate  that,  contrary  to  ex¬ 
perimental  observations,  this  model  predicts  fiber-dominated  yielding,  which  always  su¬ 
persedes  matrix-dominated  yielding.  In  composite  systems  where  MDM  deformation 
may  be  present,  as  in  boron-  or  silicon-carbide-reinforced  metals,  the  VFD  model  should 
be  avoided. 


V.  THERMAL  HARDENING 

In  contrast  to  homogeneous  materials,  uniform  temperature  changes  cause  internal 
stresses  in  heterogeneous  media  when  the  phases  have  distinct  coefficients  of  thermal 
expansion.  The  thermal  stress  field  affects  the  overall  mechanical  behavior  of  the  ma¬ 
terial  and  alters  the  overall  yield  stress.  This  effect  causes  hardening  of  the  overall  yield 
surface  which  appears  in  the  stress  space  as  a  translation  and  deformation  of  the  yield 
surface.  In  this  section,  we  consider  fibrous  composites  subjected  to  pure  thermal  load¬ 
ing  and  evaluate  hardening  of  the  overall  yield  surface  with  the  help  of  the  uniform  fields 
constructed  in  section  II. 

First,  consider  elastic  phases  with  temperature-independent  thermoeiastic  constants. 
In  this  case,  the  concentration  factors  G'm  leqn  (61)1,  which  define  the  local  stresses  in 
the  matrix  subelements  in  terms  of  the  overall  stress,  are  not  functions  of  temperature. 
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Consequently,  the  change  in  the  “radius”  of  the  matrix  yield  surface  can  be  evaluated 
by  writing  (62)  in  the  incremental  form 

[do*  -  da'* ]  =  G i(do  -  da,k),  i  *  l.n;  k  =  1,7V.  (74) 

Considering  the  auxiliary  stress  field  found  in  section  II  for  isotropic  matrix  and  trans¬ 
versely  isotropic  fiber,  we  find  that  the  matrix  stress  is  uniform  and  isotropic,  eqn  (35). 
Since  only  the  deviatoric  stress  causes  plastic  deformation  in  plastically  incompressible 
materials,  then  da£  =  0.  Substituting  do‘*  from  (35)  and  da  from  (40),  (41),  into  (74), 
the  increment  dalk,  i  =  l.n,  k  =  1,7V  is  found  from  (74)  as 

da,k=((st  s2  s,  Sr1r  —  SrfGm)-1  (1  1  0  l]T)d$,  (75) 

where  the  stresses  sJtj  =  1,2,3,  are  given  by  (42)  and  (43).  Since  the  matrix  is  plastically 
incompressible,  the  matrix  yield  surface  (56)  represents  an  open  cylinder  with  genera¬ 
tors  parallel  to  the  hydrostatic  stress  direction  a"  -  a?  =  <73”  (see  e.g.  the  Mises  yield 
surface  (57)].  In  this  case,  the  lamina  yield  surface  g,  in  (59)  is  also  an  open  cylinder 
with  generators  parallel  to  the  stress  vector  given  bj  the  second  term  in  (75),  which  is 
the  projection  of  the  matrix  hydrostatic  stress  axis  in  the  overall  stress  space.  Therefore, 
the  second  term  in  (75)  does  not  affect  yielding  of  the  composite  laminate,  and  the  yield 
surfaces  of  all  matrix  subelements  in  the  entire  laminate  translate  together  in  the  over¬ 
all  stress  space  according  to  the  following  rule: 

daik  =  s  dd,  i  =  l.n;  *  =  1,7V,  (76) 

s  =  (s,  s,  Sj  sr)T.  (77) 

The  actual  translation  of  the  yield  surfaces  due  to  the  temperature  increment  dO  is  found 
by  superposition  of  the  translation  given  by  (76)  and  that  found  during  removal  of  the 
overall  auxiliary  stress  s  dd.  The  latter  causes  hardening  of  the  overall  yield  surfaces  only 
if  plastic  deformations  take  place  in  the  matrix  phase.  Description  of  hardening  in  lam¬ 
inates  caused  by  plastic  deformation  of  the  matrix  can  be  found  in  Bahei-El-Din  and 
Dvorak  [1982]  and  Bahei-Ei-Din  (1990]. 

The  hardening  rule  (76)  is  general,  independent  of  the  form  of  g,-  We  recall,  how¬ 
ever,  that  all  plies  must  be  identical  except  for  the  fiber  orientation  and  lamina  thick¬ 
ness.  Also,  the  translation  of  the  yield  surfaces  specified  in  (76)  is  unaffected  by  previous 
loading  histories,  since  the  auxiliary  stresses  used  in  deriving  (76)  are  unaffected  by  pre¬ 
vious  loading  histories  as  discussed  in  section  11. 

Consider  now  local  thermoelastic  properties  which  vary  with  temperature  and  apply 
a  temperature  change  6  from  a  reference  temperature  Bo-  Noting  that  the  “radius”  of 
the  matrix  yield  surface  at  a  given  temperature  B  is  related  to  the  “radius”  of  the  over¬ 
all  yield  surface  by  (61)  and  (62),  a  similar  derivation  leads  to  the  following  equation 
for  the  center  of  the  yield  surface  of  a  matrix  subelement: 


«»(*)  =  HBHB  -  B0).  (78) 

From  (78),  the  following  incremental  form  replaces  (76)  when  the  local  properties  vary 
with  temperature: 
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'  ■•-•s';  - : 


da,k  = 


ds 

s  +  —  (9  —  60) 
d9 


dd ,  /  =  l,n;  k  =  1,  A/. 


(79) 


The  center  of  the  laminate  yield  surfaces  can  be  found  by  integration  of  (79).  Alter¬ 
nately,  the  center  can  be  found  from  (78),  provided  that  the  average  coefficients  of  ther¬ 
mal  expansion  of  the  phases  over  the  temperature  range  (6  -  90)  are  used  in  evaluation 
of  the  stress  s,  as  indicated  in  section  II. 

Equations  (76)  and  (79)  indicate  that  the  configuration  of  the  initial  cluster  of  the  lam¬ 
inae  yield  surfaces  g,,  eqn  (59),  found  at  a  given  temperature  6,  does  not  change  when 
the  temperature  increment  dd  is  applied.  However,  since  the  laminae  yield  surfaces  are 
oriented  differently  in  the  overall  stress  space,  the  translation  given  by  (76)  or  (79)  may 
affect  their  projections  on  a  specific  overall  stress  plane.  This  is  illustrated  next  for  se¬ 
lected  composite  laminates. 


VI.  APPLICATIONS 

To  illustrate  the  analysis  described  above,  we  present  results  for  two  aiuminide  inter- 
metallic  matrix  composite  laminates.  For  each  system,  the  laminate  yield  surface  at  the 
processing  temperature  and  at  a  subsequent  temperature  during  cooling  are  found. 


VI.  1.  SCS6/Ti}Ai-(0  ±  45),  laminate 

The  properties  of  the  silicon-carbide  fiber  and  the  titanium-aluminide  matrix  are 
shown  in  Tables  1  and  2,  respectively,  as  function  of  temperature  (Dvorak  ( 1990a]).  The 
fiber  volume  fraction,  cf,  is  0.35.  The  composite  laminate  was  cooled  down  from  the 
processing  temperature  90  =  950°C  to  room  temperature  (9  =  21  °C).  Figures  2  and  3 
show  the  bimodal  yield  surfaces  of  the  laminae  in  the  overall  o,,a2i -plane  and  e,,  022- 
plane,  respectively,  at  950°C.  Two  yield  surfaces  are  plotted  for  each  lamina,  a  matrix- 
dominated  mode  (MDM)  yield  surface  and  a  fiber-dominated  mode  (FDM)  yield  surface. 
In  evaluating  the  FDM  yield  surface,  we  used  the  self-consistent  method  (SCM)  to  de¬ 
termine  the  matrix  stress  concentration  factor  Bm.  Since  the  lamina  is  stress  free  at 
950°C,  the  centers  of  all  yield  surfaces  are  located  at  the  stress  origin.  We  note  here  the 
flat  branches  found  in  the  MDM  yield  surfaces  in  contrast  to  the  ellipsoidal  shapes  of 
the  FDM  yield  surfaces.  We  also  note  that  the  laminate  yield  surface  represented  by  the 
inner  envelope  of  the  six  yield  surfaces  in  Figs.  2  and  3  consists  of  MDM  branches  only. 


Table  I .  Material  properties  of  SCS6  fiber 
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Table  2.  Matenal  properties  of  the  Tij  A)  matrix 
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3m 
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46 

0.3 

18.0 

200 
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72 

0.3 

15.8 
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87 

0.3 

13.6 

302 

427 

91 

0.3 

12.6 

418 

260 

93 

0.3 

12.0 

505 

21 

97 

0.3 

9.6 

624 

Hence,  plastic  yielding  in  the  stress  planes  shown  in  Figs.  2  and  3  is  dominated  by  the 
slip  mechanism  assumed  in  the  matrix-dominated  deformation  mode. 

Temperature  changes  from  the  reference  temperature  60  =  950°C  cause  translation  of 
the  yield  surfaces  of  all  laminae  as  given  by  eqn  (78).  Also,  since  the  matrix  yield  stress 
is  a  function  of  temperature,  the  yield  surfaces  will  experience  isotropic  deformation. 
At  a  specific  temperature  9  *  60,  one  or  more  of  the  yield  branches  shown  in  Figs.  2 
and  3  comes  in  contact  with  the  stress  origin,  which  indicates  initial  yielding  of  the  com¬ 
posite  laminate.  In  order  to  evaluate  the  yield  temperature  for  the  laminate  considered 
here  during  cooling  from  the  processing  temperature,  the  matrix  effective  stress  and  max¬ 
imum  resolved  shear  stress  in  all  plies  of  the  laminate  were  computed  as  functions  of 
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Fig.  2.  Bimodal  initial  yield  surfaces  of  a  SCS6/Ti}Al,  (0/±4J),  laminate  in  the  0non-plane  at  950*C. 
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Fig.  4.  Variation  of  matrix  yield  stress,  matrix  effective  stress,  ply  maximum  resolved  shear  stress,  with  tern 
perature  found  in  a  SCS6/TijAl.  (0/*45),  laminate. 
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ing  from  9S0’C. 
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VI. 2.  SCS6/Ni3Al-<0/±45),  laminate 

The  propenies  of  the  nickel-aluminide  matrix  are  shown  in  Table  3  (Stoloff  [1989]). 
Fiber  volume  fraction  is  0.35.  In  contrast  to  the  titanium-aluminide  matrix,  the  mag¬ 
nitude  of  the  yield  stress  of  the  Ni3Al  matrix  increases  with  increasing  temperature  up 
to  650°C,  then  decreases  rapidly.  The  processing  temperature  for  this  composite  is  about 


Table  3.  Material  propenies  of  NijAl  matrix 
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I200°C.  Figure  9  shows  the  variation  of  the  matrix  effective  stress  and  the  maximum 
resolved  shear  stress  in  all  plies  with  temperature.  At  about  505°C,  the  matrix  effective 
stress  in  the  0°  lamina  approximately  equals  the  matrix  yield  stress  in  tension.  Fig¬ 
ures  10  and  1 1  show  the  laminate  yield  surfaces  in  the  <ru  a3|-  and  an  ®22-plane,  respec¬ 
tively,  at  the  reference  temperature  60  =  I200°C,  and  after  cooling  to  505°C.  Details  of 
the  laminae  yield  surfaces  have  been  omitted;  only  the  inner  envelope  of  the  yield  sur¬ 
faces  is  shown.  It  is  seen  that  this  cooling  path  causes  initial  yielding  in  the  0°  lamina. 
At  1200°C,  yielding  is  mainly  dominated  by  the  slip  mechanism  of  the  matrix-dominated 
mode,  whereas,  at  505°C,  the  deformation  is  controlled  by  the  fiber-dominated  mode. 

VH.  CONCLUSION 

Uniform  strain  fields  found  in  unidirectional  fibrous  composites  have  been  used  to 
construct  spatially  uniform  and  isotropic  strain  fields  in  composite  laminates  under  phase 
thermal  strains.  The  solution  was  found  for  identical  plies  with  variable  fiber  orienta¬ 
tion,  isotropic  matrix,  and  transversely  isotropic  fiber,  in  this  case,  the  matrix  stress  is 
isotropic,  the  fiber  stress  is  axisymmetric,  and  the  laminate  stress  which  supports  the  lo¬ 
cal  fields  consists  of  in-plane  normal  and  shear  stresses  and  out-of-plane  normal  stress. 
For  balanced  layups,  the  overall  in-piane  shear  stress  vanishes.  If  both  the  fiber  and  ma¬ 
trix  are  isotropic,  the  solution  leads  to  spatially  uniform  stress  and  strain  fields  which 
are  also  isotropic,  in  this  case,  the  solution  is  not  a  function  of  the  fiber  volume  frac¬ 
tion  which  can  vary  among  the  plies. 


Fig.  9.  Variation  of  matrix  yield  stress,  matrix  effective  stress,  ply  maximum  resolved  shear  stress,  with  tern' 
perature  found  in  a  SCS6/Nij Al.  (0/±4J),  laminate. 
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A  useful  result  of  the  fields  found  here  is  the  existence  of  a  correspondence  between 
thermal  and  mechanical  loads  applied  to  composite  laminates.  This  permits  replacement 
of  any  thermomechanical  loading  path  by  an  equivalent  mechanical  path  in  composite 
systems  with  a  plastically  incompressible  matrix.  In  this  case,  the  system  remains  elas¬ 
tic  under  deformation  caused  by  the  phase  thermal  strains  which  produce  an  isotropic 
stress  field  in  the  matrix.  Laminate  analysis  methods,  derived  mainly  for  mechanical 
loads,  can  be  applied  to  thermomechanical  loading  problems  by  simply  modifying  the 
loading  path. 

The  effect  of  a  temperature  change  on  yielding  of  a  fibrous  composite  laminate  was 
evaluated  with  the  help  of  the  uniform  fields.  This  thermal  effect  was  found  to  be  a  uni¬ 
versal  rigid  body  translation  applied  to  the  yield  surface  in  the  overall  stress  space.  The 
magnitude  and  direction  of  hardening  depend  on  thermoelastic  properties  and  volume 
fractions  of  the  phases,  and  the  laminate  layup.  When  both  the  fiber  and  matrix  phase 
are  isotropic,  the  translation  is  independent  of  the  fiber  volume  fraction.  The  transla¬ 
tion  vector  is  applied  to  all  yield  branches  associated  with  the  individual  plies  regard¬ 
less  of  the  fiber  orientation.  Consequently,  the  configuration  of  the  initial  cluster  of  the 
yield  surfaces  of  the  laminae  that  defines  the  overall  yield  surface  is  unaffected  by  tem¬ 
perature  variations.  The  projection  of  the  yield  surface  on  the  plane  stress  subspace, 
however,  will  be  very  different  from  the  initial  configuration,  since  the  lamina  yield  sur¬ 
faces  are  oriented  differently  in  the  overall  stress  space.  In  addition,  isotropic  harden¬ 
ing  may  be  present  if  the  matrix  yield  stress  is  a  function  of  temperature. 

Examples  of  thermal  hardening  caused  by  cool-down  of  intermetallic  matrix  compos¬ 
ites  showed  significant  changes  in  the  geometry  of  the  yield  surface  and  the  deforma¬ 
tion  modes  available  in  the  plane  stress  space. 
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APPENDIX 

Here  we  derive  expressions  for  the  overall  compliance  JH,  the  stress  vector  l,  and  the 
mechanical  stress  concentration  factors  gj.,  $  J, of  the  phases  which  appeared  in 
section  III,  and  the  distribution  factors  W,  of  the  plies  which  appeared  in  section  IV. 
Considering  the  in-plane  stresses  dm'  and  the  out-of-plane  normal  stress  do,.  the  stress- 
strain  relations  of  lamina  i,  i  -  1,  n,  can  be  written  in  the  laminate  Xj  coordinates  as 

d«;  =  <M,  dm!  +  «*i  do,,  (A-l) 

dm;  =  JC,d*/  +  i,d<j),  (A-2) 

where  cM,  and  £,  are  overall  instantaneous  compliance  and  stiffness  matrices  for  in¬ 
plane  mechanical  loading,  m,  is  the  in-plane  strain  caused  by  unit  out-of-plane  normal 
stress,  and  1,  is  the  lamina  in-plane  stress  caused  by  unit  out-of-plane  normal  stress 
when  the  lamina  in-plane  strains  vanish.  From  (A-l)  and  (A-2),  we  find 

£t  ~  MTl,  4/  =  —  (A-3) 

The  lamina  stress  and  strain  vectors  transform  to  the  Xj  axes  (Bahei-El-Din  (1990]) 

dm!  =  <R|d*/,  doj  *  dffj,  (A-4) 

(A-5) 


df;  =  Q|d*„  d«j  =  d€]. 


Viuiuu*  wOui^uc  i«jiuu«kC^ 
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where 

cos2  <fi,  sin2  <p,  sin  2 <p, 

sin2*?,  cos2*?,  -sin  2*9,  ,  Q,r  =  <R,~‘  •  (A-6) 

-  j  sin  2*9,  ]  sin  2*p,  cos  2*?, 

This  suggests  the  following  transformations  for  the  lamina  properties: 

oM,  =  &TJk<*..  »,  =  «frm,  (A-7) 

£,  =  Qf£Q,,  i,  =  Q,7*.  (A-8) 

where  oM,  £,  m,  and  i  are  lamina  properties  referred  to  the  local  coordinates  x,.  Since 
the  plies  are  identical,  the  lamina  properties  in  the  coordinates  are  also  identical 
among  all  plies. 

The  overall  properties  of  a  lamina  in  the  x ,  coordinate  system  can  be  found  from  a 
material  model  which  specifies  phase  stresses  in  terms  of  the  overall  stresses  in  the  form 

do‘r(%)  =  «,(*)  do,  +  !,<*)  do{,  (A-9) 

do"(x)  =  c^(x)  do!  +  ijr(x)  do  ],  (A- 10) 

where  <B,  I,  tT,  and  tj  are  phase  stress  concentration  factors.  The  stress  concentration 
factors,  or  their  averages,  can  be  evaluated  using  available  micromechanical  material 
models  such  as  the  Periodic  Hexagonal  Array  model  (Dvorak  a  Tepiy  [1985];  Teply 
&  Dvorak  [1988]),  the  self-consistent  model  (htu  [1965]),  and  the  Mori-Tanaka  model 
(Mori  a  Tanaka  [1973]).  Following  the  derivation  given  by  Hoi  [1963]  which  approx¬ 
imates  the  local  fields  by  certain  phase  uniform  fields,  the  overall  compliance  <M  and 
m  of  a  lamina  are  found  in  the  notation  used  here  as 

<*  =<M,  +  cm  [(<#„  -<*/)«„,  +  (rnm  -  .  (A-»l) 

#H  — •  HI f  +  Cm  [(cMivt  —  cM/)6ffl  ^  —  ®/)l|fli]  *  (A-12) 

where  <#,,  m,,  r  =  /,  m,  are  phase  in-plane  compliance  associated  with  loading  in  the 

x,x2 -plane,  and  with  the  out-of-plane  normal  stress,  respectively. 

The  in-plane  lamina  stresses  are  related  to  the  overall  stresses  applied  to  the  laminate 
by 

do',  =  X ,do’  +  i/dffj,  doj  =  doj,  (A-13) 

where  X,  and  i,  are  stress  distribution  factors.  Since  the  plies  deform  together  in  the 
x,jc2-plane,  then 

dt'  *  </«/.  (A-14) 

In  analogy  with  (A-l)  and  (A-2),  the  laminate  stress-strain  relations  can  be  written  as 

dt’  =  Jkdo'  +  mdoj,  (A-15) 

do'  =  £</*'  +  tdffj.  (A-16) 
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where  the  overall  compliance  <JA,  m  and  stiffness  £,  i  are  yet  to  be  determined.  From 
(A-l)  and  (A-I3)-(A-15),  we  obtain 

X,  =  £,<#,  i,  =  £,(m  -  m,).  (A-17) 

From  force  equilibrium  in  the  jt,  jc2-plane,  the  distribution  factors  must  satisfy 

Sc,JC,  =  I.  tc.ii-0.  (A- 18) 


where  1  is  a  (3  x  3)  identity  matrix  and  0  is  a  (3  x  1)  null  vector.  The  overall  compli¬ 
ance  and  stiffness  matrices  can  now  be  found  by  substituting  (A-17)  into  (A-18): 


£  —  4  — 

/•I  <-l 

(A- 19) 

<M  =  £-',  m  = 

(A-20) 

From  (A-4),  (A-9),  (A- 10),  and  (A- 13),  the  phase  stresses  can  be  expressed  in  terms 
of  the  laminate  applied  stresses  as 

d*r(%)  =  #Ax)d§’  +  t',(*)doj. 

(A-21) 

do?(x)  =j'rT(x)d0‘  +  e'r(x)daJy 

(A-22) 

sux)  =  «,(*)«,  jc„  #;<*)  =  «,(i)<M,  +  lr(*). 

(A-23) 

i'r' 

(x)  =  c‘r(x  )<*,XM  e',(x)  =  c  f  (*)<M/  +  Vr(x). 

(A-24) 

Finally,  if  a'„  denote  matrix  stress,  i‘  and  #'  denote  lamina  stresses  in  x,  and  Xj  co¬ 
ordinate  systems,  respeaively,  and  v  denote  laminate  overall  stress,  such  that  each  vec¬ 
tor  is  (4  x  1)  listing  the  in-plane  stresses  ff|,  a*,  followed  by  the  out-of-plane  stress 
aj,  then  we  can  write 

<  -  #'  =  H,#. 

(A-25) 

•m  -  G/0,  0‘  =  W,#, 

(A-26) 

G,  =  BmR,H,,  W,  -  R/Hj, 

(A-27) 

where 

B„  = 

e  a-  n  -i;  :i- 

(A-28) 

As  discussed  above,  the  stress  concentration  factors  <&m,  tm,  c£,  and  nm  are  evaluated 
using  appropriate  micromechanical  models.  The  transformation  factors  <R,,  and  the 
stress  distribution  factors  X/,  and  l,  are  given  by  eqns  (A-6)  and  (A-17),  respectively. 
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Abstract 

The  present  papa  is  concerned  with  composites  in 
which  the  constituent  interfaces  axe  weak  in  shear  and 
therefore  exhibit  shear  deformation  associated  with  sliding. 
Thermomechanical  loadings  of  such  systems  are  considered 
which  consist  of  homogeneous  traction  or  displacement 
boundary  conditions  and  a  uniform  temperature  change  on  the 
outside  surface  of  the  composite.  For  binary  systems  with 
isotropic  constituents,  it  is  shown  that  the  actual  fields  in  the 
purely  thermal  problem  can  be  uniquely  determined  from  the 
solution  of  the  purely  mechanical  problem.  This 
correspondence  relation  is  used  to  determine  the  effective 
thermal  strain  and  stress  tensors  on  the  basis  of  the  effective 
mechanical  properties.  For  multi-phase  systems  with 
anisotropic  constituents  undergoing  interface  slip  and 
separation,  the  theorem  of  virtual  work  is  used  to  establish  a 
similar  relation  between  the  effective  thermal  tensors  and  the 
tuecuanical  concentration  factors  and  constituent  properties  of 
the  composite. 
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Introduction 


Thermal  problems  in  heterogeneous  media  have  drawn 
much  interest  in  the  last  years  due  to  the  increasing 
importance  of  high  temperature  composites.  Several 
fundamental  aspects  in  the  micromechanics  of  composites  in 
the  context  of  thermomechanical  problems  have  recently  been 
investigated  by  the  authors,  Dvorak  (19861,  Dvorak  and  Chen 
(1989),  Benveniste  and  Dvorak  (1989)  wnere  the  reader  can 
nnd  a  list  of  references  in  the  field. 


Most  of  the  work  dealing  with  composites  assumes 
perfect  bonding  between  the  constituents.  However,  due  to 
poor  bonding  between  the  phases,  a  jump  in  the  displacement 
field  may  occur  at  internal  boundaries,  and  it  is  of  interest  to 
study  thermomechanical  problems  in  composites  under  such 
circumstances.  Determination  of  the  effective  properties 
requires  special  attention  in  the  presence  of  imperfect  bonding, 
and  a  proper  framework  for  the  investigation  of  such  problems 
has  been  laid  down  by  Benveniste  (1985).  Interfaces  which  are 
weak  in  shear  may  be  modeled  by  demanding  that  the  normal 
displacements  are  continuous,  but  the  tangential  displacements 
exhibit  a  jump  which  is  proportional  to  the  shear  tractions. 
For  limiting  values  of  the  constant  of  proportionality,  the 
special  cases  of  perfect  bonding  and  lubricated  contact  are 
obtained.  Such  models  of  a  flexible  interface  which  may  also 
include  imperfect  bonding  in  the  normal  direction  have  been 
previously  used  in  the  literature,  see  for  example  Lend  and 
Leguillon  (1982),  Benveniste  and  Aboudi  (1984),  Aboudi 
(1987),  Benveniste  and  Miloh  (1986),  Jasiuk  and  Tong  (1989), 
Achenbach  and  Zhu  (1989),  and  Hashin  (1990).  The  reader  is 
referred  to  these  works  for  a  further  list  of  references  on 


imperfect  interfaces.  Recently,  several  problems  of  inclusions 
which  undergo  pure  slip  at  interfaces  have  been  considered  by 
Mura  et  al.  (1985),  Tsuchida  et  al.  (1986),  and  Jasiuk  et  al. 
(1988). 

The  present  paper  is  concerned  with  binary  systems 
with  flexible  interfaces  in  shear,  and  isotropic  constituents.  It 
starts  by  establishing  a  correspondence  relation  between  local 
fields  induced  in  such  two^-phase  composites  by  purely 
mechanical  and  purely  thermal  problems.  These  relations  are 
obtained  by  using  a  decomposition  scheme  originally  proposed 
by  Dvorak  (1983,  1986),  and  further  employed  by  Benveniste 
and  Dvorak  (1989)  in  binary  composites  with  anisotropic 
constituents,  arbitrary  phase  geometry,  but  perfect  bonding 


between  the  phases.  Recently,  Dvorak  (1990)  has  thoroughly 
explored  the  implications  of  this  concept  in  regard  to  the 
existence  of  uniform  fields  in  heterogeneous  media.  We  show 
here  that  this  decomposition  scheme  can  be  generalized  to  the 
case  of  two-phase  media  undergoing  slip  at  interphase 
boundaries,  but  with  isotropic  constituents.  The 
implementation  of  the  scheme  shows  that  local  fields  in  such 
composites  which  are  induced  by  a  uniform  temperature 
change  at  external  boundaries  can  be  uniquely  determined  from 
the  solution  of  the  same  system  subjected  to  uniform  overall 
mechanical  loading.  In  the  second  part  of  the  first  section  of 
the  paper,  the  established  correspondence  principle  is  used  to 
derive  the  effective  thermal  strain  and  stress  tensors  on  the 
basis  of  the  effective  mechanical  properties  of  the  composite. 
The  second  section  of  the  paper  is  concerned  with  multiphase 
composites  with  anisotropic  constituents  undergoing  slip  of  the 
above  described  nature  at  interphase  boundaries.  Only 
effective  properties  are  considered  in  this  section,  and  a 
generalization  of  Levin’s  (1967)  and  Rosen  and  Hashin’s  (1970) 
result  is  derived  using  the  theorem  of  virtual  work.  The 
obtained  results  reduce  correctly  to  those  obtained  in  the 
previous  section  for  the  case  of  binary  composites  with 
isotropic  constituents. 


1.  Correspondence  Between  Purdy  Mechanical  and  Purely 
Thermal  Problems  in  Binary  Composites  with  Interfaces 
Weak  in  Shear 


Consider  a  two-phase  composite  with  isotropic 
constituents,  but  arbitrary  phase  geometry.  Let  the 
thermoelastic  constitutive  relations  of  the  homogeneous  phases 
r  =  1,2  be  given  by: 

aT  =  Lr  cr  +  lxB  ,  r  =  1,  2 

(!) 

fr  -  Mr  ax  +  m^ 

where  <rr,  er  and  0  denote  respectively  the  stress,  strain  tensors 

and  temperature  field,  Lr  and  Mr  =  L/are  the  phase  stiffness 
and  compliance  tensors,  mr  is  the  thermal  strain  tensor  (of 
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expansion  coefficients),  and  tT  is  the  thermal  stress  tensor  such 

that  tT  =  — Lr  mr.  In  this  paper  we  will  denote  the  matrix 

phase  by  the  index  r  =  1  and  the  inclusion  phase  by  index 
r  =  2. 

The  two-phase  composite  is  assumed  to  have 
constituents  interfaces  which  are  weak  in  shear  and  are 
modeled  by  a  jump  in  the  tangential  displacement  which  is 
prescribed  as  proportional  to  the  shear  traction  there.  Perfect 
bonding  in  the  normal  direction  is  assumed  in  this  part  of  the 
work;  however,  in  the  second  part  open  cracks  at  interfaces  are 
allowed.  Let  p  denote  the  unit  normal  vector  at  S13  pointing 

from  phase  r  =  2  to  phase  r  =  l,  and  let  u  and  t  denote 

respectively  the  displacement  and  traction  vectors.  The 
interface  conditions  at  Su  may  be  expressed  in  the  following 

manner.  Let  (p,  q,  s)  be  an  orthogonal  set  of  unit  vectors  at 

S13  where  p  denotes  the  unit  normal  vector.  The  components 

of  the  traction  and  displacements  vectors  in  this  coordinate 
system  are  respectively  expressed  ast  =  tp+tq+ts,  u  =  up 

+  uq  +  u,.  The  interface  is  then  modeled  by  the  following  set 

of  equations: 


M  —  0 

8u 

W,  ‘q 

S13 


[t]  =0 

S12 

W  =<3‘. 

8 13 


(2) 


where  R  and  Q  are  constants  of  proportionality  for  the 
interface  which  is  flexible  in  shear  and  a  square  bracket  [  ]  on 
a  quantity  ip  denotes  the  jump  in  that  quantity  across  St3,  that 

is 


It  is  noted  that  for  R  -*  0,  Q  -*  0,  perfect  bonding  in  shear  is 
obtained,  and  that  R  -*  oo,  Q  -»  oo  yield  the  case  of 
lubricated  contact.  The  analysis  which  follows  in  this  section 
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is  also  valid  if  at  part  of  the  interfaces  there  exists  imperfect 
bonding  (R  #  0,  Q  £  0),  and  at  other  parts  perfect  bonding 

prevails  (R  =  0,  Q  =  0);  in  fact  different  values  of  R  and  Q 

may  exist  at  different  points  in  the  interface. 

Consider  now  purely  mechanical  problems  in  which  the 
outside  surface  of  the  composite  is  subjected  to  homogeneous 
displacement  or  traction  boundary  conditions  described  by: 

u  (S)  =  fox  ,  0(S)  =  0 

(4) 

t  (S)  =  <r0n  ,  0(S)  =  0 

where  u  (S)  and  t(S)  denote  the  displacement  and  traction 

vector  at  S,  n  is  the  outside  normal  to  S,  c0  and  er0  are 

constant  strain  and  stress  tensors,  and  finally  x  denotes  the 

components  of  a  Cartesian  system. 

Let  the  local  strain  and  stress  fields  induced  in  the 
phases  by  these  boundary  conditions  be  denoted  by 

fr(?)  —  ^rMfo  >  fr(f)  =  ^r(|f)fo  »  (5) 

?r(f)  =  ?r(f)fo  >  fr(?)  =  Mr  Br(x)a0  ,  (6) 

with  (5)  and  (6)  corresponding  to  (4)t  and  (4),  respectively. 

Furthermore,  let  us  denote  the  jump  in  the  displacement 
vector  at  Sia  by 


=  D  (*)  <o 
sia 


=  F  (x)  a0  , 


(7) 


again,  under  (4)t  and  (4)3  respectivdy.  Of  course,  the  fields 

(5),  (6),  and  (7)  satisfy  the  interface  conditions  in  (2).  Local 
fields  are  denoted  in  this  paper  by  the  argument  (x),  whereas 

expressions  without  such  an  argument  will  refer  to  average 
quantities. 


Next,  consider  thermal  loading  problems  in  which  the 
surface  of  the  composite  is  subjected  to  a  uniform  temperature 
rise  and  to  zero  displacement  or  traction  boundary  conditions. 


«S)  = 

<KS)  =  *0 


u(S)  =  0 
t(S)  =  0 


(8) 

(9) 


The  local  fields  under  (8)  and  (9)  will  respectively  be  denoted 
by: 


5r  (?)  =  h  (?)*o 
?r(?)  =  ftr?r(?)  +  it)*0 


(10) 


[u  (x)j  =  d  (x)0c 


*13 


?r  (?)  =  (?)  *0 

U  (?)  =  (¥r  »r  (?)  +  «?r)*0 


(11) 


[?(?)]  38  £(?)^o 


*12 


where  the  vectors  d(x)  and  f(x)  satisfy  the  interface  conditions 

in  (2).  We  also  note  that  a  uniform  temperature  field  will 
prevail  in  the  composite  under  (8)  and  (9). 

It  will  be  shown  now  that  in  the  two-phase  composite 
with  isotropic  constituents  characterized  by  the  constitutive 
relations  (lj  and  the  interface  conditions  (2),  knowledge  of  the 
tensors  Ar(x),  D(x)  uniquely  determines  ar(x),  d(x),  and 

Br(x),  F(x)  determine  br(x),  f(x). 

Let  us  first  establish  the  correspondence  between  the 
fields  induced  by  (4)t  and  (8).  This  is  achieved  by  using  the 

decomposition  scheme  described  by  Dvorak  (1986),  and 
Benveniste  and  Dvorak  (1989)  for  the  case  of  perfectly  bonded 
composites.  We  will  see  here  that  this  procedure  can  be  used 
to  establish  the  desired  correspondence  relations  in  the  case  of 
interface  conditions  (2)  for  two-phase  composites  with 
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jer^rooic  phases.  In  the  first  stage  of  this  decomposition 
scheme  we  seek  a  strain  field  e  which  is  uniform  in  V  under  a 
uniform  temperature  change  00.  This  can  be  achieved  by 

demanding  that  t  and  60  result  in  a  uniform  stress  field: 


Lj  f  +  ^  Lj  €  +  £20o  ,  (12) 

so  that  the  tractions  at  S12  are  continuous.  Equation  (12) 
yields  for  e: 

j  =  (L,-LJ)'‘ .  (13) 

At  this  stage  of  the  procedure,  uniform  strain  and  stress  fields 
prevail  in  the  composite,  and  both  the  displacements  and 
tractions  are  continuous  at  Sia.  Also,  it  turns  out  that  for  the 

isotropic  constituents,  the  created  uniform  stresses  are 
hydrostatic,  and  shear  tractions  at  Su  vanish.  Therefore,  the 

interface  conditions  at  Su  described  in  (2)  are  automatically 

satisfied.  At  the  outside  boundary  S,  displacements  arising 
from  (13)  have  been  now  induced  and,  as  demanded  by  (8) 
they  need  to  be  reduced  to  zero.  To  accomplish  this,  we  apply 
the  following  displacements  on  S: 

u  (S)  =  -i  x  ,  (14) 

and  obtain 

fr  (x)  =  -Ar(x)f  , 

•  (15) 

By  superposition  with  the  uniform  fields,  the  resulting 
fields  at  the  end  of  the  decomposition  scheme  are  therefore: 
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£,<*)  =  (I  -  Ar  (i))(L,  -  L,)'1  (t,  -  tJS,  ,  (16) 

«-D(x)(L,-L. ■  (17) 

with  I  being  the  fourth  order  identity  tensor.  The 
concentration  factors  ar(x)  and  d(x)  can  be  therefore  read  out 
as: 


?,(*)  =  (I  -A^ML.-L,)"  ,  (18) 

d(x)— DfxHL.-L,)'' (/,-<,)  .  (19) 

The  difficulty  of  extending  the  above  procedure  to 
anisotropic  constituents  becomes  now  apparent.  For  such 
constituents,  shear  tractions  at  Su  would  exist  after  the 

reassembly  of  the  aggregate.  To  remove  these  shear  tractions, 
one  would  have  to  solve  a  boundary  value  problem  in  which 
the  S13  interfaces  are  loaded  by  the  negative  of  the  shear 

tractions  induced  therein.  Even  though  the  solution  of  such  a 
boundary  value  problem  can  be  formulated  in  principle,  it  is 
not  clear  at  this  time  that  such  a  solution  can  be  related  to  a 
purely  mechanical  problem  with  prescribed  overall  strain. 

The  correspondence  between  the  fields  resulting  from 
(4)j  and  (9)  can  be  similarly  established.  In  the  first  step,  a 

uniform  stress  field  a  is  sought  which  together  with  a 

temperature  change  0O  causes  a  in  uniform  strain  field,  and 

therefore  continuous  displacements  throughout.  The  condition 
is 


Mt  o  +  mt  0O  *s  Ma  a  +  m2  0O  ;  (20) 

it  yields 

y  =  (M,-M,)  (m,-mJ90  . 


(21) 
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Since  some  the  constituents  are  isotropic,  these  stresses  do  not 
result  in  shear  tractions  or  displacement  jumps  at  Sjj-  To 

comply  with  (91,  we  now  remove  the  tractions  induced  on  the 
outside  surface  Dy  (21),  by  application  of: 

t  (S)  =  -a  n  ,  (22) 

which  by  themselves  cause  the  local  effects 

ar(x)  =  -Br(x)<7  , 

(23) 

[u(x)]s  =  -F(x)a  . 

-  -  °ia  - 


This  is  superimposed  with  the  uniform  field  <j  to  yield: 

?r(?)  =  (I  -  ?:(?))  (M,  -  M,)  '(m,  -  mj  0,  ,  (24) 

=  — F(x)  (M,  -  M,)’l(m,  -m,)«0  ,  (25) 


The  concentration  factors  thus  are 

b,(x)  =  (I  -  B,(x))  (M,  -  -  mj  (26) 

f(x)  =  — F(x)  (M,  -  -  mj  (27) 

We  have  therefore  established  the  desired 
correspondence  relations.  It  is  of  interest  to  note  here  that  the 
structure  of  (18)  and  (26).  is  similar  to  that  given  in 
Benveniste  ana  Dvorak  (1989)  for  perfect  bonding  between  the 
constituents. 
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lb.  Application:  Effective  Thermal  Stress  and  Strain 
Tensors 

One  of  the  applications  of  the  correspondence  principle 
described  in  the  previous  section  is  the  determination  of  the 
effective  thermal  tensors  of  the  composite  based  solely  on  the 
information  obtained  from  the  mechanical  problem.  Suppose 
therefore  that  the  effective  constitutive  law  of  the  composite  is 
described  by 

o  —  L  c  +  L  0  , 

f  =  Mff  + m  9  ,  (28) 


where  L  and  M  with  M  =  L  1  denote  respectively  the  effective 

stiffness  and  compliance  tensors,  l  and  m  with  t  =  — L  m  are 

the  effective  thermal  strain  and  stress  tensors.  The  tensors  a 

and  e,  and  the  temperature  9  refer  to  average  quantities. 

The  tensors  l  and  m  are  determined  in  principle  by 

subjecting  the  composite  to  boundary  conditions  (8)  and  (9) 
respectively.  Let  us  first  consider  the  determination  of  l.  It  is 

important  to  note  here  that  since  displacement  jumps  occur  at 
constituent  interfaces,  special  care  should  be  taken  in  defining 
average  quantities  in  the  composite,  and  the  reader  is  referred 
to  Benveniste  (1985)  for  a  proper  framework  for  the 
computation  of  effective  properties  in  these  situations.  Under 
(8),  the  average  strain  in  the  composite  vanishes,  therefore  in 
accordance  with  the  quoted  paper 

e  =  Cj  f t  +  Cj  e2  —  Cj  J  =  0  ,  (29) 

where  J  is  a  second  order  tensor  representing  the  deformation 
at  internal  boundaries,  and  is  given  by: 

/  (N  Pj  +  !“jl  Pi)  ds«  • 


(30) 
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where  pj  was  defined  in  (2);  cr  and  eT  with  r  =  l,  2  denote  the 

phase  volume  fractions  and  phase  strain  averages  respectively, 
£nd  V  is  the  volume  of  the  composite.  The  average  stress  in 
the  composite,  in  view  of  (l)t,  (28)t,  and  (29)  is  given  by 

( 7  =  ^  ^2^2  = 

=  l^o)  +  J^o)  ~  £  &0  >  (31) 

where  we  have  used  the  fact  that  a  uniform  temperature 
prevails  throughout.  Elimination  of  e3  from  (29)  and 

substitution  into  (31)  provides: 

{  ~  c^t  +  c2/j  +  c3  (La  —  LJ  a3  +  c3  Lj  a  ,  (32) 

where  the  concentration  factors  are  defined  as  in  (10): 

f  3  =  a3  0O  ,  J  —  a  6q  (33) 

The  tensor  a3  is  simply  the  average  of  a3(x)  in  (18),  and  is 
given  by 

1,-(I-A,)(L1-L,)',(<,-_*1)  ,  (34) 

where  A3  is  again  the  phase  volume  average  of  A3  (x).  The 
tensor  a  is  obtained  by  substituting  (10)3  and  (19)  into  (30): 

»  =  -A(Ll-L,)'l(f,-_<J  ,  (35) 

with  the  concentration  factor  J  =  A  c°  defined  as: 

Aijkl5S~/  (Dai  (x)  Pj  +  Djkl  (x)  pj  dSl3  .  (36) 
2V  q 

al3 
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Substitution  of  (34)  and  (35)  into  (32)  provides 

t  ~  Cjf  j  +  Cj/j  + 

+  Cj(L2  -  L,)(I  -  A,)(L,  -  -  IJ 

—  c2  Li  A  (Lj  —  Lj)  (^2 —  ^i)  >  (37) 

hence  t  has  been  determined  in  terms  of  the  constituent  phase 

properties  and  the  mechanical  concentration  factors  A3  and  A. 

Equation  (37)  can  be  further  simplified.  To  this  end, 
recall  that  the  effective  stiffness  L  of  the  composite  is  obtained 

by  subjecting  the  external  surface  S  to  (4)t  and  using  the  fact 

that 

f  =  clel  +  Cjfj  —  CjJ  =  f0  .  (38) 

After  some  manipulations  this  leads  to  (Benveniste  (1985)): 

L  =  Lt  +  Cj  (Lj  —  Lj)  Aj  +  CjLjA  (39) 

Solving  for  A3  in  (39),  and  substituting  into  (37),  wcrobtain: 


l  =  it  +  (L  -  Lt)(L3  -  L  -  tj  (40) 

Equation  (40),  interestingly  enough,  is  the  same  as  equation 
(3.11)  in  Benveniste  and  Dvorak  (1989).  Note  however  that 
imperfect  bonding  at  S13  as  described  in  equation  (2)  still 

affects  the  effective  thermal  tensor  l,  since  L  itself  is  affected, 

as  in  (39). 

The  determination  of  m  follows  similar  steps,  this  time 

under  the  stress  boundary  conditions  (9).  It  leads  to  a  set  of 
equations  which  are  counterparts  to  (29),  (31)  and  (32): 

a  =  ctfj  +  c3o3  =  0  ,  (41) 

e  =  cte,  +  c3£3  -CjJ  =  +  m^0)  + 

+  c3(M3a2  +  m30o)  =  , 


(42) 
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m  =  c^!  +  Cjmj  +  ca(Ma  -  Mt)bj  -  cab  , 

(43) 

where  we  have  defined  the  concentration  factors  ba 
follows: 

and  b  as 

a}  =  b30o.  J  =  b0o 

(44) 

In  analogy  to  (34)  and  (35),  these  tensors  can  be  written  in  the 
form: 

b,  =  (I  -  B,)  (M,  -  M ,)"  (m,  -mj  , 

(45) 

b  =  -B(Ml-M1)'‘(m1-m1)  , 

(46) 

with 

®ijkl  =  /  (Fikl(x)Pj  +  Fjkl(x)Pi)  dSia  . 

2VSia 

(47) 

The  equation  for  m,  finally  becomes: 


m  =  CjUij  +  Cjmj  + 

+  c2(M2  -  M,)(I  -  B3)(M1  -  Ma)  “(m,  -  m.) 

+  cJB(M1  -  M3)  -  mt)  .  (48) 

The  expression  for  the  effective  compliance  tensor  (Benveniste 
(1985)), 

M  =  Mj  +  c2  (Mj  -  MJBj  -  Cj  B  ,  (49) 

helps  to  reduce  equation  (48)  to  the  form 

m  =s  ml  +  (M  -  MJ  (Ma  -  Mj)  1  (m3  —  mj  ,  (50) 

which  is  the  counterpart  of  (40).  Using  lr  =—  Lr  mr  and  the 
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fact  that  L  =  M  \  one  can  verify  that  t  and  m  as  given  by  (40) 
and  (50)  fulfill  the  relation  l  =  -Lm. 

We  have  utilized  here  the  correspondence  relations 
established  in  the  previous  section  to  derive  expressions  for  the 
effective  thermal  tensors  l  and  m  in  terms  of  effective 

mechanical  properties  of  the  composite.  The  correspondence 
relations  are  limited  to  isotropic  constituents,  and  therefore, 
the  derived  equations  (40)  and  (50)  apply  also  to  such  systems 
only. 

Expressions  for  the  effective  thermal  tensors  in  terms  of 
effective  mechanical  properties  have  been  given  before  in  the 
literature  for  the  case  of  composites  with  perfectly  bonded 
anisotropic  phases.  The  basic  idea  was  due  to  Levin  (1967) 
which  used  the  principle  of  virtual  work  to  this  end.  Levin’s 
paper  was  extended  to  anisotropic  constituents  by  Rosen  and 
Hashin  (1970),  see  also  Laws  (1973)  and  Schulgasser  (1989)  for 
an  alternative  derivation  of  these  relations.  We  will  show  in 
the  next  section  that  the  virtual  work  theorem  can  again  lead 
to  equations  similar  to  (40)  and  (50)  for  the  case  of  multiphase 
materials  with  anisotropic  phases  and  imperfect  interfaces  of 
the  type  described  in  (2).  It  should  be  of  course  made  clear 
that  in  spite  of  its  limitation  to  isotropic  constituents  in  the 
present  case,  the  decomposition  scheme  is  in  a  sense  more 
general  than  the  results  provided  by  the  virtual  work  theorem 
since  it  provides  results  on  fields  and  not  only  on  average 
properties. 


2.  Effective  Thermal  and  Stress  Tensors  in  Multiphase 
Composites  with  Anisotropic  Constituents  and  Interfaces 
Weak  In  Shear 

We  consider  now  multiphase  composites  described  by 
(1)  and  (2),  but  allow  this  time  for  general  anisotropic 
behavior  in  for  the  phases.  As  in  Section  1,  different  parts  of 
the  interfaces  may  possess  different  values  of  0  <L  R  ^  oo  and  0 
^  Q  ^  oo.  An  expression  for  the  effective  thermal  stress 
tensor  i  in  terms  of  purely  mechanical  properties  will  be  first 

derived  by  considering  the  boundary  conditions  (4)t  and  (8). 

For  convenience,  we  let  the  fields  induced  by  (4),  be  denoted 

by  primed  quantities  and  those  resulting  from  (8)  by  unprimed 


quantities.  The  principle  of  virtual  work  for  composites  with 
imperfect  interfaces  can  be  found  in  Benveniste  (1985).  When 
applied  to  the  boundary  value  problems  (4)t  and  (8),  it  can 

be  written  as: 

/  *ijto£ij(?)dV 
v 

=  /ti(x)Ui(x)dS+  jrj  tifxJlujQcJJdS,,  ,  (51) 

S  r*2Slr 

where  ti  and  u*  denote  the  traction  and  displacement  vector, 

r  =  1  stands  for  the  matrix,  and  denotes  the  boundaries  of 

the  inclusion  phases  with  the  matrix. 

Substitution  of  from  (1)  into  (51)  yields: 

/  Lijki  £ki(*)  £ij(?)  dV  +  J  ftj  €tj(x)  0odV 

v  v 

=  Jti(x)u'i(x)dS+ t^xJJu^xJJdSjj  ,  (52) 
S  r*2S|r 

with  the  material  properties  assuming  the  index  r  =  1,  2, ...  N 
depending  on  the  position  of  the  point  x  in  the  composite.  For 

the  boundary  condition  (4)t,  the  first  integral  on  the  right 

hand  side  of  (52)  can  be  simplified  as: 

/  (fMfJdS  *  /  ti(?)£ij*jdS 
S  s 

=  £°ij  /  ^ik  (*)nk*jdS 

s 


I 


(53) 
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where,  aV]  denotes  the  overall  average  stress,  and  the  fact  that 

the  average  strain  vanishes  under  (8)  has  been  used. 
Substitution  of  (53)  into  (52)  gives: 

/  Lijkl  <kl  (?)eij  (?)dV  +  /  Aj  «ij(?)A>  dV 
V  V 

*  r 

=  X  J  dS*  +  4  Aj  9o  V  •  (54) 

r«2  Slr 

The  virtual  work  theorem  is  now  applied  to  the 
boundary  value  problems  (4)t  and  (8)  with  the  alternative 

choice  of  admissible  displacement  and  stress  fields;  the  fields  in 
(4)  i  are  denoted  by  primed  quantities  and  those  in  (8)  by 

unprimed  ones.  The  result  is: 

/  *ij  (?)  «ij(?)dV 

v 

*  / ti(?)ui(?)dS  +  t/i(x)(ui(x)]dSlr,  (55) 

S  r»23jr 

/  L*jki  <ki(?)  «ij  (?)dV 
v 

=  £/  4i(5)(ut(x)]dStt  ,  (56) 

r»aSlr 

where  we  used  the  condition  u^S)  =  0.  Subtraction  of  (56) 
from  (54)  yields 


(57) 


YJ 


i 

r  *  1 

-it/ 


r  * 


2  S 


‘iWKWl  -tiWfaiOO] 


lr 


dS, 


+  Aj  fij  0o 

The  integral  on  *he  right  hand  side  involves  the  scalar  product 
between  the  traction  vector  in  one  loading  system  and  the 
displacement  jump  vector  in  the  second  system.  The  interface 
conditions  described  in  (2)  make  this  term  vanish.  Equation 
(57)  therefore  yields: 


N 

t-Y,  cr  A  ]lx 
‘  r=l  “  * 


(58) 


where  we  have  invoked  the  definition  of  the  concentration 
factors  Ar  and  reverted  again  to  the  bold  face  tensorial 

notation.  The  transpose  sign  in  (58)  denotes: 

(^r)ljkl  =  (^r)klij  •  (59) 

It  is  somewhat  surprising  to  see  that  equation  (58)  is 
the  same  as  Rosen  and  Hashin’s  (1970)  result  for  perfect 
bonding  between  the  phases.  Note  however  that  due  to 

interface  slip,  the  tensors  A*  are  not  equal  to  those  which 

would  be  obtained  under  perfect  bonding  conditions.  We 
finally  mention  that  if  part  of  the  interfaces  at  S13  contain  open 

cracks,(58)  remains  valid  since  the  tractions  at  these 
boundanes  vanish  identically  if  all  crack  closure  effects  are 
neglected. 

For  the  case  of  binary  composites  equation  (58)  can  also 
be  written  in  other  equivalent  forms  with  one  among  them 
making  contact  with  the  results  obtained  in  the  previous 
section.  Under  (4)u  note  that 
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t  “  CjA  —  I  j 


(60) 


where  A  was  defined  in  (36).  Solving  for  ctA*  in  (60)  and 
substituting  in  (58)  provides: 

i-fi  +  c,Al(<,-<1)  +  c,AI/l  .  (61) 

Another  form  can  be  obtained  by  writing  first  (39)  as: 

L  =  Lt  +  CjAq(Lj  Lj)  +  Cj  A  Lt  ,  (62) 

where  the  diagonal  symmetry  of  the  stiffness  tensors  has  been 
invoked.  Solving  for  A,  in  (62)  and  substituting  into  (61) 
provides: 


l  =  lt  +  (L  -LjXLj  -  LJ  \(a  -  IJ  + 


+  Cj  A1 


(63) 


Equation  (63)  is  the  counterpart  of  (40)  of  the  previous  section 
for  the  case  of  anisotropic  constituents.  Let  us  next  prove  that 
in  the  special  of  isotropic  phases  the  last  term  in  (63)  vanishes. 
For  isotropic  phases  let, 

(*l)ij  ”  °  > 


(^l)ijr*  -  0  gi]  fn  +  7  (Siz  *j«  +  ^i*  ^jr  ~  ~  ^ij  ^r»)  * 

V 

(Lj-LJrsaa  “  +  C(  STU6m  +  SnS»n  ~  f^rs^nm)  » 

.  <64) 

where  a,  0,  7,  (,  C.  A  are  constants.  Writing  AT  in  indidal 
notation  and  carrying  out  the  summation  in  (63)  according  to 
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(64)  shows  that  the  tensor  AT  enters  only  as  (AT)pqii. 

However,  since  according  to  the  interface  conditions  (2)  the 
normal  displacements  are  continuous  at  S13  it  follows  from  (36) 

that  Aiikl  =  0  or,  in  fact,  (AT)pqii  =  0.  We  have  therefore 

shown  that  for  the  case  of  isotropic  constituents  (63)  reduce  to 
(40). 

A  similar  implementation  of  the  virtual  work  theorem 
(51)  to  the  boundary  value  problems  (4)3  and  (9)  yields 

equations  for  the  thermal  strain  tensor  m.  For  the  sake  of 

brevity  we  will  give  only  the  final  results,  counterparts  to 
equations  (58),  (61)  and  (63).  These  are: 


N 

m  =  E 
r—  l 


cr  ??mr 


(65) 


m  =  mt  +  (M  -  Mt)(Mj  -  MJ  l(m3  -  m,)  + 

+  c3  Bt(M2  -Mt)  l(m3-  mt)  (67) 

where  the  last  two  equations  refer  to  binary  systems  only.  It  is 
noted  that  the  structure  of  (66)  and  (67)  are  not  exactly 
similar  to  (61)  and  (63)  respectively.  This  is  due  to  the  fact 
that  e  and  cr  in  (29)  and  (31)  and  also  (39)  and  (49)  have  a 

different  structure.  For  the  same  reasons  mentioned  above 
equation  (67)  reduces  to  (50)  for  the  case  of  isotropic 
constituents. 

Finally,  it  is  easy  to  show  that  l  and  m,  as  given  by 
(58)  and  (65)  for  example,  satisfy  l  =  -Lm.  From  the 

definitions  of  the  Ar  and  Br  tensors  and  also  due  to  L  =  M  *,  it 
results  that 


-t 


?r*LTArL 


r»l, ...  N 


(68) 
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which  provides 

L  B  j  =  Aj  Lr  r  =  1,.  .  .  N  (69) 

Multiplying  (65)  by  (— L)  from  the  left,  using  (69)  and  lT  = 
— L,jnr  shows  readily  that  (58)  is  in  fact  recovered. 
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Abstract — General  connections  are  established  between  the  mechanical  and  thermal  responses  of 
composite  materials  with  debonded  or  imperfectly  bonded  interfaces,  and  with  internal  cracks  or 
cavities.  In  particular,  such  results  are  found  for  multiphase  composite!  or  polycrystals  in  which 
normal  and/or  shear  displacement  jumps  may  exist  at  interfaces  or  cracks,  consistent  with  complete 
debonding  or  with  the  presence  of  a  nonlineariy  elastic  interphase  layer.  In  two-phase  systems  with 
isotropic  phases  and  sliding  interfaces,  we  also  recover  exact  connections  between  the  mechanical 
and  thermal  stress  or  strain  fields  in  the  phases. 


1.  INTRODUCTION 

Evaluation  of  thermoelastic  properties  of  composite  materials  is  of  considerable  interest, 
particularly  in  high-temperature  ceramic  systems.  Although  perfect  bonding  between  the 
phases  may  be  desirable,  various  types  of  imperfect  bonding  at  interfaces,  as  well  as  internal 
cracking  may  exist  in  actual  systems.  Any  such  damage  mode  will  cause  a  change  in  overall 
stiffness,  in  local  mechanical  fields,  and  also  in  the  overall  thermal  expansion  coefficients 
and  in  the  thermal  stress  and  strain  fields.  It  is  well  known  that  in  perfectly  bonded  systems, 
the  overall  thermal  properties  can  be  evaluated  in  terms  of  phase  properties  and  mechanical 
concentration  factors  (Levin,  1967).  More  general  relations  involving  local  fields  also  exist 
for  certain  perfectly  bonded  two-phase  systems  (Dvorak,  1983,  1986,  1990;  Dvorak  and 
Chen,  1989;  Benveniste  and  Dvorak,  1990a),  and  also  for  two-phase  composites  with 
isotropic  constituents  and  slipping  interfaces  (Benveniste  and  Dvorak,  1990b). 

The  present  paper  extends  this  line  of  inquiry,  and  establishes  such  connections  for 
many  other  damaged  composite  materials.  In  particular,  we  show  in  the  first  part  of  the 
paper  that  the  Levin-type  connections  are  recovered  in  multiphase  composite  systems  of 
arbitrary  phase  geometry  and  material  symmetry,  even  if  the  interfaces,  or  their  parts, 
undergo  debonding  which  is  either  complete,  or  consistent  with  the  presence  of  a  very  thin 
nonlineariy  elastic  interphase  layer  which  permits  both  normal  and  shear  displacement 
jumps  at  interfaces.  In  the  second  part,  special  forms  of  these  results  are  found  for  two- 
phase  composites.  Moreover,  in  two-phase  systems  with  isotropic  constituents  and  slipping 
interfaces,  exact  relationships  are  found  between  mechanical  and  thermal  stress  or  strain 
fields  in  the  phases.  This  is  accomplished  with  the  help  of  uniform  strain  and  stress  fields 
in  heterogeneous  media  (Dvorak,  1990;  Benveniste  and  Dvorak,  1990a). 

The  emphasis  is  on  evaluation  of  general  thermomechanical  connections  rather  than 
the  formulation  of  micromechanical  models.  Examples  of  the  latter  may  be  found  in  other 
recent  references,  e.g.  Chen  and  Argon  (1979a,  b) ;  Lene  and  Leguillon  (1982) ;  Benveniste 
and  Aboudi  (1984);  Mura  et  al.  (1985);  Benveniste  and  Miloh  (1986);  Tsuchida  et  al. 
(1986);  Jasiuk  et  al.  (1988);  Achenbach  and  Zhu  (1989);  Jasiuk  and  Tong  (1989); 
Hashin  (1990).  Therefore,  throughout  the  paper  we  assume  that  the  local  fields  caused  by 
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mechanical  loads  can  be  evaluated  by  an  independent  analysis.  Our  purpose  is  to  provide 
a  general  methodology  for  evaluation  of  the  thermal  response  of  damaged  composites  from 
the  various  solutions  of  mechanical  loading  problems. 

2.  MULTIPHASE  COMPOSITES 
2.1.  Phase  and  interface  properties 

We  first  consider  multiphase  media  with  N  constituent  phases,  which  may  represent 
such  actual  systems  as  matrix-based  composites  or  polycrystals,  and  focus  our  attention  at 
a  sufficiently  large  representative  volume  which  has  the  same  effective  properties  as  any 
other  volume  of  such  or  larger  size.  If  a  matrix  is  present,  then  it  will  be  denoted  by  r  =  1, 
and  r  =  2,  3, ... ,  N  will  represent  the  reinforcing  phases.  All  phases  are  linear  thermoelastic 
solids,  their  constitutive  relations  are 

a,  =  L,«,+l,0o.  *>•  =  M,ff,  +  m,0o,  r  -  1,2 . N,  (1) 

where  a„  e,,  L„  1„  90  denote,  respectively,  the  stress,  strain,  stiffness,  thermal  stress  tensors 
and  a  uniform  temperature  change.  M,  *  L,~ 1  and  m,  =  —  M,l,  are  the  compliance  and 
thermal  strain  tensors. 

Damage  in  composites  may  be  due  to  internal  cavities  or  cracks,  and  imperfect  bonding 
between  the  phases.  Imperfect  bonding  may  be  regarded  in  terms  of  a  thin  interphase  region 
of  certain  stiffness,  or  as  interface  cracks  and  cavities.  The  interface  between  phases  r  and 
5  will  be  represented  in  this  paper  by  an  idealized  geometrical  surface  of  zero  thickness. 
Nevertheless,  it  will  be  convenient  to  think  of  these  interfaces  as  two-sided  surfaces  S„  and 
S„  adjacent  to  phases  r  and  s  respectively ;  such  a  notation  will  also  help  symmetrize  many 
expressions  in  the  paper.  The  displacement  field  may  or  may  not  be  discontinuous  across 
such  interfaces.  Should  a  cavity  or  a  crack  develop  between  the  phases  r  and  s.  the  surface 
of  that  vacuous  zone  will  be  denoted  by  S„  and  Su.  The  surface  S„  will  be  that  in  contact 
with  phase  r,  and  S„  that  in  contact  with  phase  s.  (see  Fig.  la).  The  phases  may  also  contain 
internal  cracks  or  cavities.  The  surface  of  such  a  defect  which  is  internal  to  phase  r  will  be 


m 

rig.  1.  (a)  Interface  between  two  phases  r  and  s.  (b)  Possible  choice  of  coordinate  systems  at 

interfaces. 
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denoted  by  S„.  In  the  case  of  a  thin  crack  in  phase  r,  it  may  be  convenient,  though  not 
necessary,  to  consider  the  decomposition  S„  =  5,7  u  S“  where  S,7  and  Sr  denote  the  upper 
and  lower  surfaces  of  the  crack. 

At  any  point  on  the  interfacial  surface  between  phase  r  and  phase  s,  it  will  be  convenient 
to  define  the  unit  normals  n'J"  =  -n1'”  from  phase  s  to  phase  r.  At  the  surface  of  a  cavity 
or  crack  which  is  in  contact  with  phase  r  we  will  define  the  normal  n1"1  from  phase  r  into 
the  vacuous  zone. 

The  displacements  and  tractions,  together  with  the  unit  normals  described  above  at 
any  point  x  of  the  interfacial  surface,  will  be  described  in  a  single  Cartesian  coordinate 
system.  This  Cartesian  system  can  in  principle  be  fixed  in  space,  but  can  also  be  conveniently 
chosen  at  the  generic  point  x  on  the  interface.  In  the  latter  alternative,  we  may  choose  either 
(n1'”.  p,  q)  or  (nliM,  p,  q)  where  p  and  q  describe  the  tangential  unit  vectors  at  the  interface 
(see  Fig.  lb).  For  a  cavity  or  a  crack,  we  will  choose  (n1"1.  p.  q).  With  no  loss  of  generality, 
we  thus  adopt  the  coordinate  system  (n1'".  p,  q),  where  in  the  case  of  a  pore  or  a  crack  there 
is  r  =  s. 

At  any  generic  point  x  of  the  interface,  let  us  define  the  traction  vector  exerted  from 
phase  r  to  phase  s  as  and  from  j  to  r  as  t"'1 : 

t'"1  =  c ,  c*)T.  -  (tisr\  ty.  tyy.  (2> 

We  note  that  both  are  expressed  in  the  cot.  'ate  system  (nIM\  p,  q).  Regardless  of  the 
nature  of  the  bond,  t1'”  must  be  in  equilibria  *ith  t*"’,  thus 

t(«.+t(vi=0.  '  (3) 

For  a  generic  point  x,  at  a  surface  S„  of  a  cavity  or  crack  adjacent  to  phase  r,  it  follows 
that 


t>">  =  (/<"’,  ty.tyf  *o,  (4) 

where  the  quantities  are  described  in  the  coordinate  system  (nl"\  p.  q)  defined  above. 

Displacement  vectors  at  any  point  x  of  the  interface  are  defined  at  each  side  and 
expressed  in  the  coordinate  system  (i»‘,Jl.  p,  q)  as : 


U<'>  =  (I4<',,<\0T, 


=  (u^11,  uw 


.<)T. 


(5) 


the  difference  or  jump  in  those  displacements  across  the  interface  will  be  denoted  by 


[u]  =  u1'1  -u*”. 


(6) 


These  conventions  permit  us  to  define  the  following  types  of  interface  bonding  that 
will  be  of  interest  in  the  sequel.  A  perfectly  bonded  interface  which  does  not  contain  any 
interphase  layer  is  characterized  by  the  relations 

t<">  .  -t<">  #0.  (uj  =  0.  (7) 

At  a  debonded  interface  which  is  actually  considered  a  cavity  or  a  crack, 

f"*  =  0.  (8) 

Our  interest  will  frequently  focus  on  imperfectly  bonded  interfaces,  which  allow  non¬ 
vanishing  relative  displacements  to  exist  together  with  nonzero  tractions.  The  implication 
is  that  the  displacements  and  tractions  are  related  in  a  certain  way  at  each  instant  of  loading, 
as  if  the  interfaces  were  connected  by  a  very  thin  layer  of  interphase  material.  We  limit  our 
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attention  to  systems  where  such  relationships,  or  the  properties  of  the  interphase,  are 
described  by  the  incremental  form 

d[«.]  =  M„(t°)d/„, 

d  [«,]  =  M„(t0)dtp  +  A/„(t°)dr,, 

d[«,]  =  A/W(t°)dr,  +  A/„(t°)df„  (9) 

at  each  current  magnitude  t*1'1  =  -t(,,)  =  t°  of  the  interface  traction ;  for  simplicity  we  have 
denoted  (d/„  d dr,)  =  (dii^.dij^.dij*-)-  The  Mtf,  with  a,  0  =  n,  p,  q,  are  the  instan¬ 
taneous  “compliances"  of  the  interface,  or  interphase  layer,  and  are  assumed  to  be  rep¬ 
resented  by  smooth,  continuous  functions,  that  satisfy  the  symmetry  condition  =  Mtl. 
Since  the  interphase  is  assumed  to  be  very  thin,  the  contributions  of  the  terms  Af„,dr,, 
A/„,d/,,  etc.,  to  d[u]  are  considered  to  be  insignificant  and  are  neglected. 

The  imperfectly  bonded  interface  that  can  be  represented  by  (9)  includes  nonlinearly 
elastic  coatings,  and  also  interfaces  which  are  weak  in  shear  but  perfectly  bonded  in  the 
normal  direction,  in  which  case  =•  0,  and  [u„]  -  0.  The  representation  (9)  may  imply 

an  interpenetration  in  the  normal  displacement  components  u„  across  the  idealized  interface 
in  the  case  of  a  normal  compressive  traction.  However,  since  we  limit  ourselves  to  small 
strains,  and  since  these  interfaces  do  in  fact  represent  interphase  regions  with  a  certain 
thickness,  such  interpenetration  can  be  accommodated  by  compression  of  the  interphase. 
Interfaces  that  exhibit  frictional  contact,  perfect  bonding,  or  complete  debonding  are  not 
represented  by  (9).  Indeed,  interface  friction  would  relate  the  tangential  components  of  the 
traction  to  the  compressive  normal  component  when  [u„]  =  0,  but  without  reference  to  the 
magnitude  of  [u],  although  the  ratio  of  to  tf"  may  determine  the  direction  of  [u]. 

2.2.  Local  fields 

Let  a  representative  volume  of  a  composite  material  be  subjected  to  an  overall  uniform 
stress  d,  or  strain  i,  and  to  a  uniform  temperature  change  0O.  In  particular,  we  select  the 
overall  thermomechanical  loading  on  external  surface  5  as 

u(5)=«0x,  0(5) -0„,  (10) 

so  that  i  -  s0,  and  examine  its  effect  on  local  strain  and  displacement  fields  in  the  phase. 

We  assume  that  the  local  fields  can  be  evaluated  by  an  independent  analysis  of  each 
specific  system.  Examples  can  be  found  in  the  references  listed  in  the  Introduction.  In 
systems  which  undergo  progressive  debonding,  i.e.  involving  changes  in  the  size  or  location 
of  the  interfaces  (8),  and  progressive  deformation  induced  at  the  imperfectly  bonded 
interfaces  (9),  such  analysis  may  need  to  be  performed  at  many  different  points  of  the 
prescribed  loading  path  leading  to  the  current  state  (10).  In  any  event,  the  current  local 
strain  and  displacement  fields  can  be  denoted  by 

®r(x)  «  «f°(x;«o,0o).  «f(x)  *  u,o(x;«o,0o).  #(*)  *  ®o-  (11) 

The  displacement  and  temperature  increments  on  the  outer  surface  5  of  the  representative 
volume  are  incrementally  specified  for  a  change  in  the  temperature  or  strain,  as 

u(S)-«0x,  0(5)  *  0o+d0o  (12) 

or 

u(S)  -  (««+di0)x,  0(5) -0o-  (13) 

The  resulting  incremental  strain  and  displacement  fields  to  be  superimposed  on  (1 1)  are : 
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(14) 
or 

d«,(x)  =  A,(x;«o.0o)dso.  du,  =  D,(x ;  e0, 90)  d*<>,  (15) 

where  a,(x ;  «0.  90),  d,(x ;  *0,  t)0)  are  certain  thermal  influence  functions,  and  A,(x ;  «0,  tt0), 
D,(x ;  <o,  90)  are  the  mechanical  influence  functions.  Their  dependence  on  <„  and  90  is  the 
consequence  of  possible  progressive  debonding  and/or  nonlinear  behavior  of  the  interfaces. 

2.3.  Overall  properties 

The  overall  average  strain  in  the  presence  of  imperfect  bonding  is  the  sum  of  average 
phase  strains,  and  strains  that  may  be  contributed  by  the  relative  displacement  at  the 
interfaces  as  well  as  by  the  presence  of  cavities  and  cracks.  A  derivation  for  two-phase, 
matrix-based  composites  has  been  given  by  Benveniste  (1985).  Here  we  present  a  more 
general  result  that  applies  to  multiphase  composites,  not  necessarily  matrix-based,  which 
may  contain  cracks  and  cavities. 

Using  the  notation  introduced  in  Section  2.1,  we  show  in  Appendix  A  that  the  average 
strain  in  such  a  composite  is  given  by 


< 


N  N  N 


I  1  I  J- 


(16) 


where  c,  denotes  the  volume  fraction  of  phase  r,  N  is  the  number  of  phases,  tr>  is  the 
average  strain  within  that  phase,  and  the  second  order  tensors  J„  are  given  by : 


ds,„ 


JT 


(«,  n 


,jr> +ujr>n!“r>)  dS„ 


(17) 


It  is  noted  here  that  thinking  of  the  interface  surface  between  the  phases  r  and  s  as  two- 
sided  surfaces  S„  and  S„  allows  a  symmetrical  representation  of  eqns  (17) ,  and  ( 1 7)  2 . 

It  is  often  convenient  to  introduce  concentration  factors  that  reflect  the  presence  of 
damage.  In  particular,  under  the  load  increments  prescribed  in  (12)  and  (13),  one  finds 
from  (14),  (15)  and  (17) : 

dJ„  =  F„(«0,  #o)d*o + t.(«o.  0o)  d0o.  r, s  ■  1 , 2 . N,  (18) 

where  the  concentration  factor  tensors  F„  and  f„  are  related  to  the  D,  and  d,  influence 
functions  in  (14),  and  (15):  as : 

F?*  -  ~  £  (Z>K!(xK"’  +  0»(*)«!">)  dS^, 

n  -  jy  Js  (dr(x)«r  +dT *sn-  (,9> 


The  concentration  factors  F„  and  f„  related  to  dJ„  are  described  simply  by  inter¬ 
changing  r  and  s  in  (18)  and  (19).  Together  with  the  related  factors  defined  in  (14)  and 
(15),  they  facilitate  the  description  of  overall  properties  of  the  damaged  composite  materials. 
We  refer  again  to  the  representative  volume  of  a  composite  material  which  is  subjected  to 
overall  uniform  stress  <*,  or  strain  i  and  to  a  uniform  temperature  change  80.  Since  the 
overall  response  is  not  necessarily  linear,  it  is  sought  in  the  incremental  form 
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d  a  =  L(e.0o)d*+l(*.0o)d0o. 

di  =  Vf(«.0o)dff  +  ni(£.  0o)d0o.  (20) 

where  L(s.  0O)  and  l(e.  80)  are  the  instantaneous  stiffness  and  thermal  stress  tensors  which 
depend  on  the  current  overall  strain  and  temperature.  The  M(e.  90 )  and  m(e,  90)  are  the 
corresponding  compliance  and  thermal  strain  tensor.,. 

These  effective  properties  can  be  determined  once  the  concentration  factors  a,.  A,,  the 
volume  averages  of  the  influence  functions  a,(x;  s0.  90).  A,(x;  e0,  60 )  introduced  in  (14) 
and  (15).  and  the  tensors  F„.  f„  defined  in  (19)  are  known.  Equations  (14),.  (15),,  (16), 
(18)  and  (20) :  readily  provide  the  following  expressions  for  L  and  I : 

.V  ,V  N 

L(*o, $o)  =  L i  +  £  c,(L,  —  L| )A,(*0, 9q)  +  L|  £  £  F„(8o*0o) 

r-  ;  rm  |  sm  | 

V  V  V  V 

Kto.flo)  =  L  c'*'+  £  c,(L, - L , )»,(«<>. 6o)  +  L ,  £  £  frj(«o,0o)-  (21) 

rm  1  rm  2  rm  I  %m  1 

Similar  equations  can  be  obtained  for  M  and  m. 

2.4.  Evaluation  of\  and  m 

In  his  (1967)  paper.  Levin  found  an  expression  which  relates  the  thermal  stress  tensor 
I  to  the  mechanical  concentration  factors  A,  of  the  phases  and  to  phase  thermal  vectors  I,, 
in  an  undamaged  composite  with  perfectly  bonded  interfaces.  An  analogous  relation  exists 
between  the  overall  thermal  strain  tensor  m  and  the  stress  concentration  factor  Brand  phase 
thermal  strain  tensors  m,.  Under  certain  conditions,  a  similar  formula  can  be  derived  for 
composites  with  imperfectly  bonded  or  partially  debonded  interfaces  defined  in  (7)-(9). 
The  derivation  presented  here  will  use  the  reciprocal  theorem,  although  a  similar  result 
follows  from  a  modified  principle  of  virtual  work  for  composites  of  this  type  (Benveniste. 
1985).  For  completeness,  we  present  in  Appendix  B  a  derivation  of  the  reciprocal  theorem 
which  accounts  for  the  effect  of  applied  eigenstrain  fields  and  imperfect  interfaces. 

Suppose  that  the  composite  has  been  loaded  to  some  current  known  state  (<0,  <r0,  90), 
where  the  extent  of  partial  and/or  complete  interface  debonding  has  been  evaluated  such 
that  all  coefficients  in  (9)  and  the  mechanical  influence  functions  A,(x;  c0,  90),  Br(x;  «0, 
flo)+  and  D,(x  .  e0,  9n)  in  (15)  are  known  together  with  the  instantaneous  overall  stiffness 
L  and  compliance  M  =  L- '.  In  this  current  state,  we  apply  two  separate  load  increments 
(  )  and  (")  such  that  there  is  no  change  in  the  type  of  interface  bonding  (7)— (9)  on  Sn.  First, 
an  overall  uniform  stress  increment  d«r0  is  applied  at  the  current  temperature  0(5)  =  90. 
According  to  (15).  this  will  cause  the  strain  and  displacement  fields  in  the  phases 

d«;(x)  *  M,B,(x;*o.0o)  dei  *  Ar(x;fo,0o)Mdff'o.  (22) 

du;(x)  =  D,(x;«o,0o)Md<r'o.  (23) 

Next,  the  overall  temperature  is  changed  from  90  to  9”0  at  fixed  overall  stress  <r0.  This 
will  cause  the  local  thermal  strains  mf  d 9"  which  can  be  expressed  as 

dA>  -L,rard0"o  =  U0"o,  (24) 

as  well  as  the  displacement  fields  denoted  by 


+  The  influence  function  B,(x;  «0.  90)  relates  the  stress  increment  d*„  to  the  local  held  d#„  in  the  same  way 
as  the  function  A.  relates  the  strains  in  ( jj). 
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du:'  =  <Mx;«o.0o)d0"o.  (25) 

Let  us  now  use  the  reciprocal  theorem  given  in  (B8)  in  its  incremental  form.  Note  that 
d F\  =  dF“=  d k'„  =  d/,"=  0,  and  write 

d«r0n-du"dS+  £  dt;m-[du']d5,nl  =  £  -dk;dt,dV+  J  dt", •  [du] dS,m.  (26) 

where  we  have  used  the  notation  S,m  to  denote  all  interfaces  between  the  phases  r  in  volumes 
Vr.  Of  course,  at  surfaces  in  contact  with  vacuous  zones,  the  tractions  and  thus  these 
integrals  vanish. 

The  first  integral  on  the  left-hand  side  is,  by  definition,  the  scalar  product  of  the  overall 
stress  increment  with  the  strain  increment  do,0,  d A  substitution  from  (9)  reveals  that  the 
two  integrals  over  S,„,  contain  terms  dt'  Vt,„,  dt"  and  dt"  M,T„,  dt'  =  dt'  Vf,T„,  dt".  respectively. 
Since  (9)  was  assumed  to  admit  only  interfaces  where  Mtm  =  those  integrals  are  equal 
and  cancel  each  other.  At  locations  where  the  interface  is  perfectly  bonded  ([du]  *  0),  or 
completely  debonded  (dt  =  0),  both  integrals  vanish. 

The  remaining  two  integrals  over  V  arc  rewritten  with  the  help  of  (22)-(24).  One  form 
is 


j^dffimd^d £  j£  L,m,M,B,(x;<ro,0o)dtf;>drodJ'J.  (27) 

Since  Mr  =  Mj  =*  L," 1 ,  the  right-hand  side  integrand  can  be  shown  to  be  rewritten  as 
da'oBjm,d0'o.  Thus  (27)  can  be  solved  for  the  overall  thermal  strain  tensor  m  as 


m(<ro,0o)  -  £  Bj(x;<r0.e0)mrd^|. 


An  analogous  analysis  yields  the  expression  for  the  overall  thermal  stress  vector 


l(e<,A)  -l{l  ArT(x;«o.^o)l-d^}- 


(28) 


(29) 


Taking  the  phase  volume  averages  of  the  influence  functions  over  V,  gives 

N  .V 

m(®o.0o)  *  £  c, B?(«o.0o)»r,  l(ffo.0o)  =  £  c,Aj(«o,0o)t-  (30) 


This  result  is  formally  identical  to  that  found  by  Levin  (1967).  however,  the  mechanical 
concentration  factors  entering  here  are  those  of  the  damaged  composite,  and  as  such 
they  depend  on  the  current  geometry  of  the  imperfectly  bonded  or  debonded  interfaces. 
Therefore,  (28>— (30)  should  be  utilized  in  conjunction  with  an  incremental  solution  of  a 
thermomechanical  loading  problem  for  the  damaged  composite  material.  Of  course,  such 
a  solution  may  provide  the  overall  strains,  and  (30)  can  then  identify  the  purely  thermal 
contribution.  However,  if  the  geometry  changes  c ease  at  a  certain  load  level,  e.g.  because 
the  imperfectly  bonded  interfaces  have  separated,  then  the  mechanical  concentration  factors 
remain  independent  of  further  load  or  temperature  changes.  Once  these  become  known 
from  the  solution  of  a  mechanical  loading  problem  for  the  damaged  composite,  the  above 
relations  can  be  used  to  find  the  overall  thermal  properties. 
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3  . ! .  Overall  properties 

First,  consider  some  specific  forms  of  the  above  results  which  apply  to  two-phase 
composite  systems.  Suppose  that  r  =  1  denotes  the  matrix  and  r=2i  reinforcing  phase. 
Then  the  general  expressions  (21)  for  the  overall  stiffness  L  can  be  rearranged  as : 

9  a)  m  L i  +  c2(L2  —  L  i  )A2(So,  @o)  +  L i  A(<o,  9  a), 
l(e°,  9a)  —  c,l|  *4- c2l2  ■4- c1 2 (L 2  —  Lt)a2(*o.  0o)  +  Li*(*o, 9a),  (31) 

where  the  A  and  a  tensors  reflect  the  effect  of  damage,  and  the  A2,  a2  are  the  mechanical 
concentration  factor  tensors  of  the  damaged  composite.  The  overall  average  strain  (16) 
now  becomes 


i  =  c,*,  +c2i2  -  J,  (32) 

where  i,  are  the  average  strains  in  the  constituents,  and  J  is  given  by  the  double  sum  in  (16) 
taken  over  r,  s  =  1,2.  From  the  above  representation,  it  is  seen  that 

dJ  =  A(«0. 90)  d«0 + a(*0, 90)  d 90.  (33) 

For  two-phase  composites,  an  alternative  expression  for  the  1(*0,  90)  in  (3 1)2  can  be 
obtained  as  follows.  First  write  (32)  in  incremental  form,  and  recall  that  under  (12)  and 
( 1 3)  di  *  d*°.  Next,  make  use  of  ( 14) , ,  ( 1 5) ,  and  (33)  to  obtain 


c'iA|(io,(?o)  +  C2A2(«o,0o)~A(to,6o)  =  *i*i(*o,0o)  +  C2*2(«o.0o)-2(*o.»oJ  0, 

(34) 


where  I  is  the  fourth  order  unit  tensor.  Finally,  write  (30)  2  for  two-phase  media  as 


l(«o.flo)  =  C|A|(«o,0o)li  +c2A2(*0,  S0)l2.  (35) 

One  can  now  solve  for  A{(*0, 90)  and  A2(«0, 0O)  from  (31),  and  (34),,  and  substitute  them 
into  (35)  to  find 


l(«„0o)  = 

+l,-t-AT(«o,0o){l.-Ll(L2-Ll)-,(l2-l.)}.  (36) 


The  diagonal  symmetry  of  the  L  tensor  has  been  invoked  in  the  above  derivation. 

3.2.  Isotropic  constituents  with  slipping  interfaces 

We  now  consider  a  two-phase  system  which  admits  connections  between  mechanically 
and  thermally  induced  pointwise  fields  that  are  not  available  in  multiphase  composites.  The 
constituents  are  both  isotropic,  and  the  displacements  of  the  interfaces  are  limited  to 
nonlinear  slip,  i.e.  Mm  -  0  in  (9).  Furthermore,  the  individual  phases  are  assumed  to 
contain  no  cracks  or  pores.  In  this  particular  system,  the  influence  functions  a,(x ;  90) 

and  d,(x ;  90)  are  uniquely  determined  by  their  mechanical  counterparts  A,(x ;  s0,  90) 

and  D,(x ;  90),  respectively.  Also,  the  general  formula  (36)  can  be  reduced  to  a  particularly 

convenient  form.  The  specific  results  are : 


a,(x;«o,0o)  -  {I-A,(x;«o.^o)}(I‘i-Li)',(lI-ll), 
d,(x;«o,0o)  -  {x  — D,(x;«o,0o)}(Im  —  Lj)-,(12  — I,), 

»•  ~A(L,— Lj)"'(I2— I,),  1  -  Il-K(L-L1)(La-L,)-,(lj-l.). 


(37) 
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The  validity  of  these  relations  will  now  be  proved  using  the  concept  of  incremental 
uniform  fields  in  heterogeneous  media  introduced  by  Dvorak  (1986).  The  composite  is 
subjected  to  the  boundary  conditions  (10),  has  the  local  fields  (11),  and  the  goal  is  to 
evaluate  its  response  under  a  temperature  increment  d0o  from  the  current  state,  as  in  (14). 

Superimpose  on  (10)  the  incremental  loads  di  and  d0o : 

u(S)  =  e0x  +  cUx,  0(S)  =  0o-t-d0o.  (38) 

The  d0o  is  given  but  di  is  not  known ;  it  is  to  be  determined  such  that  together  with  d0o  it 
creates  a  strain  field  di,  and  a  stress  field  do  which  are  both  uniform  in  the  entire  rep¬ 
resentative  volume.  The  desired  magnitudes  of  de  and  da  can  be  readily  determined  from 
(1).  Write  the  local  incremental  fields  in  both  phases,  make  them  equal,  and  evaluate  the 
desired  strain 


di«(L,-L2)-'(l:-l,)d0o.  (39) 

An  analogous  derivation  (Dvorak,  1990)  for  a  composite  under  overall  uniform  stress 
shows  that  a  uniform  stress  field  do  can  coexist  with  a  temperature  change  d0o  if 

do  =  (M,  -Mj)"'  (m2-m,)d0o. 

In  the  present  system  with  isotropic  constituents,  both  di  and  de  are  hydrostatic, 
therefore,  in  the  absence  of  normal  interface  displacements,  the  above  increments  cause 
only  normal  and  continuous  tractions  at  all  interfaces.  Of  course,  this  also  prevents  interface 
slip,  and  the  composite  responds  to  the  incremental  loading  (38)  as  if  the  interfaces  were 
perfectly  bonded. 

To  restore  the  original  boundary  conditions  (12),  the  auxiliary  strain  di  must  be 
removed.  This  is  accomplished  by  changing  (38)  to 

u(5)  =  g°x+dix-dix,  0(S)  =  0o+d0o.  (40) 

The  incremental  fields  produced  by  the  loading/unloading  sequence  (38)  and  (40)  are 


de.(x)  =  di— A,(x;«0, 0o)di,  du,(x)  =  dix-D,(x;«o,0o)di,  (41) 

where  di  is  to  be  substituted  from  (39).  Note  that  (40)  and  (12)  are  identical,  hence  ar(x; 
«o,  0«)  and  d,(x;  «0,  0O)  can  be  extracted  by  comparing  (14)  with  (41).  This  leads  to  the 
expressions  (37),  and  (37)2. 

To  recover  (37)  j,  recall  that  in  ihe  present  derivation  we  rule  out  vacuous  zones,  hence 

A*>F|2  +  Fji,  a  =  fi2  +  fj|,  (42) 

with  FrJ  and  f„  being  given  in  (19).  A  substitution  from  (37)2  to  (19)2,  together  with  (19), 
and  (42),  readily  provides  (37) 

Finally,  a  substitution  of  (37),  with  r*2,  and  of  (37)  3  into  (3l)2  gives 

l(as.0e)-c,ll  +  etl2-Fe^L1-Ll)a-A2KLi>L2r,O2-l,)-LlA(L,-L1)->Qa-ll). 

(43) 


Solving  for  A2  in  (31),  and  substituting  into  (42)  then  provides  (37)4. 

Recall  that  the  thermal  stress  tensor  I  for  two-phase  composites  with  anisotropic 
constituents  is  given  by  (31)  2  or  (36),  and  for  systems  with  isotropic  phases  and  slipping 
interfaces  by  (37) «.  These  relations  were  arrived  at  by  two  entirely  different  approaches, 
hence  it  remains  to  be  shown  that  they  are  equivalent  under  similar  citcumstances. 
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For  isotropic  constituents  there  is  : 

(/,)„  =  zd,r 

(Li)un  —  +7(d„d„  +  6„d„  —  j<),  ,<),,). 

(1*2  T|  )f\rnn  7”  "1“  &ritdim  ]d,,dmn). 

(h~  l\)mm  =  '-dm*-  (44) 

where  x  /J.  d.  £.  C.  /.  are  constants.  Writing  AT  in  indicial  notation  and  carrying  out  the 
summation  in  (36)  according  to  (44)  shows  that  the  tensor  AT  enters  only  as  (AT)W„. 
Moreover,  the  continuity  of  normal  displacements  at  S2I,  which  was  assumed  in  the  above 
derivation  of  (37)  4,  implies  that  according  to  the  definition  of  the  A  tensor,  in  (3 1 )— (33). 
A,m  =  0.  or  in  fact  (A1)*,,,  =  0.  This  leads  to  the  conclusion  that  (36)  indeed  reduces  to  the 
form  (37)4  when  the  phases  are  isotropic  and  the  interfaces  may  experience  only  shear 
displacements. 
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APPFNDIX  A 

Equation  <  16)  will  be  derived  in  this  appendix.  The  considered  multiphase  composite  may  contain  pores  and 
cracks  at  arbitrary  locations,  but  need  not  be  matrix  based,  see  Fig.  A1  for  a  typical  volume  of  such  a  composite. 
To  denve  eqn  (16)  it  is  sufficient  to  consider  a  three-phase  composite  as  in  Fig.  A2.  Note  that  phase  "s”  is  in 
contact  both  with  phases  “r"  and  "p".  a  situation  which  would  occur  in  non-matrix  based  composites.  The 
notation  in  this  figure  is  that  described  in  Section  2. 1 .  The  derived  average  strain  for  the  configuration  of  Fig.  A2 
can  be  readily  generalized  to  multiphase  composites  of  the  type  described  in  Fig.  Al. 
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Fig.  At.  A  multiphase  nonmatrtx-based  composite  with  defects. 


We  start  by  writing  the  average  overall  strain  for  (he  composite  (Benveniste,  198S) 

i„  =  ^(u.n^dS.  (At) 

where  5  denotes  the  outside  surface  and  a  the  outward  normal  to  5.  The  average  strain  in  phase  r  can  be  written 
as 

i  r  fdu{,)  cu{,'\  i  r 

*  -  k  l,  [t + ikr  -  2K  i  <**+**>* 

+  Ty\s  {u‘" + dS" +  IF  ji 


•  ^  £  (ul’'n'r + <’*n  dS„.  (A2) 


where  Gauss's  divergence  theorem  has  been  used. 

Similarly,  we  can  write  the  average  strain  in  phases  s  and  p  as  follows : 


IJT  -  ~  £  Wnjr+wPiiDiSr+jjP'  js  (i^1nr+“/t/'»r,)dSw. 
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where  V,  and  Vf  denote  the  volumes  of  phases  rand  p,  respectively.  The  total  volume  V  *  V,«- V,  *■  V,  Multiplying 
eqn  (A2)  by  c,  =  V,;V,  and  equation  (A3),  and  (A3)!  by  c,  =  V,  V  and  c,  =  Vt,  V.  respectively,  and  adding, 
results  in 

«  =  c,F"  +c}"'+c,Ff'~  J1'"  -  J'"'  -  J'"'  -  J'*’'  -  J  '  -  J1'"  -  J1"’.  ( A4) 

where  we  used  the  definitions  in  (17).  A  generalization  of  (A4)  to  multiphase  composites  provides  eqn  (16). 
Equation  (A4)  or  (16)  reduces  correctly  to  eqn  (3)  in  Benveniste  (1985)  and  (29)  in  Benveniste  and  Dvorak 
( 1990b)  which  were  written  for  two-phase  matrix-based  compositest.  To  draw  a  parallel  with  eqn  (3)  in  Benveniste 
(1985).  we  simply  note  that  a  in  that  equation  is  given  in  the  present  notation  by 

o  =  a13"-  -a*12'.  (A5) 

where  “1"  denotes  the  matrix  and  “2"  the  inclusion  and  [a,]  was  defined  as 

(“.Is,,  =  at  S,:.  (A6) 

so  that 

([u,]/i/-i-(ii;]n.)dS,!  -  (Jji+J,2)l;.  (A7) 

Recalling  that  no  vacuous  zones  were  present  in  the  phases  in  these  previous  works,  J, ,  =  J3!  =  0.  and  it  is  seen 
that  eqn  (3)  in  Benveniste  (1985),  and  (29)  in  Benveniste  and  Dvorak  ( 1990)  are  simply  special  cases  of  (A4). 


APPENDIX  B 

An  extension  of  the  elastic  reciprocal  theorem  to  the  situations  in  which  the  linearly  elastic  body  contains 
interfaces  of  the  type  described  in  Section  2. 1  can  be  written  as 

|  fx dP+j  ords+j  c'  uf  ds. 

-J  f>;dK+ tryup  dSn+j*  t)n,'u‘n  <isr,  (Bo 

where  u"are  the  displacements  caused  by  the  system  C  FT.  and  u,  are  the  displacements  caused  by  the  system  i'„ 

r„ 

When  distributions  of  eigens tresses  a,',  -  l,p  and  X"„  «  are  respectively  applied  to  the  two  systems,  the 
local  stress  field  is  given  by 

a'„(x)  »#;,(*)  +x;r  (82) 

where 

<?;,(x)  .  L,,((x)e;,(x).  (B3) 

The  field  (B2)  satisfies 

in  V, 

3'vn)+X'vn,  m  f,  on  5, 

+K,n  f'-tr  onS^ 

Wn+W'  -  /!'•’  onS,.  (B4) 

A  similar  representation  holds  for  the  double-primed  system. 

Define  new  body  forces  and  surface  tractions 

F,  m  F,  +■  X,fJ,  7,  »  I. —  a,;  n. , 

rT-'  -  tr  -  X„n';n,  rj"»  -  c  -  w  (B5) 

and  rewrite  (Bl)  with  F„  PT  replaced  by  F'„  /T.  t'„  tfby  P,.  Pi  etc. 

Consider  first  the  right-hand  side  of  (Bl)  rewritten  as  described  above  and  substitute  from  (B4)  to  find 


t  Note  that  then  is  a  misprint  in  the  definition  of  J  in  eqn  (30)  in  Benveniste  and  Dvorak  (1990).  The  term  V 
should  be  replaced  by  Pj  in  that  equation,  as  well  as  in  eqns  (36)  and  (47)  of  that  work.  Therefore,  as  we  show 
in  (A7),  the  correspondence  between  the  J  term  in  Benveniste  and  Dvorak  (1990),  and  the  J,*  J  j ,  terms  to  the 
present  paper  is:  Cji  -  (Jn-*-Jii), 
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J  | u.df'*  j  )u,ds+ 1  <c' -,:;ln\"‘)uir  ds„+J  ds„.  <B6t 

Manipulating  the  second  term  in  (B6)  through  the  divergence  theorem,  one  finds 

*  *  /•  »  / • 

j  ,u',dV  =  j  d5-*-  ;.>!',n,'"dS„-  j  n^'dS,,—  J  u,  t  d  V.  (B7) 

Moreover,  u,  =  and  since  =  x"„  it  follows  that  when  (B7)  is  substituted  into  (B6),  some 

of  the  integrals  on  S  and  S„  cancel  out. 

A  similar  procedure  applied  to  the  left-hand  side  of  (Bl)  yields  the  form  of  the  reciprocal  theorem  which  is 
valid  under  internal  defects  at  S„  and  in  the  presence  of  eigenstrains  =  I, ,6  : 

/\u"df'-i-j  r’u”dS- j  a|,£"dk->-J  i'"1  u1,"  dS„  +■  j  r|"‘ u|*' dS„ 

=  J  f>,dfv  j  />;ds-j  d^+|  c'ur  ds„+ j  cy  ds„.  cbs> 

It  is  interesting  to  note  that  although  the  linearity  of  the  constitutive  law  in  the  phases  has  been  assumed  in  (Bl) 
and  (B8).  the  constitutive  law  of  the  interfaces  does  not  explicitly  enter  in  these  equations.  In  other  words  the 
relation  between  the  interface  tractions  and  the  resulting  interface  displacements  have  not  explicitly  been  used  in 
lB8).  We  finally  mention  that  eqn  (B8)  can  also  be  used  for  an  incremental  set  of  loads  (d F'„  d t'„  da,’,)  and  (d/7, 
dr",  da",)  which  are  superimposed  on  an  existing  equilibrium  state  of  deformation. 
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A  variational  approximation 
of  stress  intensity  factors  in  cracked  laminates 

G.  PIJAUDIER-CABOT  *  and  G.  J.  DVORAK  ** 


Abstract.  -  A  variational  method  for  solution  of  pla&e  cnck  problems  in  anisotropic  layers  of  laminated 
plates  is  presented.  The  method  is  developed  for  a  single  slit  crack  which  spans  the  middle  layer  of  a 
symmetric  three-layer  laminate,  and  is  loaded  by  internal  pressure.  Tbe  actual  stress  field  is  approximated  by  a 
superposition  of  an  asymptotic  expansion  of  tbe  exact  singular  field  at  the  cnck  terminating  at  the  interface 
between  two  orthotropic  layers,  with  a  statically  admissible  stress  field  which  approximates  the  stresses  at 
locations  far  from  the  cnck.  The  singular  field  is  made  to  vanish  outside  a  cylindrical  region  surrounding  the 
cnck  up,  called  the  K-zone.  Evaluation  and  mininuation  of  the  complementary  energy  of  the  admissible  field 
provides  an  estimate  of  the  stress  intensity  factors  and  cnck  energies.  The  exam  order  of  singularity  is 
introduced  with  the  singular  field.  Comparisons  with  exact  analytical  solutions  show  good  accuracy.  The 
method  offen  approximate  but  simple  closed-form  solutions  to  cnck  problems  in  layered  media,  and  it  can 
be  readily  extended  to  situations  involving  many  similar  slit  cracks  which  interact  with  each  other. 


1.  IntrodactkM 

Damage  development  in  Fibrous  composite  laminates  is  often  dominated  by  growth  of 
transverse  cracks  in  individual  layers.  Figure  I  shows  a  typical  example  of  a  model  of  a 
transverse  crack  in  a  single  ply  of  material  1,  bonded  to  adjacent  plies  of  material  2.  In 
actual  systems,  all  plies  are  usually  made  of  the  same  unidirectional  fiber  composite,  but 
the  orientation  of  the  fiber  is  different  in  each  ply  or  group  of  plies.  The  matrix  and  the 
fiber -matrix  interfaces  provide  a  convenient  path  for  crack  growth,  hence  it  tends  to 
take  place  on  planes  and  in  the  direction  parallel  to  tbe  fiber  axis  in  each  ply.  The  fibers 
may  be  bypassed  by  the  crack  in  the  broken  layer,  but  as  their  orientation  changes  at 
layer  interfaces,  they  produce  barriers  to  crack  growth,  and  confine  the  crack  within  the 
thickness  of  a  single  layer.  Consequently,  the  morphology  of  the  crack  surface  is  rather 
complex.  In  particular,  the  geometry  of  crack  tips  at  ply  interfaces  is  not  well  defined, 
as  the  crack  may  either  break  some  of  the  fibers  in  the  next  layer,  or  be  briefly  deflected 
along  tbe  interface. 
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Damage  affects  laminate  stiffness  and  strength,  hence  prediction  of  these  effects  is  of 
interest  in  design.  Models  of  the  damage  process  can  incorporate  onlv  a  limited  amount 
of  microstructural  detail.  The  fibrous  layers  are  usually  represented  by  orthotropic  or 
transversely  isotropic  homogeneous  elastic  solids  which  are  assigned  some  effective  elastic 
properties.  The  uncertain  details  of  crack  zone  configuration  are  ignored  on  the  grounds 
that  the  stresses  and  strains  away  from  the  tip  zone,  and  the  energy  released  by  the 
crack,  are  still  governed  by  the  elastic  singularity.  The  crack  energy  is  of  particular 
interest,  as  its  magnitude  controls  both  the  crack  growth  and  the  resulting  stiffness  loss 

Interaction  between  the  crack  and  the  adjacent  layers,  and  between  several  similar 
cracks  in  the  same  layer  are  among  the  essential  features  of  such  problems.  These 
interactions  have  an  influence  not  only  on  the  magnitude  of  the  stress  intensity  factor, 
but  also  on  the  order  of  singularity  at  the  crack  tip.  Some  exact  solutions  for  cracks  in 
layered  media  appeared  in  the  literature.  [Ashbaugh  1973);  [Cook  &  Erdogan  1972], 
[Delale  &  Erdogan  1979];  [Gupta  1973).  but  they  seem  to  be  available  only  for  certain 
mutual  orientations  and  material  symmetries  of  the  layers.  On  the  other  hand,  the 
structure  of  singular  fields  of  cracks  terminating  at  interfaces  between  anisotropic  half¬ 
planes  of  any  orientation  has  been  brought  to  light  in  the  work  of  Ting  ei  al.  [1981.  1984], 
but  it  appears  that  these  results  have  not  yet  been  utilized  in  solutions  of  cracks  in 
layered  media. 

The  purpose  of  the  present  paper  is  to  present  a  variational  procedure  for  solution  of 
crack  problems  of  this  kind.  The  general  approach  is  similar  to  the  recent  work  by 
Hashin  [1985].  An  admissible  stress  field  is  selected  for  evaluation  of  the  complementary 
energy  of  the  cracked  laminate:  this  energy  is  minimized,  and  the  resulting  admissible 
field  is  then  used  as  an  approximation  to  the  actual  field.  The  accuracy  of  the  result 
depends  in  a  large  measure  on  the  selected  admissible  field.  In  what  follows  we  construct 
this  field  by  superposition  of  a  nonsingular  far  field,  and  a  singular  field  which  is  exact 
at  the  crack  tip.  but  is  made  to  vanish  within  a  certain  distance.  Section  2  outlines  the 
superposition  procedure.  The  singular  field  is  constructed  in  Section  3.  and  constrained 
to  a  certain  region  at  the  crack  tip.  the  K-zone.  in  Section  4.  The  nonsingular  far  field  is 
derived  in  Section  5,  and  the  complementary  energy  is  evaluated  and  minimized  in 
Section  6.  Although  the  procedure  may  be  extended  to  laminates  of  many  different 
layups,  we  focus  our  attention  at  the  symmetric  0/90  layup,  and  at  comparisons  of  the 
resulting  crack  and  complementary  energies,  and  stress  intensity  factors,  with  many 
available  exact  solutions.  The  agreement  between  the  exact  and  approximate  results  is 
satisfactory. 


2.  The  superposition  scheme 

Consider  a  three-layer  composite  laminate,  m  the  configuration  indicated  in  Figure  I 
The  in-plane  dimensions  of  the  laminate  are  much  larger  than  the  total  thickness  2h.  A 
slit  crack  has  been  introduced  into  the  middle  layer  which  is  made  of  some  homogeneous 
material  1 .  The  crack  terminates  at  interfaces  between  the  middle  layer  and  the  adjacent 
layers  made  of  another  homogeneous  material  2.  In  the  present  solution  of  this  problem. 
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both  matenals  are  at  most  orthotropic,  their  planes  of  elastic  symmetry  coincide  with 
the  coordinate  planes,  but  the  respective  elastic  constants  assume  different  magnitudes 
The  laminate  is  subjected  to  a  remotely  applied  uniform  normal  stress  in  the  longitudinal 
direction.  Our  goal  is  to  find  an  admissible  stress  field  in  the  xl  r,-plane  of  the  laminate, 
such  that  it  satisfies  the  prescribed  boundary  conditions  and  incorporates  known  singular 
terms  at  the  two  crack  tips.  A  state  of  plane  strain  is  assumed. 

The  superposition  procedure  we  propose  to  follow  is  outlined  in  Figure  2  First,  stresses 
are  evaluated  m  the  uncracked  laminate  under  the  remotely  applied  tension  load.  Those 
found  in  the  middle  layer  must  be  canceled  by  the  stress  applied  at  the  surface  of  the 
crack.  In  the  present  case,  the  stress  a22-  -P  is  the  sole  surviving  component,  hence 
we  seek  the  solution  for  the  cracked  laminate  loaded  by  this  stress  only  The  desired 
admissible  field  is  decomposed  into  a  singular  field  a5!*,.  x2),  and  a  far  field  oF(.r1.  v,). 
Each  of  these  fields  will  be  associated  with  a  normal  stress  o;2  applied  at  the  surface  of 
the  crack,  these  surface  stresses  are  denoted  by  a,  and  af.  respectively.  The  superposition 
suggests  that  the  following  condition  must  be  met  at  the  crack  surface: 

(1)  P  =  o,  +  ar 

The  singular  field  will  incorporate  the  stresses  derived  from  the  known  elasticity 
solution  for  a  single  crack  perpendicular  to  the  interface  of  matenals  1  and  2,  Figure  3. 
However,  to  assure  boundedness  of  the  contnbution  to  the  total  complementary  energy 
by  the  singular  field,  and  to  avoid  additional  stresses  at  the  outer  boundanes  of  the 
adjacent  layers,  the  singular  field  will  be  limited  to  a  cylindrical  region  at  each  crack  tip 
These  regions  will  be  referred  to  as  the  fC-zones.  In  Figure  2.  their  radius  R  is  selected 
as  equal  to  the  half-thickness  of  the  middle  layer.  R**c;  if  /<c,  then  R  =  r.  This  choice 
avoids  direct  interaction  between  the  singular  fields,  but  indirect  interaction  is  expected 
to  appear,  especially  in  nonsymmetnc  laminates,  through  the  far  field.  In  any  event,  at 
the  boundary  S(r»R)  of  the  K-zones.  we  require  that 

(2)  eVn-O  on  S 

where  n  is  an  outward  normal  to  S.  In  general,  the  stress  field  derived  from  the  solution 
of  the  crack  problem  in  Figure  3  will  not  satisfy  this  requirement.  Therefore,  we  introduce 
within  the  K-zones  an  additional  field  x2)  such  that 

(3)  on  S. 

The  derivation  of  the  field  9°  follows  the  separate  superposition  scheme  indicated 
schematically  in  Figure  4.  The  singular  field  9s  from  the  problem  in  Figure  3  is  found, 
and  the  resulting  tractions  T,(a),  T,(a)  at  S  are  evaluated.  An  admissible  singular  field 
which  satisfies  (2)  is  constructed  by  superposition  of  the  actual  singular  field  with  an 
elastic  field  9°  within  S.  In  the  present  approximation,  the  latter  will  be  found  for  an 
isotropic  elastic  cylinder  of  radius  R.  loaded  by  surface  tractions  Tx,  T,.  Of  course,  this 
will  create  additional  stresses  on  the  crack  surface  which  need  to  be  removed.  In  the 
present  analysis,  we  accomplish  this  only  in  the  average  sense,  i.  e.  we  apply  at  the  crack 
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Fig.  4.  -  Superposition  of  the  local  stresses  near  the  crack  tip 


surface  (-ccx,  <c.  .t2=,0)  the  uniform  normal  stress 

1  r* 

(4)  o,=  --  0)dx,. 

cjo 

The  form  of  the  singular  solution  assures  that  <r°  does  not  create  any  shear  tractions  on 
the  surface  of  the  crack. 

From  the  original  superposition  Eq.  (I)  we  now  evaluate  the  stress 

(5)  af**P-a,  for  (-c<.r,  <c.  Xj-O), 

which  remains  on  the  crack  surface,  and  which  needs  to  be  accommodated  in  the 
nonsingular  far  field  solution  of  the  problem. 

In  what  follows,  we  first  construct  the  singular  field  0s,  then  the  admissible  field  <r°  of 
Figure  4.  and  finally  the  admissible  far  stress  field 


3.  Stresses  at  the  crack  dp 

Elasticity  problems  in  composite  laminates  with  broken  plies  are  usually  reduced  to  a 
system  of  integral  equations  which  may  not  have  known  closed-form  solutions.  However, 
analytic  forms  of  the  singular  fields  at  crack  tips  residing  at  interfaces  between  dissimilar 
anisotropic  materials  are  available.  Ting  et  al.  [1981,  1984],  using  the  method  of  Stroh 
[1962],  found  such  forms  for  plane  problems  of  this  kind.  For  our  present  purpose,  we 
recall  and  specialize  these  results  for  a  mode  I  crack. 

Consider  again  the  crack  configuration  in  the  coordinate  system  of  Figure  3.  Denote 
the  respective  stiffness  tensors  of  the  two  materials  by  LIJ*,  and  L}^..  Attention  is 
restricted  to  two-dimensional  stress  and  strain  fields  0s  and  e5.  The  relevant  compatibility, 
constitutive,  and  equilibrium  equations  are: 

(6) 
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<7>  o*-LU£. 

off 

where  the  superscript  k  =  1.2.  denotes  the  matenal.  and  the  subscripts  assume  values  I. 
2  for  x.  i .  At  first  we  are  concerned  with  a  general  solution  of  Eqs.  (6-8).  The  transforma¬ 
tion  [Stroh  1962] 

(9)  uf“V,/(r) 

(10)  r».T  +  /n 


where  p  and  V,  *;e  constants  and  /is  an  arbitrary  function,  converts  (6)  and  (7)  into 
(ID  crf;  =  T,  ~ 

a: 

(12)  Z,j  *(L,;4i  +P  L(ytl)  V,. 

In  (9).  the  superscript  k  has  been  omitted  to  simplify  the  notation,  but  two  different 
solutions  are  anticipated  for  the  two  materials. 

The  differential  equations  of  equilibrium  become: 

(t3)  H.,^-0  with  H0«Lajl+p(Ljl>,  +  L<Ji,)+^  W 

We  seek  a  nontrivial  solution  of  these  equations.  a  homogeneous  system  (8)  such 
that: 

(14)  IIHJ-0. 

This  is  a  sextic  equation  in  p.  Stroh  [1962]  shows  that  p  is  not  real  and  that  (14)  admits 
three  complex  conjugate  roots  (pL,  pL).  L*  1.2,3.  Accordingly,  there  are  six  eigenvectors 
(Vf\  VJ-).  At  this  point,  we  can  remark  that  these  equations  hold  both  for  plane  strain 
and  generalized  plane  stress;  only  the  stiffness  LiJkm  needs  to  be  modified  for  each  specific 

case. 

For  the  present  case  of  orthotropic  materials  with  the  principal  symmetry  planes 
coinciding  with  the  coordinate  planes,  we  use  the  customary  contracted  nc  '■'ion 
on»a,. .  .  .  023*0*,  •  •  ■  632*63-  •  •  •  26,3*63.  etc.,  and  write  the  constitutive  equa¬ 
tions  as: 

(15)  0.*L  y6;. 

The  matrix  H(J  then  becomes: 


L,i  +PZ  L«g 

/ML, 2  +  L##) 

0 

Hy» 

P(l*12  L**) 

0 

L«* + P1  L , , 

0 

0 

Ljj  Lm 

and  Eq.  (14)  reduces  to 

(16)  L33 L**  *0 
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(|7)  (Las ~ P'  L 1 1 ) ( L 1 1  — p~  L66) ~p  (  L, , L„6)' =  0. 

Ting  &  Hoang  (1984]  explain  that  (16)  pertains  to  the  out-of-plane  motion  of  the  crack 
surface,  and  (17)  to  motion  in  the  tv-plane.  In  our  application,  the  chosen  material 
geometry,  and  loading  symmetries  allow  only  the  latter  motion.  In  general,  modes  f 
and  II  cannot  be  separated,  but  are  independent  of  mode  III.  Then.  (14)  is  a  quartic 
equation.  We  assume  that  pL  are  single  roots:  this  is  not  true  when  the  material  I  or  2 
are  isotropic,  that  solution  cails  for  a  special  treatment  which  was  given  by  Ting  &  Chow 
[1981], 

The  general  expressions  for  displacement  and  stress  field  follows  from  (13)  as: 


where 


-L-x+p,y 

(20)  -  y 

This  solution  is  expressed  in  terms  of  four  arbitrary  functions  (/L.  gL),  L  —  1.2.  Since 
we  wish  to  find  a  singular  stress  field,  we  choose 

*L(-ri.)- BL  =!-*/(  I  ~K) 

in  which  AL  and  BL  are  complex  constants,  ice[0,  1]  is  the  order  of  singulanty  and  is 
equal  to  0.5  when  the  materials  l  and  2  have  identical  properties.  Otherwise,  k  is  not 
immediately  known. 

Eqs.  (18)  and  (19)  may  be  rewritten  in  polar  coordinates  (r.  0)  as 

.i  -»  1 

(22)  «?•  77 - -  I  {4L^(V,^r,)  +  aLlm(V!'U-)} 

(1  -K)  L-l 
2 

(23)  c? )mr~u  Z  !  *l  ** (*!) ^l ") +  *l 5i*) } 


^L*cos0+pLjtn0 
Bl  -  At »  uL  +  fat. 
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In  each  of  the  two  materials,  this  solution  depends  on  four  real  constants  aL.  JL  and 
on  the  order  of  singularity  k.  These  constants  can  be  determined  from  the  boundary 
condittons.  Since  we  have  restricted  ourselves  to  the  opening  mode  I.  we  also  restrict  the 
boundary  conditions  to  those  existing  in  the  quadrant  \l  >0.  ,r;>0.  The  conditions  on 
the  crack  surface  are: 

(25)  (T*i"  =  0.  o^'-O  at  0  — it 


for  remotely  applied  load.  The  interface  conditions  are: 


-Slll3nSlll  ^5  III—  —5  12) 
°u  °n  •  2  °i2 


at  0  =  n.  2 


In  addition,  the  stress  components  satisfy  the  symmetry  relations: 


(27) 


Oii'ix.  y)-aii2,(*.  -y) 

>)=*  -y) 


These  relations  also  hold  for  material  I.  but  the  stresses  need  not  be  expressed  in 
terms  of  the  same  constants  aL,  aL,  because  of  the  discontinuity  created  by  the  crack.  In 
other  terms,  symmetry  reduces  the  number  of  unknown  constants  to  two  in  material  2. 
but  four  constants  remain  in  material  1  because  modes  l  and  II  remain  coupled. 

Eqs.  (25)  and  (26)  may  be  written  in  the  form 

(28)  Kg-0 


where 

g-K‘\  o'2'.  #’]T 


and  K  is  a  (6  *  6)  nonsymmetric  matrix,  a  function  of  k.  Again  (28)  is  a  homogeneous 
system  of  algebraic  equations,  a  nontrivial  solution  exists  only  for  ||  K  ||  *0.  In  the  general 
case  there  exist  three  real  roots  for  K.  associated  respectively  with  the  antisymmetric  out- 
of-plane  motion  and  with  the  in-plane  motion  of  the  crack  surface.  Therefore,  the 
condition  (27)  provides  only  a  single  root  k  in  the  present  case,  and  (28)  is  then  solved 
for  the  eigenvector  g*[l,  <?,u.  Oju,  ?2n,  a*21,  Oj2,]T  The  stress  fields  in  materials  1  and  2 
are  proportional  to  a  single  constant,  say  a\1'.  and  so  is  the  stress  intensity  factor  K.,. 
defined  as: 

(29)  K1-limo*:i2*{r,0)r»  /2. 

r  -  0  V 


From  (23)  it  follows  that 
(30) 
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The  obtained  solution  is  an  asymptotic  expansion  of  the  exact  solution  near  the  crack 
tip.  Althou?h  this  solution  may  be  viewed  as  a  possible  statically  admissible  field  in  the 
composite  laminate,  it  turns  out  that  the  complementary  energy  found  from  this  field  is 
infinite  when  material  2  is  unbounded. 


4.  Stresses  in  the  K-zone 


To  assure  boundedness  of  the  complementary  energy  term  derived  from  the  singular 
field  in  section  3.  it  is  necessary  to  confine  the  volume  affected  by  this  field.  As  suggested 
by  (2)  to  (4).  the  field  is  admitted  only  within  a  cylindrical  domain  of  radius  R  surround¬ 
ing  the  crack  tip,  which  is  referred  to  as  the  K.-zone.  This  constraint  is  enlorced  by  an 
auxiliary  stress  field  a°  which  remains  to  be  found.  Figure  4  indicates  the  boundary 
tractions  which  arc  in  equilibrium  with  oD  on  r  =  R.  Eq.  (3)  guarantees  that  the  total 
stresses  due  to  the  singular  field  vanish  at  r=R.  while  (4)  assures  that  the  resultant  of 
the  normal  stress  caused  by  oD  on  the  crack  surface  is  equal  to  zero.  Due  to  the  symmetry 
of  the  applied  tractions  about  x2  =»  0.  the  same  is  true  for  the  shear  resultant.  The  field 
«t°  needs  to  be  admissible  rather  than  exact,  hence  it  may  be  represented  by  a  stress 
distribution  which  would  exist  in  a  homogeneous  and  isotropic  elastic  solid  under  the 
prescribed  boundary  conditions. 

We  now  proceed  to  derive  the  stress  field  o®  from  Mukhelishvili  potentials  The 
coordinate  system  of  Fig.  3  is  adopted.  A  homogeneous,  isotropic  cylinder  of  radius  R 
and  unit  thickness  0<r<  1  is  subjected  to  tractions  T,(a)  and  T,(a)  on  S.  as  required 
by  (3): 

(31)  T(a)  =  («s.n(3))dr 
or 

Ts(s)*(o^(Rcos(a),  R  sin  (a))  cos  (a) 

+  a£(Rcos(a),  R  sin  (a))  sin  (a)]  R  da 
T,(aO~[oii(Rcos(a),  R  sin  (a))  cos  (a) 

+  aJJ(Rcos(a),  R  sin  (a))  sin  (a)]  Rda 

is  the  singular  stress  field  in  Section  3  (Eq.  23).  with  2  for  ae(-n;2.  n  2] 
(material 2)  and  k«l  for  ae[Ji/2,  3n/2]  (material  1).  These  boundary  tractions  satisfy 
the  overall  equilibrium  condition 


(32) 


T  (a)dx  *0. 


It  can  be  verified  that  the  moment  equilibrium  is  also  satisfied. 
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The  stress  potentials  for  a  disk  subjected  to  the  point  loads  are  (Mukhelishvili  1953): 


(33) 


$<-)  =  -—{  (T,<a)-/T,(it))— —  -  -4 

2n(  :r:  2\ 

'!'<-)  =  I  (T,(Tt)*/Tv(a)) — ! — * — '-!■ — 1 

2  "l 


with  the  notation 


(34) 


j  -,-Re" 


In  the  complex  plane,  z,  denotes  the  location  of  the  point  loads  and  r  denotes  the 
points  at  which  stress  is  evaluated.  The  field  a°  then  follows  from  the  relations 


(35) 


o°  (a)  +  o°  (a)  -  4  Re  (<t>(r)) 
o°  (a) - o°  (a)  +  2 i o„ (a) -  2 [r<D' (c)  +  (r)] 


which  leads  to  the  final  result 

T,(a)  f  cos  3  8  +  3  cos  0  cos  a 


(36)  a„  (a)  * 


<J?,(a)’ 


zn 


T 


-  cosa  l  _ 

R  J  2 it 


(a)  [sin 30  + sine  s..-. a 


T 


r} 


Tx(a)  ^cos8-cos39  cosa  j  +T,(a)  sin38-3sin9  sin  a 


2rc 


V 


2*  1 

9  +  sin 8 1  T,(a)  fcos38  + 

”  J  2«  1  7 


n  a) 

IT  J 


_T,(a)  [ sin30  +  sin0l  T,(a)  ^cos39  +  cos8^ 


Integration  with  respect  to  a.  and  transformation  from  the  local  (  t.  v)  to  the  global 
coordinates  (.t,.  r2)  coordinates  gives: 


(37) 


<*?i 


'jj 


<*«  (a)  dn 
<*?,(»)<** 
o°  (a)<fc. 


The  average  stresses  on  the  crack  face  are  found  as  in  (4): 

(38)  I  o?j(a)da<£x,,  o,"--f  f  o®2(a)dx<lr,. 

C  Jo  Jo  C  Jo  Jo 


Due  to  the  symetry  with  respect  to  the  y  axis,  a,  cancels  over  the  total  crack  length. 

As  suggested  by  (31).  the  tractions  are  proportional  to  the  factor  a*/*  in  Vs.  or  to  the 
stress  intensity  field  K,.  Therefore,  the  traction  a,  on  the  crack  surface  is  also  proportional 
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to  K,.  If  6  is  defined  as  a  coefficient  of  proportionality,  the  superposition  Eq.  ( 1 )  becomes 
(39)  P  =  c/-*-6K,. 

Of  course,  the  actual  magnitude  of  the  stress  intensity  factor  is  not  yet  known,  it  will 
be  obtained  later,  from  minimization  of  the  complementary  energy  of  the  total  admissible 
stress  field. 


S.  The  far  field 


Up  to  this  point,  we  have  derived  admissible  fields  at  the  tip  of  the  crack.  To  complete 
the  derivation  in  the  entire  solution  domain  suggested  in  Figure  1.  we  now  proceed  to 
find  an  admissible  field  in  the  entire  laminate.  This  is  a  nonsingular  field  <rF  which 
satisfies  the  traction  boundary  conditions  on  the  crack  surface  suggested  by  the  superposi¬ 
tion  Eqs.(l)  and  (39).  i.e..  ofn**af.  and  which  vanishes  at  infinity. 

The  geometry  of  the  domain  under  consideration  appears  in  Figure  1.  The  inner  and 
outer  layers  are  made  of  two  different  orthotropic  materials  denoted  by  the  index  k  *  1.  2. 
The  elastic  constants  are  denoted  by  E*,.  E22.  G‘2.  v*12.  etc.  Stress  fields  in  materials  1 
and  2  are  denoted  by  <rF,n.  and  «F'2’.  A  plane  strain  solution  is  sought  in  a  domain  of 
unit  thickness  in  the  direction. 

The  boundary  conditions  are  defined  as 

r<,F<*'-aFi,'»aF]2»-0FlJ’-O  at  | x2 1  -*  x 
1  <jf22,»of{2,*0  at  |jc,  |*A“c  +  r 


on  the  external  surfaces  of  the  domain,  and  as 

4,  at  x*m° 

.x,e[-c.  c) 

on  the  crack  faces.  In  addition,  the  following  interface  conditions  need  to  be  satisfied  at 

l*i  I"* 

o?Ju(±c..t2)-o?!j,(±c,  ,Xj). 

jc2)-o?J2’(±c.  .t2). 


Overall  equilibrium  in  the  x2  direction  requires  that 

(43)  |  |  <jrudxx-Q. 

At  this  point,  various  expressions  may  be  proposed  for  oF.  For  example,  Hashin  [1985. 
1987]  used  a  piecewise  uniform  distribution  of  o22.  This  approximation  is  acceptable 
when  the  thickness  i<c.  However,  for  i>c.  which  is  the  most  common  case  in  actual 
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laminates,  we  select  the  following  distribution  of  er22. 

(44)  Om"-<»/(P«(- f2) 

0:i:,=  0rexp(  -  x,  <p ,  (,.x2). 

In  the  outer  plies,  the  stresses  decay  exponentially,  this  will  be  seen  to  improve 
substantially  the  accuracy  of  the  subsequent  estimates  of  the  energy  released  by  the  crack 
in  laminates  where  t$>c.  From  these  assumed  forms  we  derive  the  following  stress 
components,  still  in  terms  of  the  as  yet  unknown  functions 

of  ]“(-*!•  Jr2)-or/<P,(*2) 

x2)=*  -o/«p,(.xI)..xt 

x2)“  -f  o/<p',(xJ).|^-^  +  c» | 

~  Vj'l  {*'  “  v'jj  022U 

(45)  <**>«"- " 

(21  *  _  yjil)  _F  (21  _  -i2l  — F  ( J> 

<*33  *  V3 1  ®  1 1  Vj2CT2I 

These  expressions  are  valid  for  x,  >0.  the  forms  for  x,<0  follow  from  symmetry 
conditions.  Note  that  tp,  (x2)  is  the  only  unknown  function  to  appear  in  (45).  because 
the  overall  equilibrium  conditions  (43)  provide  a  relation  between  <p,  (x2)  and  <p2  (x2). 
The  boundary  conditions  (40)  and  (41)  impose  the  following  requirements  on  cp t  (x2): 

<P,(0)-1 

(46) 

lim  <p,(x2)»  lim  <p,(x2)-0. 


This  completes  the  evaluation  of  the  far  field  in  terms  of  <pt  (x2)  and  a,,  which  remain 
to  be  found. 


6.  The  coapteaetary  eaerfy 

Now  that  the  forms  of  the  various  components  of  the  admissible  stress  field  in  the 
solution  domain  in  Figure  l  are  known,  we  proceed  to  evaluate  and  then  to  minimize 
the  complementary  energy  U  of  the  field: 

(47)  U--  [  («,~«D  +  *,)M(*s-tfI>  +  *,)dV 

2  Jv 
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a  here  V!  is  the  compliance  matrix  of  the  layer  materials.  The  expression  is  further 
developed  as: 


I 

(48)  U  =  -  |  (<rs-<yD)!V1(<Ts-<jD)</ri;9 


Rijn  .  * 

I  |  (e5  -  <r°)  M  ef  i/r  </8  -  I  \t  afJV 

Jo  Jo  2Jv 


The  last  integral  is  further  expanded  into  [Hashin  1985]: 


(49) 


if  f  * 

-  «FVfoydV«4o}c  (DooftPjU^  +  Duftp^Xj))2 
2  Jv  Jo 

+  D02  (pt  (-*2)<p,  (x2)-i-  D22(<p,  (x2))2dx2 


where  D,y  are  constants  which  depend  on  the  dimensions  c  and  i  in  Figure  I.  and  on  the 
elastic  constants  of  the  layers. 

Unfortunately,  the  second  integral  or  cross-term  in  (48)  gives  an  expression  in  dip,  (t,). 
its  derivatives  and  non-constant  coefficients.  The  equation 

U(<p,  (jc2)  +  d<p,  (x2))-  U((p,  (x2))-0 


can  be  solved  only  numerically,  which  requires  a  large  amount  of  computation.  To  avoid 
this  difficulty,  we  choose  to  perform  a  successive  minimization.  First,  the  contribution 
of  <rF  to  U  is  minimized  and  <p,  (x2)  is  found.  Then,  the  complementary  energy  is 
minimized  with  respect  to  K,  and  an  optimum  value  of  K„  subject  to  the  restrictions 
imposed  by  our  procedure  is  established.  While  the  solution  is  not  the  best  possible 
approximation,  numerical  implementations  show  that  the  cross-term  is  small,  typically 
not  exceeding  0. 1  -0. 1 5  U. 

The  successive  minimization  is  thus  performed  in  two  steps.  First  we  find  the  best 
statically  admissible  far  field  «r.  Next,  this  field  is  superimposed  with  the  singular  field 
in  the  K-zone,  the  complementary  energy  is  minimized,  and  the  corresponding  magnitude 
of  K,  is  evaluated.  In  the  first  step,  minimization  of  U  with  respect  to  <p,  (x2)  yields  the 
fourth-order  differential  equation 

(50)  D00<Pi  <*2)+(D02  ■0||)^i(jii)+  D22<p'1v  (z2)*0 
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m  which 


D0o  = 


E ft ( I  '  vft  vVj')  Eft ( 1  -  v'j-2'  vft)  2  / 1  Tr77"-*-1")2  j 


D»- 


(51) 


£! 

E'lVd-vV.'v'^Uo"  3 
c 


■A1 


D0J  = 


Eft ( »  -  vft'  vft) /2 (T777 - 7^ |l(e’ 2C ' ' a,) * ^  B - e- ') *  B2 cl 

-  _r  ,  2A\ 

L  2  Eft  2E  I,  J  V  3  / 

-f  2  Bcf  ) 

L  2 Eft  2  Eft  J  ((*-«•  _e-*»)2+(*-c<_e-»,)j 


where 


(52) 


A-  - 


c 

—  +ct 
2 


B-  -  ,**-*» 


For  A»4D00  DJI-(D01-Du)2>0.  the  general  solution  of  (50)  is: 

(53)  <Pi(*i)~  A,e"“2cos6x2  +  Aj«'“isin6x2  +  A,e“icosbx2  + A.e^sinb.Tj 

with 


(54) 


[dH]  C°4  *°f  rf"Arct“«<>/A>- 


The  coefficients  A,  are  computed  from  the  boundary  conditions  (46): 
(55*  A, -I,  A  z-a/b,  A,»A«»0. 

After  some  algebra,  which  follows  Hashin's  [1985]  work,  we  have: 


(56) 


J  •FM*F</V»4D2jca*«(aJ  +  6*). 


Substitute  now  (56)  into  (48)  and  minimize  U  with  respect  to  K.,.  Eq.  (48)  is  first 
rewritten  as: 


(57)  2U»I,  K, +  2K,  Ojft  +  SDjj  co^a  (a* +  61) 

where  I,  and  I2  are  known  integrals  that  can  be  evaluated  numerically.  With  regard  to 
the  superposition  relations  (39),  minimization  of  (57)  yields  the  desired  value  of  the  stress 
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intensity  factor  as: 


(58) 


K,  =  P 


8  6  H,.  ca(a:  *  b:)  -  L 
I,  -  2  6  I,  *  8  6;  D::ca(a:  -*b2) 


The  modified  procedure  which  was  followed  in  evaluation  of  K,  may  not  identify  the 
minimum  value  of  U  for  the  selected  admissible  field.  However,  the  estimates  of  K, 
which  are  derived  in  the  sequel  are  very  close  to  the  available  exact  results. 

Some  of  the  comparisons  with  related  results  that  follow  involve  plane  stress  solutions 
of  crack  problems.  The  plane  strain  solutions  developed  so  far  can  be  modified  for  this 
purpose.  In  particular,  both  o33  components  in  (45)  vanish  and  that  affects  the  terms  in 
(48)  and  (57).  The  D00,  D22.  and  D0J.  in  (51)  then  become: 


The  coefficient  Dn.  and  the  constraints  A  and  B  in  (52)  remain  unchanged.  However. 
Ting's  work  indicates  that  the  order  of  singularity  does  change. 


7.  Results  and  discimiofl 


The  technique  will  now  be  applied  to  several  cracked  laminates  which  have  been 
analyzed  by  other  methods  in  the  literature.  Of  course,  we  first  consider  the  case  when 
both  layers  are  made  of  the  same  isotropic  material.  The  elastic  constants  were  selected 
as  E*  !3GPa,  and  v*0.3.  The  c/i  ratio  in  Figure  1  was  selected  as  indicated  in  Table  I. 


Table  I.  —  Stress  intensity  factors  in  an  isotropic  cracked  stnp  of  finite  width. 


c/t  Ki/Py'c  ^  «u«v  P  ^1'  K„ 


0 .  1.01 1  $43  1  00  1.011543 

O.t .  1.0!  1546  1.0055  1.006 

0.2  .  1. 01 197  1.02  0  992 

0.5  .  1.0401  1 07  0.972 

1 .  1.1876  1.1867  1  0007 


The  table  shows  the  approximate  and  exact  values  [Tada  et  al.  1985]  of  the  plane  strain 
stress  intensity  factor  K,.  The  observed  error  is  between  I  and  3*/#.  For  this  configuration. 
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Fig.  5  -  Complementary  energy  in  an  isotropic  cracked  strip 


Fig.  6.  -  The  sueu  intensity  factor  and  order  of  singularity 
for  a  cracked  isotropic  layer  embedded  into  another  isotropic  infinite  medium. 


our  estimate  of  the  complemenury  energy  13  is  compared  on  Figure  $  with  the  exact 
solution  by  Sneddon  and  Srivasuv,  and  Sneddon  &  Lowengrub  [1969].  For  comparison, 
we  also  plot  the  result  that  follows  from  Hashin's  (1985)  model.  Note  that  Hashin's 
variational  solution  for  the  configuration  in  Fig.  1  is  a  plane  stress  field  (<r„»0).  even 
though  the  in-plane  dimensions  of  the  plate  are  much  larger  than  its  thickness.  The  latter 
result  indicates  an  unbounded  value  for  U  when  clt  —  0;  this  serves  to  confirm  our 
assertion  that  a  piecewise  linear  admissible  field  at}}  is  unsuiubte  in  geometries  where 
t>c.  In  contrast,  the  exponentially  decaying  distribution  of  the  far  field  in  the  outer 
plies  leads  to  a  finite  value  of  U,  but  if  the  far  field  alone  is  used  in  the  evaluation  of  U. 
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Fig.  7.  -  Evolution  of  the  stress  intensity  factor: 
two  isotropic  media  with  various  Poisson's  ratio 


Fig.  8.  -  Evolution  of  the  stress  intensity  factor  two  orthotropic  materials. 

the  resulting  value  is  about  twice  as  high  as  the  exact  one.  The  addition  of  the  singular 
field  improves  the  estimate  to  an  acceptable  agreement  with  the  exact  solution. 

In  Figure  6  we  show  results  for  a  laminate  made  of  two  isotropic  layers  with  elastic 
constants  Gt  v,  and  G2,  v2,  the  dimension  /  -» x.  The  exact  plane  strain  solution  was 
found  by  Ashbaugh  (1973)  for  the  case  of  v, «  Vj-0.33.  The  graph  shows  how  the  order 
of  singularity  k  of  the  stresses  at  the  crack  tip  changes  with  the  ratio  G2/G,.  The  order 
decreases  from  0.5  to  about  0.3,  and  our  estimate  agrees  with  the  exact  solution.  The 
prediction  of  the  magnitude  of  K,  is  within  12%  of  the  exact  solution. 

A  similar  comparison  is  made  in  Figure  7  with  Gupta’s  (1973)  plane  strain  results. 
The  results  indicate  the  effect  of  different  Poisson's  ratios  on  k  and  K,.  A  good  agreement 
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T able  II  — Companion  of  approximate  and  exact  results  for  a  composite  laminate  made  of  two  isotropic 
matenals 


w 

W 

(Utt 

K 

K,  P  r* 

Kj  exact  P  l' 

(N  ml 

IN  mi 

1  Epoxy 

2  Aluminum 

0  3381 

2  281 

2784 

4  9«  10-' 

4  3  *  io  * 

1  Aluminum 

2.  Steel 

04125 

1  476 

- 

2  9  »  IQ'’ 

2  5 «  10  ■’ 

Elastic  constants: 

E  (GPa) 

V 

Expoxy 

3.5 

0.35 

Aluminum 

68.9 

0.3 

Steel  .  213.7  02 


Table  III.  —  Elastic  constants  for  the  orthotropic  laminates 

1 

2 

E„ . 

.  134  45  GPa 

154.77  GPa 

Eh . 

31.03  GPa 

155  83  GPa 

On 

24.15  GPa 

59  68  GPa 

vn . 

0.65 

0.3 

exists  between  the  exact  and  approximate  solutions.  Another  comparison  with  Gupta's 
results  appears  in  Table  II.  The  energy  W  released  by  the  crack  is  evaluated  for  two 
material  combinations.  Also,  the  stress  intensity  factors  found  from  the  present  solution 
are  compared  with  those  computed  by  Cook  &  Erdogan  [1972]  for  a  two-layer  laminate 
in  which  one  crack  tip  touches  the  interface.  In  the  comparison,  a  long  crack  was  used 
in  our  solution  to  eliminate  the  interaction  between  the  two  singular  fields. 

Finally.  Figure  8  indicates  how  K,  varies  in  laminates  made  of  two  different  orthotropic 
materials.  In  this  example  plane  stress  is  assumed  and  various  clt  ratios  are  considered. 
Table  III  presents  the  elastic  constants  of  the  layers,  those  agree  with  some  of  those  used 
by  Delale  &  Erdogan  [1979],  In  Combination  I  (Fig.  8)  the  crack  is  located  in  material  I: 
in  Combination  II,  the  matenals  are  exchanged  so  that  the  crack  resides  in  a  middle 
layer  made  of  material  2  indicated  in  Table  III.  Delale  and  Erdogan's  results  were  found 
for  a  periodic  arrangement  of  layers,  with  a  periodic  distribution  of  collinear  cracks. 
However,  our  results  were  found  for  the  laminate  of  Figure  1,  without  any  stress 
at  |  jc  |  —  A.  The  agreement  is  very  good  for  Combination  II.  but  less  satisfactory  for 
Combination  I.  This  is  probably  caused  by  our  approximation  of  the  far  Held.  We  have 
also  used  the  form  exp  (-qx/t)  instead  of  that  chosen  in  (44);  this  improved  the  agreement 
in  Combination  I  by  about  50%  when  q  was  selected  as  qm  0.6. 

In  conclusion,  the  proposed  superposition  scheme  indicates  how  the  available  singular 
solutions  for  cracks  at  interfaces  can  be  utilized  in  analysis  of  cracked  laminates.  Of 
course,  the  singular  solutions  may  be  introduced  directly  into  a  finite  element  program. 
However,  the  proposed  method  is  much  more  efficient.  It  can  be  readily  extended  to  the 
case  of  many  interacting  cracks  in  a  layer  [Benveniste  tt  al.  1989], 
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Moreover,  the  technique  may  be  modified  and  applied  to  laminates  made  of  three 
different  materials,  and  also  to  laminate  geometries  in  which  the  principal  material  axes 
are  not  aligned. 
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ABSTRACT 

For  cha  modeling  of  ply  deformation  behavior  the  orthotropic,  thermal 
vlscoplasclclty  theory  baaed  on  overatrase  Is  used.  It  can  represent  creep, 
relaxation  and  race  sensitivity  as  wall  as  monotonlc  and  cyclic  loadings. 
The  theory  Is  'unified*  elnea  creep  and  plaatlclty  are  not  separately 
modeled.  No  yield  surfaces  and  loading/unloading  conditions  are  employed. 
The  laminate  theory  for  ln-plana  loading  maintains  the  geometric  assumptions 
of  classical  laminate  theory.  The  elasticity  lav,  however,  la  replaced  by 
Che  thermal,  orchotroplc  vlscoplasclclty  law.  Numerical  experiments 
Illustrate  the  predictions  of  the  theory  for  an  angle-ply  and  a  cross-ply 
laminate  subjected  to  a  temperature  Increase,  temperature  hold  and 
subsequent  return  to  the  original  temperature.  The  ply  and  laminate 
stresses  are  calculated  as  a  function  of  time  for  unconstrained  and 
constrained  conditions  using  posculacsd  properties  close  to  a  real  metal 
macrlx  composite.  Redistribution  of  ply  stresses  and  relaxation  are  found. 
In  some  cases,  nearly  permanent  residual  ply  stresses  are  present  after 
completion  of  the  temperature  cycle. 


umooocnoM 

Metal  matrix  compoalces  are  Increasingly  used  In  primary  structures 
which  ere  subjected  to  severe  conditions  of  loading  and  environment. 
Included  are  variable  temperature  services  such  as  occur  In  a  satellite  in 
orbit  or  during  flight  of  the  space  plana.  Ocher  examplee  are  components  in 
propulsion  systems.  Jet  engines  and  rockets.  To  ensure  safe  operation, 
stress  and  life- time  analysee  must  be  performed  long  before  the  part  is 
built. 

The  high  degree  of  anisotropy  present  In  composite  structures  requires 
the  development  of  new  analysis  techniques  which  account  for  Che  variation 
of  the  material  properties  with  direction.  When  metal  matrix  composites  are 
used,  inelastic  deformation  cannot  be  ruled  out  even  If  the  service  is  at 
low  homologous  temperature  and  If  the  overall  loads  are  within  the  nominal 
elastic  limit  [1].  For  high  homologous  temperature  service,  Inelasticity 
Is  found  In  the  fora  of  time-dependent  deformation,  even  In  monolythlc 
materials. 

Traditionally  high  temperature  stress  analysis  Is  performed  by 
combining  elasticity  with  time -Independent  plasticity  and  creep  theories. 
For  each  element,  a  separate  constitutive  equation  Is  postulated.  Except  for 
Initial  conditions,  creep  and  plasticity  are  treated  as  separate  phenomena 
with  no  Interaction  between  them. 

With  this  approach,  the  exact  Identification  in  experiments  of  creep 
and  plastic  strains  Is  problaswtlc,  sea  (2).  Further,  material  science 
shows  that  dislocations  and  other  changes  In  the  defect  structure  are 
responsible  for  Inelastic  deformation  which  U  considered  to  be  time 
dependent.  As  a  consequence,  several  new  constitutive  equations  have  been 
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proposed  during  the  lose  two  docados  which  do  not  separata  creep  and 
{tlutlc  deformation.  They  are  called  "unified*  constitutive  equations;  a 
recent  review  of  some  of  these  is  given  in  (3). 

The  viscoplasticlty  theory  based  on  overstrass  (VBO)  is  one  of  the 
unified  theories .  It  was  developed  in  response  to  the  observed 
cine -dependence  of  engineering  alloys  at  ambient  temperature  (4-7). 
Subsequently,  an  orchotroplc  version  of  the  theory  was  formulated  (8,9)  and 
applied  to  the  modeling  of  the  ln-plana  deformation  of  metal  matrix 
composite  laminates  (10). 

The  purpose  of  this  paper  is  to  introduce  and  to  apply  a  thermal 
version  of  the  orthotropic  VBO  to  metal  matrix  composite  laminates  subjected 
to  thermal  and  mechanical  loadings.  Nurerlcal  examples  are  given  for 
constrained  and  unconstrained,  angle-ply  end  cross-ply  laminates  subjected 
to  a  temperature  increase  followed  by  a  temperature  hold  and  subsequent 
return  co  the  original  temperature.  Laminate  and  ply  stress  components  are 
calculeted  as  a  function  of  clme  in  a  simple  theory  which  ie  patterned  after 
the  clesslcal  laminate  theory  (CLT) .  tea  (11).  The  geometric  assumptions  of 
CLT  are  maintained  such  as  constant  strain  through  the  laminate  and 
satisfaction  of  the  stress  boundary  condition  for  the  whole  laminete  only. 
The  linear  orthotroplc  elasticity  law  of  CLT  is.  however,  replaced  by  the 
thermal,  orthotroplc  viscoplastleity  theory  based  on  overstress.  It  Is  now 
possible  co  model  hysteresis,  creep,  relaxation  and  race  sensitivity  as  well 
**  time  dependent  stress  redistributions  between  plies  due  co  chermal  and/or 
mechanical  loadings .  The  present  theory  assumes  the  ply  to  be  an 
orchotroplc  continuum  with  its  propartiea  represented  by  the  chermal  VBO.  No 
interactions  between  fiber  and  matrix  are  modeled.  However,  this  can 
be  done  without  any  difficulty  and  will  be  pursued  in  Che  future. 


PLY  CONSTITUTIVE  EQUATIOIB 

An  orthotroplc  version  of  the  vlacoplaaclclcy  theory  based  on 
overstress  (VBO)  is  used.  In  this  theory,  Che  total  small  strain  rats  is 
the  sum  of  the  elastic,  inelastic  and  thermal  strain  rates.  For  the  elastic 
strain  rates,  the  rate  form  of  Hooke's  law  in  orthotroplc  form  la  employed 
.  l.a.  the  time  derivative  of  the  product  of  the  orthotroplc  compliance  with 
the  stress.  The  inelastic  strain  rata  la  only  a  function  of  ovarstrass. 
which  is  the  difference  between  Che  current  stress  and  the  equilibrium 
stress,  the  state  variable  of  the  theory.  The  equilibrium  stress  is  the 
stress  which  can  be  indefinitely  sustained  after  daformatlon  when  all  rates 
have  returned  to  zero.  Initially,  the  equilibrium  stress  is  zero  but 
evolves  with  deformation  according  co  a  separately  poatulatad  orchotroplc 
growth  lew.  It  is  responsible  for  modeling  almost  linear  elastic  regions 
and  hysteresis.  In  the  presenc  theory,  no  recovery  terms  are  included.  An 
extension  of  the  theory  to  recovery  is  under  development.  The  thermal  strain 
rata  is  the  time  derivative  of  the  product  of  the  orthotroplc  coefficient  of 
chermal  expansion  with  the  temperature  difference  reckoned  from  a  reference 
temperature.  All  material  properties  of  the  theory  can  be  functions  of 
temperature  and  must  be  determined  from  suitable  experiments  on  a  ply.  This 
Includes  tests  in  Che  fiber  and  transverse  directions.  Sate  change  tests 
are  essential  in  determining  the  viscous  (time -dependant)  properties  of  the 
theory. 

The  VBO  assusms  that  lnelaatic  daformatlon  is  basically  rats  dependant. 
Rate  dependence  is  always  present  and  can  change  with  temperature. 
Normally,  it  increases  with  rising  temperature.  This  property  can  be 
modeled  by  making  certain  constants  in  the  repository  for  rate  dependence  a 
function  of  temperature.  The  normally  encountered  dscreasa  in  the  flow 
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stress  wlch  Increasing  temperature  is  also  modeled  easily.  In  face,  since  no 
trend  of  the  temperature  dependence  is  preauaed  by  the  theory,  even 
anoaalous  trends  such  as  an  increase  in  strength  with  increasing  teaperacure 
can  be  represented  by  this  VBO. 

The  theory  does  not  use  a  yield  surface  and  loading/unloading 
conditions.  Inelastic  strain  races  are  always  present  but  are  excreaely 
saall  in  the  elastic  regions.  On  a  stress-strain  graph,  the  linear 
elastic  region  predicted  by  the  theory  can  be  a  perfect  straight  line.  This 
is  accomplished  by  the  growth  law  for  tha  equilibrium  stress. 

The  equations  of  the  theory  need  detailed  explanations  which  cannot  be 
included  in  this  paper  because  of  space  limitations.  The  theory  is 
presented  in  [12J. 


IN -PLANK  LAMINATE  B  SLAVIC* 

The  orchocropic  VBO  described  above  is  now  specialized  for  the  case  of 
plana  stress  and  used  as  a  constitutive  equation  for  a  particular  ply  in  a 
simple  theory  of  ln-plane  laminate  behavior.  The  theory  retains  all  the 
geometric  assumptions  of  CLT,  see  [111.  In  this  paper.  the 
orchocropic,  linear  elasticity  law  used  in  CLT  is  replaced  by  the  thermal, 
orchotroplc  VBO.  As  a  consequence,  rate  dependence,  creep,  relaxation  and 
hysteresis  can  be  modeled,  in  addition  to  the  effects  of  changing 
temperacure.  The  theory  includes  tha  modeling  of  stress  redistributions 
between  plies  during  deformation. 

This  theory  has  been  developed  for  angle-ply  laminates  and  a  computer 
program  has  baen  written  for  Che  numerical  integration  of  Che  resulting 
simultaneous  nonlinear,  ordinary  dlffsrancial  squat  .ons ,  see  [12]  Once  the 
material  constants  and  functions  of  tha  theory  are  known,  the  program  can 
be  used  for  any  thermal  and/or  mechanical  history  imposed  on  tha  laminate. 
Included  are  uniform  temperature  changes  for  a  constrained  or  an 
unconstrained  laminate,  as  wall  as  simultaneous  thermal  and  mechanical 
loadings . 

For  the  sake  of  brevity,  these  equations  are  not  giver  here.  They  can 
be  found  in  [13) . 


NUMERICAL  SIMULATION  OF  LAMINATE  BEHAVIOR  UNDE*  A  TEX? DATUM  CHANCE 

To  Illustrate  some  aspects  of  the  capability  of  the  theory  without 
listing  the  governing  equations,  the  following  procedure  is  adopted. 
Hypothetical  but  realistic  material  properties  are  assumed  in  the  thermal, 
orchocropic  VBO.  These  properties  result  in  a  certain  stress-strain  behavior 
in  the  fiber  and  in  the  transverse  directions.  These  diagrams  are  taken  to 
be  an  indication  of  tha  materiel  properties  of  each  ply.  Than  a 
[+4S/-4S]  angle-ply  and  a  (0/90)  cross-ply  laminate  are  'built 
theoretically*  and  their  responses  to  a  temperacure  history  wlch  and 
without  mechanical  constraints  are  computed.  The  uniform  camparatura 
excursion  (every  part  of  the  laminate  sees  the  saaw  temperacure)  is  a  200°C 
increase  followed  by  a  temperature  hold  and  a  subsequent  decrease  to  Che 
reference  temperature  as  depicted  in  Fig. la.  In  the  first  case,  the 
laminates  are  free  to  expand  and  only  thermal  stresses  between  the  plies 
develop  due  to  the  differences  in  the  orientation  and  the  coefficients  of 
thermal  expansion.  The  laminate  boundaries  ere  stress  free.  In  Che  second 
cese,  Che  laminates  are  constrained  in  tha  one-direction  but  are  free  to 
expand  in  the  two-direction,  sea  Fig. lb.  Thermal  stresses  are  now  due  to 
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constraint  and  dua  o  tha  differences  In  orlantaclon  of  tha  pllas.  This 
exercise  Is  to  demonstrate  the  capabilities  of  the  theory  under  sma 11 
temperature  changes.  Or  course,  larger  temperature  changes  can  be 
simulated,  as  long  as  the  maceriel  data  are  known.  Examples  ere  the 
computation  of  the  residual  stresses  that  sev  develop  during  manufacturing 
when  the  laminate  cools  down  from  the  working  temperature. 

The  scress-straln  diagrams  of  a  ply  In  the  fiber  and  the  transverse 
directions  at  the  reference  temperature  and  at  the  maximum  temperature  of 
the  cycle  are  shown  In  Figs.  2a  and  2b,  respectively.  The  difference  in  the 
strengths  of  che  matrix  and  the  fibers  Is  obvious  as  Is  the  Increased  rate 
senslclvlty  of  the  matrix  as  compared  to  che  fibers.  Overall,  che  race 
sensitivity  modeled  by  this  hypothetical  material  la  not  very  pronounced. 
Other  stress-strain  relations  and  rate  setslclvitles  can  be  modeled  easily 
by  adjusting  tha  material  constants,  see  {10). 

For  che  simulation  of  che  temperature  cycles  Imposed  on  the  laminate, 
it  Is  assumed  that  the  positive  coefficient  of  thermal  expansion  in  the 
fiber  direction  Is  about  one  sixtieth  of  that  of  the  transverse  direction. 
Such  relations  are  found  in  some  metal  matrix  plies. 


Case  1:  Unconstrained  Laminates 

In  this  case,  no  external  stresses  act  on  che  laminate.  Owing  to  the 
assumptions  of  CLT,  stresses  can  act  at  the  boundary  of  Individual  lamina  as 
long  as  their  sum  Is  zero. 

Fig.  3  shows  the  computed  results  for  both  the  angle-ply  and  the 
cross-ply  laminates.  Owing  to  the  small  temperature  change,  che  stresses 
are  modest  and  are  within  the  elastic  behavior  of  the  fibers,  sea  Fig.  2a. 
Due  to  symmetry,  only  ply  shear  s.asaea  exist  in  the  (+45/-fc5)s  laminate. 
The  stresses  in  the  two  piles  have  opposite  signs.  In  the  cross-ply 
laminate,  no  shear  stresses  are  found  and  the  ply  stresses  In  the  one-  and 
tha  cwo-dlrectlons  are  equal.  Equilibrium  requires  that  the  stresses  In  the 
zero  and  ninety  degree  ply  add  up  to  zero.  For  these  reasons,  only  one 
curve  Is  shown  In  Fig.  3.  It  la  seen  that  relaxation  occurs  during  the 
temperature  hold  and  that  residual  stresses  exist  when  the  temperature 
returns  to  Its  original  value.  They  decrease  slightly  in  magnitude  with 
time. 


Case  2:  Constrained  Laminates 

Due  to  the  constraint,  see  Fig.  lb,  laminate  stresses  exist  In  the 
ona-dlrectlon.  In  the  cwo-dlrecclon,  the  lenlnste  stresses  are  zero. 

The  results  for  tha  angle-ply  laminate  are  depleted  In  Fig.  0. 
Compared  to  Fig.  3,  compressive  stresses  in  the  one-dlrectlon  davalop 
upon  heating  which  are  almost  zero  when  the  temperature  excursion  is 
finished.  Dua  Co  symmetry ,  che  ply  stresses  In  che  one-dlrectlon  are  equal 
to  each  other  and  equal  to  che  laminate  stress.  Sheer  ply  stresses  develop 
also  In  the  constrained  case  and  their  magnitude  Is  smaller  chan  In  Fig.  3 
due  to  the  presence  of  the  normal  stresses  and  the  nonlinearity  of  che 
theory.  At  first  glance,  It  la  surprising  that  che  sheer  stress  magnitude 
la  higher  chan  the  stress  In  the  one-direction  due  to  constraint.  This 
outcome  la  largely  dua  to  che  coefficients  of  thermal  expansl-n  chosen  in 
this  case.  As  mentioned  above,  the  coefficient  of  thermal  expansion  is 
sixty  times  higher  In  che  cvo-dlrectlon  then  In  che  one-dlrectlon. 
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TIME  (S) 


case  1 


cross  ply 


angle  ply 


Fig.  la.  Temperature  history  la 
posed  uniformly  on  che  laminates . 


Fig.  lb.  Schematic  showing  che 
loading  conditions.  In  Case  1.  che 
laalnaces  are  free  to  expand  but 
are  fixed  In  the  one-dlrectlon  in 
Case  2.  A  (0/90),  cross-ply  and  a 
[♦45/-4S],  angly-ply  are  consid¬ 
ered  . 


STRAIN  (%) 


Fig.  2a.  Stress-strain  dlagraas  In 
che  fiber  direction  at  the  refer¬ 
ence  temperature  Ta  and  T,  * 
200  *C  for  two  strain  rates  differ¬ 
ing  by  two  orders  of  magnitude,  if 
-  4x10*  1/s . 


STRAIN  (%) 


Fig.  2b.  Same  as  Fig.  2a  except 
that  the  direction  of  straining  Is 
perpendicular  to  the  fibers.  In 

essence,  these  stress-strain  dia¬ 
grams  represent  matrix  behavior. 
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Fig.  3.  Stresses  In  che  laminates 
which  are  free  Co  expand,  see  Case 
1  in  Fig.  ib.  In  the  [+45/-4S), 
laminate  only  Che  shear  stresses  ot 
exist  and  o4(45]  -  -o6(-45].  All 
other  stresses  are  zero.  For  the 
cross-ply  laminate,  o, [0]  -  »2(90] 
-  -<<((901  -  -oj[0).  The  variation 
of  o, (0]  in  the  cross-  ply  is  equal 
to  che  variation  of  the  shear 
stress  <r4[45]  in  the  angle-ply  due 
to  symmetry. 


Fig.  4.  Stresses  in  the  con¬ 
strained  angle-ply  laminate,  Case  2 
in  Fig.  lb.  In  addition  to  the 
self  equilibrating  shear  stress 
(o4[45)  -  -osl-45)),  stresses  in 
the  one -direction  are  Induced.  The 
ply  stresaea  are  equal  to  the 
laminate  stress  in  the  one- 
direction.  All  other  stress 
components  are  zero. 


Fig.  5.  Stresses  In  the  con¬ 
strained  cross -ply  laminate.  Case  2 
in  Fig.  lb.  The  stresses  in  che 
one-direction  are  shown  (e,  is  the 
laminate  stress).  Self  equilibrat¬ 
ing  stresses  in  che  tvo-dlrectlon 
are  Induced,  »j(0)  -  -oj[90).  All 
other  stress  components  are  zero. 
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The  variation  of  che  stress  components  with  time  Is  plotted  In  Fig.  5 
for  the  cross-ply  laminate.  The  shapes  of  the  curves  are  very  similar  to 
each  other  and  to  those  of  Figs.  3  and  4.  It  Is  clearly  seen  that  the 
laminate  stress  In  the  one-dlrectlon  Is  the  sum  of  the  corresponding  ply 
stresses.  Due  to  the  differences  In  the  coefficient  of  thermal  expansion, 
the  stress  In  the  one-dlrectlon  of  the  90-degree  ply  Is  higher  than  the 
stress  In  the  one-dlrectlon  of  the  zero-degree  ply.  For  the  same  reaaon, 
the  stress  In  the  one-dlrectlon  of  the  90-degree  ply  Is  a  little  higher  than 
the  stress  In  the  tvo-dlrection  of  the  zero-degree  ply  In  the  elastic 
region.  When  Inelasticity  sets  In,  this  trend  Is  reversed.  After  the 
temperature  excursion  Is  over,  tensile  stresses  are  present  In  the  laminate 
which,  on  the  graph,  do  not  appear  to  relax  with  time.  A  check  of  the 
numerical  data,  however,  reveals  a  slight  decrease  In  time. 


DISCUSSION 

The  above  examples  have  shown  chat  the  theory  can  modal  simple  cases  of 
thermal  stresses  In  laminates.  This  Includes  relaxation  and  the  development 
of  residual  stresses .  The  theory  predicts  smooth  variation  of  the  stresses 
with  temperature  history.  (The  ragged  appearance  of  some  of  the  curves  Is 
due  to  the  PC  graphics  package  employed  In  making  che  figures.) 

This  paper  uses  fictitious  material  properties  to  Illustrate,  In 
principle,  the  capability  of  the  theory  on  some  simple  examples.  For  a 
practical  application,  the  material  functions  and  constants  of  che  theory 
must  be  determined  by  suitable  experiments  as  a  function  of  temperature,  see 
[4,5] ■  In  addition,  off-angle  tests  are  necessary,  see  [10J,  where  some 
of  che  pertinent  literature  la  cited.  The  theory  has  many  flexibilities, 
such  as  almost  linear  elaatle  behavior  In  the  fiber  direction  but 
vlscoplasclc  behavior  transverse  to  It.  However,  the  major  question  Is, 
what  are  che  minimum  number  of  constants  and  functions  necessary  to  model  a 
given  behavior?  This  aspect  has  been  considered  In  [9,10].  There,  a 
'minimal*  theory  for  Isothermal  deformation  la  shown  which  can  reproduce  the 
behavior  of  Borslc/Al  metal  matrix  composites.  Similar  studies  must  be 
performed  with  che  present  thermal  VBO  and  additional  experience  must  be 
gained  through  further  theoretical  and  experimental  research. 

The  geometric  limitations  of  CLT  carry  over  to  che  present  theory. 
From  Figs.  3-5,  It  Is  seen  that  the  ply  stresses  at  free  edgaa  are  not 
always  zero,  only  the  laminate  stresses  must  vanish  there.  These  ply 
stresses  can  be  rather  large.  In  Case  2,  they  are  higher  than  the  stresses 
caused  by  che  constraint.  When  different  secs  of  thermal  expansion 
coefficients  are  used,  this  trend  can  be  altered  and  che  constraint  stress 
magnitude  can  become  the  largest.  This  has  been  verified  by  separate 
computations . 

The  small  temperature  excursion  and  the  small  coefficient  of  thermal 
expansion  In  the  fiber  direction  are  responsible  for  the  small  thermal 
stresses  found  In  che  laminate.  They  are  within  che  elastic  region  of  the 
stress-strain  diagram  In  the  fiber  direction.  The  redistribution  of  che 
stresses  with  time  Is  thought  to  be  due  to  che  chosen  'soft*  matrix 
properties.  By  selecting  different  'viscous*  properties  In  the  awterlsl 
model,  che  redistributions  can  be  enhanced  or  retarded.  These  properties 
will  have  to  be  explored  by  future  numerics!  experiments. 
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ABSTRACT 

The  vanishing  fiber  diameter  model  together  with  the  thermo¬ 
viscoplasticity  theory  based  on  overstress  are  used  to  analyze 
the  thermomechanical  rate  (time)-dependent  behavior  of 
unidirectional  fibrous  metal-matrix  composites.  For  the 
present  analysis  the  fibers  are  assumed  to  be  transversely 
isotropic  thermoelastic  and  the  matrix  constitutive  equation  is 
isotropic  thermoviscoplastic.  All  material  functions  and 
constants  can  depend  on  current  temperature.  Yield  surfaces 
and  loading/unloading  conditions  are  not  used  in  the  theory  in 
which  the  inelastic  strain  rate  is  solely  a  function  of  the 
overstress,  the  difference  between  stress  and  the  equilibrium 
stress,  a  state  variable  of  the  theory.  Assumed  but  realistic 
material  elastic  and  viscoplastic  properties  as  a  function  of 
temperature  which  are  close  to  Gr/Al  and  B/Al  composites 
permit  the  computation  of  residual  stresses  arising  during  cool 
down  from  the  fabrication.  These  residual  stresses  influence 
the  subsequent  mechanical  behavior  in  fiber  and  transverse 
directions.  Due  to  the  viscoplastidty  of  the  matrix 
time-dependent  effects  such  as  creep  and  change  of  residual 
stresses  with  time  are  depicted.  For  Gr/Al  residual  stresses 
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are  affecting  the  free  thermal  expansion  behavior  of  the 
composite  under  temperature  cycling.  The  computational 
results  agree  qualitatively  with  scarce  experimental  results. 

INTRODUCTION 

Metal  matrix  composites  consist  of  a  ductile,  usually  low 
strength  matrix  reinforced  with  elastic,  brittle  and  strong 
fibers.  Ideally,  the  strength  of  the  fiber  and  the  ductility  of  the 
matrix  combine  to  provide  a  new  material  with  superior 
properties.  Selecting  the  best  combinations  of  fiber  and  matrix 
materials  is  a  difficult  task  which  involves  conflicting  demands 
and  many  compromises.  To  prevent  self  stresses  from 
developing  during  cool  down  from  the  manufacturing 
temperature  it  is  desirable  to  have  the  same  coefficient  of 
thermal  expansion  for  fiber  and  matrix.  This  ideal,  however,  is 
seldom  achieved  as  other  considerations  but  the  coefficient  of 
thermal  expansion  have  priority  in  selecting  the  constituent 
materials. 

It  is  known  that  the  residual  stresses  have  an  influence  on  the 
mechanical  behavior,  Cheskis  and  Heckel  [1970],  Dvorak  and 
Rao  [1976],  Min  and  Crossman  [1982].  Moreover,  the  thermal 
expansion  behavior  of  metal  matrix  composites  is  shown  to  be 
influenced  by  the  residual  stresses,  Garmong  [1973],  Kural  and 
Min  [1984]  and  Tompkins  and  Dries  [1988].  In  precision 
applications  the  exact  thermal  expansion  behavior  is  of  great 
interest  as  it  influences  the  performance. 

It  is  the  purpose  of  this  paper  to  provide  a  comparatively 
simple  and  approximate  means  of  calculating  the  residual 
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stresses  in  a  unidirectional  metal  matrix  composite  during  cool 
down  from  the  manufacturing  temperature  and  to  assess  their 
influence  on  subsequent  mechanical  behavior  as  well  as  on  the 
thermal  expansion  of  the  composite  under  uniform  temperature 
changes.  To  accomplish  this  task  the  vanishing  fiber  diameter 
model  of  Dvorak  and  Bahei-El-Din  [1982]  is  combined  with 
the  thermoviscoplasticity  theory  based  on  overstress  (TVBO) 
of  Lee  and  Krempl  [1990].  TVBO  is  a  "unified"  theory  which 
does  not  separately  postulate  constitutive  laws  for  creep  and 
plasticity  but  models  all  inelastic  deformation  as  rate 
dependent.  Experiments  with  modem  servocontrolled  testing 
machines  have  shown  rate  dependence  even  at  room 
temperature  for  engineering  alloys,  e.g  stainless  steels,  Krempl 
[1979],  6061-T6  A1  alloy,  Krempl  and  Lu  [1983],  and  Titanium 
alloys,  Kujawski  and  Krempl  [1981].  The  transition  from  low 
to  high  homologous  temperature  behavior  is  usually 
characterized  by  a  decrease  in  strength  and  an  increase  in  rate 
dependence  with  an  increase  in  temperature.  This  behavior 
can  be  modeled  easily  by  TVBO  by  making  certain  constants 
depend  on  temperature.  It  is  not  necessary  to  postulate 
different  laws  in  different  temperature  regimes. 

First  the  governing  equations  are  stated.  They  are  represented 
by  a  system  of  first  order,  nonlinear,  coupled  differential 
equations  which  must  be  solved  for  a  given  boundary  condition 
and  loading/temperature  history.  Base  data  for  6061-T6  A1 
alloy  for  which  viscoplastic  material  properties  were 
determined  by  Yao  and  Krempl  [1985].  Plausible  changes  of 
these  properties  with  temperature  were  postulated  and  the 
system  of  differential  equations  was  integrated  to  depict  the 
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properties  of  the  model.  Of  special  interest  is  the  influence  of 
the  residual  stresses  set  up  during  cooling  from  the 
manufacturing  temperature  of  660  °C.  Owing  to  the 
viscoplastic  nature  of  the  matrix  constitutive  model  the 
residual  stresses  redistribute  while  the  composite  is  at  ambient 
temperature.  For  the  material  properties  chosen  in  the 
numerical  experiment  this  redistribution  slows  down  rapidly 
with  time  at  ambient  temperature  and  after  30  days  a  nearly 
constant  residual  stress  state  is  reached.  Since  the  subsequent 
response  of  the  composite  is  affected  by  the  residual  stresses  an 
influence  of  time  spent  at  room  temperature  on  the  subsequent 
behavior  is  predicted  by  this  analysis.  The  influence  of 
residual  stresses  on  the  subsequent  isothermal  mechanical 
behavior  and  on  the  thermal  expansion  behavior  of  a  composite 
subjected  to  thermal  cycling  is  investigated  by  numerical 
experiments.  The  computations  agree  qualitatively  with  scarce 
experimental  results  reported  by  others. 

THE  COMPOSITE  MODEL.  THERMOVISCOPLASTICITY 
THEORY  BASED  ON  OVERSTRESS  (TVBO) 

AND  THE  VANISHING  FIBER  DIAMETER  MODEL  (VFD) 

For  the  representation  of  the  equations,  the  usual  vector 
notation  for  the  stress  tensor  components  a  and  the  small 
strain  tensor  components  e  are  used.  Boldface  capital  letters 
denote  6x6  matrices. 

Stresses  and  strains  without  a  superscript  designate  quantities 
imposed  on  the  composite  as  a  whole.  Superscripts  f  and  * 
denote  fiber  and  matrix,  respectively.  The  fiber  volume 
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fraction  is  cf  and  c“  denotes  the  matrix  volume  fraction  with  cf 
+  cm  =  1. 


A  unidirectional  fibrous  composite  element  is  assumed  where 
the  fiber  is  transversely  isotropic  thermoelastic,  the  matrix  is 
isotropic  and  thermoviscoplastic  and  represented  by  TVBO. 
Fiber  orientation  in  the  3-direction  is  postulated. 


For  the  VFD  model,  Dvorak  and  Bahei— El-Din  [1982],  the 
following  constraint  equations  hold 

<T\  =  tff  as  flr»  for  i  ^  3 

cr3  =  cf  ir{  +  c"  ft 
Ci  =  cf  cf  +  c*  c?  for  i  *  3 
c3  =  cf  =  cj. 

When  they  are  combined  with  the  TVBO  equations  by  Lee  and 
Krempl  [1990]  the  composite  is  characterized  by  the  following 
set  of  equations:  (details  can  be  found  in  Yeh  and  Krempl 
[1990]) 


c  =  C *,cr+  (K-)-‘XB  +  (Rf)  V  +  (R*)*1*-  +  3T 

(1) 


together  with  a  separate  growth  law  for  the  component  of 
the  matrix 
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(2) 


In  addition  growth  laws  for  the  two  state  variables  of  TV80, 
the  matrix  equilibrium  stress  g“  and  the  kinematic  stress  f\ 
are  given  as 


6“  =  q*[r*)4*  +  T  +  |q-[r-]  -  fl- [q-[r»J  - 


(3) 


*■  =  -3—x.m. 
k-  [  r-] 


(4) 
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with 

(H2  =  (X“)tH(X“) 

(0“)2  =  — (Z“)tH(Z*) 

(A^ 

Xm  =  o*-gm 

Z"  =  g-  -  f  (5) 

In  the  above  C*1  is  the  symmetric  overall  compliance  matrix 
whose  components  are  functions  of  the  elastic  properties  of 
fiber  and  matrix.  The  viscosity  matrix  (K")M  is  not  symmetric 
and  its  components  together  with  those  of  C'1  are  listed  in 
Appendix  I.  The  matrices  (Rf)*!  and  (R*)*1  contain  time 
derivatives  of  the  elastic  constants  of  the  fiber  and  the  matrix, 
respectively.  Both  matrices  are  not  symmetric.  Their 
components  are  listed  in  Appendix  I.  These  matrices  represent 
the  "additional"  terms  which  can  play  a  significant  role  in 
modeling  thermomechanical  behavior,  see  [Lee  and  Krempl 
1990a].  The  viscosity  function  k*[ra]  and  the  dimensionless 
shape  function  q"[rB]  are  decreasing  (q“[0]  <  1  is  required)  and 
control  the  rate  dependence  and  the  shape  of  the  stress-strain 
diagram,  respectively.  (Square  brackets  following  a  symbol 
denote  "function  of.)  The  quantity  p"  represents  the  ratio  of 
the  tangent  modulus  E?  at  the  maximum  inelastic  strain  of 
interest  to  the  viscosity  factor  K*.  It  sets  the  slope  of 
stress-inelastic  strain  diagram  at  the  maximum  strain  of 
interest.  Ejj,  L,  h  together  with  the  components  of  the 
dimensionless  matrix  H  and  other  material  properties  are 
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defined  in  Appendix  I.  An  explanation  of  TVBO  is  given  by 
Lee  and  Krempl  [1990]  and  the  derivation  of  the  above 
equations  can  be  found  in  Yeh  and  Krempl  [1990]. 

Eq.  (1)  shows  that  the  overall  strain  rate  is  the  sum  of  the 
overall  elastic  strain  rate,  the  inelastic  strain  rate  of  the  matrix 
and  the  overall  thermal  strain  rate  in  the  case  of  constant 
elastic  properties.  If  temperature  dependent  elastic  properties 
are  assumed  then  two  additional  terms  contribute  to  the 
overall  strain  rate.  They  insure  that  the  elastic  behavior  is 
path  independent,  see  Lee  and  Krempl  [1990, 1990a]. 

Eq.  (2)  is  used  to  calculate  the  instantaneous  axial  matrix 
stress  which  can  not  be  obtained  from  the  overall  boundary 
conditions  directly.  is  affected  by  mechanical  and  thermal 
loadings  and  their  loading  paths.  For  instance  for  the 
isothermal  case  when  T  =  0,  matrix  stresses  in  the  fiber 
direction  (of,  gj,  f?)  can  evolve  in  unidirectional  transverse 
loading,  or  may  evolve  in  unidirectional  shear  loading  provided 
the  initial  value  of  Xf  is  nonzero.  For  pure  thermal  loading 
(overall  stresses  are  zero),  <r?  together  with  gj,  fj  will  develop 
due  to  the  difference  in  the  coefficients  of  thermal  expansion  of 
fiber  and  matrix;  these  matrix  stresses  in  the  fiber  direction 
cause  coupling  between  the  mechanical  and  thermal  loading  in 
the  inelastic  range. 

NUMERICAL  SIMULATION 

Eqs.  (1)  -  (5)  constitute  the  model  which  must  now  be 
applied.  The  boundary  conditions  must  be  specified  in 
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addition  to  the  uniform  temperature  history.  Also  material 
properties  must  be  known  as  a  function  of  temperature.  For 
the  purposes  of  this  paper  two  metal  matrix  systems,  Gr/Al 
and  B/Al  are  simulated.  The  matrix  viscoplastic  properties  for 
6061-T6  A1  alloy  are  known  at  room  temperature  from 
experiments  reported  by  Yao  and  Krempl  [1985].  Since  no 
experiments  were  available  at  other  temperatures  a  plausible 
temperature  dependence  was  postulated.  The  elastic  properties 
and  the  coefficient  of  thermal  expansion  for  the  Gr  and  B 
fibers  are  listed  in  Table  1.  They  are  assumed  to  be 
independent  of  temperature  for  simplicity.  The  matrix 
properties  which  are  close  to  6061—' T6  A1  alloy  are  listed  in 
Table  2.  They  yield  the  matrix  stress-strain  diagrams  at  a 
strain  rate  of  10 ‘4  s*1  depicted  in  Fig.  1.  A  decrease  in 
modulus,  flow  stress  and  the  asymptotic  tangent  modulus  with 
increasing  temperature  is  modeled. 


Fig.  1.  Stress-strain  diagrams  of  matrix  material  at 
various  temperatures. 
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Table  1. 


Elastic  Properties  for  Boron  and  Graphite  Fibers 


Properties 

B 

Gr  (****) 

E$3  (MPa) 

413400 

(*) 

689650 

i'll 

0.21 

(*) 

0.41 

GU  (MPa) 

170830 

(**) 

15517 

(m/m/°C) 

6.3E— 6 

(•**) 

— 1.62E-6 

Eft  (MPa) 

413400 

(*) 

6069 

GU  (MPa) 

170830 

n 

2069 

c?\  (m/m/°C) 

6.3E-6 

(*** ****) 

1.08E-5 

*  Kreider  and  Prewo  [1974] 


**  Estimate 

***  Tsirlin  [1985] 

****  Wu,  et  al  [1989] 


421 


Table  2. 

Thermoelastic  and  Thermo  vi  scoplastic  Properties 
of  the  Matrix 


E*  =  74657[1  -  (jIj)")  (MPa)  (*) 
l *  =  0.33  (**) 

G°  «  28066(1  -  (g-yrj)3l  (MPa)  (*) 

a®  =  2.35E-5  +  2.476E-8(T  -  273)  (m/m/°C)  (**) 
qm[T ■]  =  ¥"[r*]/EB,  p»  =  ET/K- 

Viscosity  function  k®[r*]  =  kt(l+  ^  -)~^8 

k,  =  314200  (■),  k3  «  71.38  (MPa)  (***) 
k3  =  53  -  0.05(T-273)  (**)(***) 

Viscosity  Factor  K"  =  E" 

ET  =  619(1 -(g|j)>]  (MPa)  (••) 

A*  =  72.24(1  -  (jIj)1]  (MPa)  (•*) 

Shape  function  ♦■[I’®]  =  Ci  +  (C7-Ci)exp(-Cjr®) 
c,  =  16511(1 -(g|j)3]  (MPa)  (**) 

Cj  =  73910(1 -(glj)1]  (MPa)  (**) 

c3  =  8.43E— 2  +  1.06E— 4(T— 273)  +  1.914E-6(T-273)2 
+5.304E— 9(T— 273)s  (MPa*1)  (**) 

Inelastic  Poisson’s  Ratio:  0.5 
T  =  °K,  153°K  <  T  <  933°K 


(*)  Estimate.  Temperature  dependence  due  to  HiUig  [1985] 

(**)  Estimate 

(***)  Yao  and  Krempl  [1985] 
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For  the  integration  of  the  coupled  set  of  differential  equations 
the  IMSL  routine  DGEAR  is  used. 

Residual  Stresses  upon  Cod— Down  from  Manufacturing 
Temperature 

Overall  stresses  are  assumed  to  be  zero  and  the  temperature  is 
decreased  at  a  constant  rate  of  0.033  °C/s.  It  is  assumed  that 
the  composite  is  stress  free  at  660  °C  and  that  perfect  bonding 
starts  at  that  temperature.  Since  the  coefficient  of  thermal 
expansion  is  larger  for  the  matrix  than  for  the  fibers  tensile 
matrix  stresses  develop  as  shown  in  Fig.  2a  for  B/Al  and  in 
Fig.  2b  for  Gr/Al.  Owing  to  the  assumed  fiber  volume  fraction 


Fig.  2a.  Development  of  matrix  stress  o$,  matrix  equi¬ 
librium  gj  and  kinematic  stress  fj  during  cool  down 
from  manufacturing  temperature.  The  inset  shows 
the  decrease  of  the  overstress  during  the  room 
temperature  hold  1  —  2.  Boron/ Aluminum. 
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Fig.  2b.  Same  as  Fig.  2a  except  that  material  is  Graphite / 
Aluminum.  The  fiber  stress  a{  is  also  shown. 

of  0.5  the  fiber  stresses  are  equal  and  opposite  in  Fig.  2b.  They 
are  not  shown  in  Fig.  2a  where  the  fiber  volume  fraction  is 
0.1.  The  VFD  assumption  listed  previously  yields  =  -9 of. 
At  point  1  room  temperature  is  reached.  Due  to  the 
viscoplastic  nature  of  the  matrix  the  stresses  relax  to  point  2 
with  time.  The  inset  shows  the  overstress  eft  -  gj,  which 
"drives"  the  inelastic  deformation,  rapidly  decreasing  with 
time.  All  residual  stresses  enter  as  initial  conditions  for 
simulations  of  subsequent  tests.  They  can  affect  the  modeled 
behavior  and  therefore  time  appears  to  influence  it.  After  30 
days  the  residual  stress  state  is  nearly  constant.  Then  the 
model  predicts  that  the  subsequent  response  becomes 
independent  of  the  rest  time  at  room  temperature.  On  the 
scale  of  this  graph  the  kinematic  variable  ft  does  not  appear  to 
change  with  time.  However,  the  digital  output  confirms  the 
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slight  increase  predicted  by  Eq  (4). 

Influence  of  Residual  Stresses  on  Room  Temperature 
Mechanical  Behavior 

In  this  case  a  B/Al  composite  with  cf  =  0.1  is  considered  and 
uniaxial  tensile  tests  in  the  fiber  and  the  transverse  directions 
are  performed  at  a  strain  rate  of  10  '4  s*1.  When  a  strain  of 
0.5%  is  reached  the  overall  stress  is  kept  constant  to  allow 
creep  deformation  to  evolve  during  a  short  period  of  300  s. 

Fig.  3  shows  the  mechanical  behavior  for  tests  in  the  fiber  (3)  — 
direction.  The  overall  stress,  the  matrix  stress  and  equilibrium 
stress  are  plotted  vs.  overall  strain  for  3  cases.  Fig.  3a  shows 
the  behavior  without  residual  stresses,  Fig.  3b  has  the  residual 
stress  state  at  point  1  in  Fig.  2  as  initial  conditions.  This  is 
called  Case  1  and  simulates  a  tensile  test  performed 
immediately  after  the  composite  reached  room  temperature. 
The  relaxed  residual  state  of  stress  represented  by  point  2  in 
Fig.  2  forms  the  set  of  initial  condition  for  Case  2.  The 
mechanical  behavior  with  this  set  of  initial  conditions  is  given 
in  Fig.  3c. 

By  comparing  the  figures  the  significant  influence  of  residual 
stresses  on  the  overall  stress-strain  diagram  can  be  clearly 
ascertained.  It  can  be  seen  that  the  initial  slope,  the  stress 
level  at  which  the  transition  to  another  slope  takes  place  and 
the  overall  appearance  of  the  composite  stress-strain  diagram 
are  significantly  affected  by  the  residual  stresses.  Owing  to  a 
nearly  zero  overstress  in  Case  2  the  initial  slope  seems  to  be 


Stress  (MPa) 
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Fig.  3a.  Stresses  vs  strain  in  fiber  direction  at  room 
temperature  with  a  SOO  s  creep  period  at  the 
maximum  stress. 


Fig.  3b.  Same  as  Fig.  Sa  for  Case  1. 
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Fig.  3c.  Same  as  Fig.  Sa  for  Case  2. 

identical  to  the  stress-strain  diagram  with  no  residual  stresses. 
The  level  of  the  overall  stress  is  considerably  lower  for  Case  2 
than  for  the  case  without  residual  stresses.  Since  it  is  unlikely 
that  a  tensile  test  will  be  performed  right  after  reaching  room 
temperature  and  since  the  overstress  decreases  rapidly  with 
time,  see  inset  in  Fig.2,  an  experiment  would  yield  the  results 
of  Case  2.  The  residual  stress  state  has  an  influence  on  the 
relation  between  the  strain  in  the  fiber  direction  and  the 
transverse  strain  as  shown  in  Fig.  4.  From  these  curves  the 
actual  Poisson's  ratio  based  on  total  strain  could  be  calculated. 
The  simulation  of  a  tensile  test  in  the  transverse  direction  is 
shown  in  Fig.  5a  and  the  relation  between  the  transverse  strain 
ti  and  the  two  perpendicular  strains  ej  and  c$  are  shown  in 
Fig.  5b  and  Fig.  5c,  respectively.  A  significant  influence  of  the 
residual  stress  state  is  evident,  especially  in  Figs.  5a  and  5b. 
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Fig.  4.  The  development  of  the  transverse  strain  during  the 
tests  shown  in  Fig.  $. 


Fig.  5a.  Simulation  of  a  transverse  tensile  test  at  room 
temperature  as  a  function  of  the  residual  stresses, 
transverse  stress-strain  diagram. 
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Fig.  5b.  The  development  of  the  transverse  strain  in  the 
S-direction. 


Fig.  5c.  The  development  of  the  transverse  strain  in  the 
2-direction. 
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In  Figs.  3  through  5  the  behavior  during  the  300  s  creep  period 
is  specially  marked.  As  expected  the  total  creep  strain 
accumulated  is  very  significant  in  the  matrix  dominated 
transverse  mode,  see  Fig.  5a.  It  is  small  for  the  fiber  direction 
as  shown  in  Figs.  3.  In  each  case  primary  creep  is  modeled 
with  a  rapidly  decreasing  rate.  This  is  shown  in  Fig.  5d  for  the 
transverse  case.  This  corresponds  to  the  so-called  "cold  creep" 
phenomenon  found  at  room  temperature  for  ductile  engineering 
alloys.  For  the  strain  vs.  strain  curves  ,  Figs.  4,  5b  and  5c,  the 
creep  periods  do  not  differ  significantly  from  the  periods  under 
increasing  stress.  Only  a  slight  break  in  slope  is  noticeable  at 
the  outset  of  the  creep  period. 


Fig.  5d. 


Transverse  creep  strain  during  the  SOOs  creep 
period. 
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The  Influence  of  Residual  Stresses  on  the  Thermal  Cycling 
Behavior  of  Gr/Al  Composite. 

The  thermal  cycling  behavior  of  Gr/Al  is  of  special  interest 
due  to  the  negative  axial  CTE  of  Graphite,  see  Table  1.  It 
gives  rise  to  some  unusual  expansion  behavior,  see  Wu  et  al 
[1989]  and  Tompkins  and  Dries  [1988].  In  this  paper  we 
simulate  that  the  composite  is  free  to  expand  (overall  stresses 
are  zero)  and  is  subjected  to  a  temperature  cycle  starting  from 
room  temperature  to  *  120  °C  at  a  rate  of  0.033  °C/s. 

The  resulting  strain  in  the  fiber  direction  —  temperature 
hysteresis  loop  is  depicted  in  Fig.  6a.  It  is  seen  that  the 
composite  expands  on  the  segment  0—1  but  then  contracts  with 
increasing  temperature,  segment  1—2.  Upon  decrease  of 
temperature  from  120°C  the  composite  shrinks  as  expected  but 


•ISO  -100  -50  0  50  100  150 


Temperature  (°C) 

Fig.  6a.  Temperature-strain  in  the  fiber  direction  loop 
during  temperature  cycling  of  Gr/Al  composite. 
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expands  at  point  3  although  the  temperature  continues  to 
decrease.  This  pattern  continues  in  the  subsequent  reversals. 
At  point  4  a  600  s  temperature  hold  is  introduced  and  the 
strain  decreases  by  a  small  amount,  the  composite  "creeps" 
under  zero  external  load  and  the  creep  curve  is  shown  in  Fig. 
6b.  To  demonstrate  that  the  temperature  rate  has  an  influence 
the  calculation  was  repeated  with  a  rate  of  0.1  °C/s.  There  is 
very  little  influence  on  the  temperature/strain  curve,  but  creep 
during  the  temperature  hold  period  is  accelerated  as  shown  in 
Fig.  6b. 


xlO» 


Fig.  6b.  Creep  curves  during  temperature  hold  at  120"  C, 
see  points  4,  5  in  Fig.  6a. 

The  explanation  of  this  unusual  behavior  can  be  found  in  the 
development  of  the  fiber  and  matrix  stresses  during  cycling  as 
shown  in  Fig.  6c.  It  is  seen  that  a  temperature-stress 
hysteresis  loop  develops  and  that  the  matrix  starts  yielding  at 
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Fig.  6c.  " Internal  stresses"  which  develop  during  tempera¬ 

ture  cycling  shown  in  Fig.  6a. 

points  1  and  3  where  the  breaks  in  Fig.  6a  occur.  The  unusual 
behavior  is  due  to  the  matrix  jlMding.  In  the  inelastic  range 
the  stillness  of  the  matrix  is  low  and  the  overall  behavior  is 
dominated  by  the  fiber  which  has  a  negative  axial  CTE. 

To  show  the  influence  of  residual  stresses  Cases  1  and  2  are 
simulated  in  Fig.  7a.  and  Fig.  7b,  respectively.  Cooling  down 
takes  place  on  0—1.  While  the  composite  rests  free  of  overall 
stresses  at  room  temperature,  see  Fig.  2b,  the  overall  strain 
increases  on  path  1-2,  see  Fig.  7b  (this  portion  is  absent  in 
Fig.  7a  which  depicts  Case  1).  At  2  temperature  cycling 
begins,  the  composite  expands  first,  2-3,  but  starts  to  shrink, 
3—4  and  then  the  pattern  of  Fig.  6a  continues.  However,  this 
time  the  first  part  of  the  first  cycle  2-5  is  not  inside  the 


Temperature  (°C) 

Fig.  7a.  Temperature-strain  graph  during  cool  down  from 
660"  C  and  subsequent  cycling  as  in  Fig.  6a.  Case 
1. 
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subsequent  loop  as  it  was  the  case  for  Fig.  6a,  see  segment  0—3. 
Rather  the  first  segment  is  shifted  and  the  shift  depends  on  the 
case  considered.  The  residual  matrix  and  fiber  stresses  have 
altered  the  cycle  pattern.  Their  development  during  cycling 
(the  cool-down  portion  0—2  is  omitted  )  is  depicted  in  Fig.  7c 
for  Case  2.  For  the  identification  the  same  numbering  scheme 
has  been  used  as  in  Fig.  7a  and  in  Fig.  7b.  It  can  again  be 
ascertained  that  the  "breaks”  in  the  expansion  behavior  are 
coinciding  with  the  onset  of  inelastic  deformation  of  the 
matrix. 


Fig.  7c.  The  " internal  stresses "  developed  during 

temperature  cycling  for  Case  2.  Curves  start  at 
room  temperature ,  point  2  in  Fig.  7b. 
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DISCUSSION 

A  "unified"  viscoplastic  constitutive  model  for  composite 
analysis,  the  thermoviscoplastidty  theory  based  on  overstress, 
was  used  in  conjunction  with  the  vanishing  fiber  diameter 
model  in  a  simple  analysis  of  the  influence  of  fiber/matrix 
residual  stresses  on  the  mechanical  and  thermal  cycling 
behavior.  Realistic  but  assumed  material  properties  permitted 
the  execution  of  numerical  experiments.  The  stress-strain 
diagrams  reported  in  Figs.  3a-3c  correspond  qualitatively  with 
those  reported  by  Cheskis  and  Heckel  [1970].  In  both  cases  a 
break  in  the  slope  of  the  overall  stress-strain  diagram  is 
observed  when  the  matrix  starts  to  deform  inelastically  in  an 
appreciable  manner.  The  presence  of  residual  stresses  shift  the 
location  of  this  break  point,  see  Figs.  3a-3b. 

Another  feature  exhibited  by  the  present  theory  is  the 
manifestation  of  the  influence  of  rate  dependence  on  the 
behavior.  The  first  example  was  the  redistribution  of  the 
residual  stresses  while  the  composite  element  was  sitting  stress 
free  at  room  temperature  after  cool-down  from  manufacturing 
temperature.  The  theory  predicts  that  this  redistribution  will 
nearly  come  to  an  end  after  some  time  which  depends  on 
material  constants,  especially  the  viscosity  function  used.  In 
the  present  application  the  redistribution  is  almost  finished 
after  30  days.  While  the  stresses  redistribute  the  time  at  room 
temperature  appears  to  have  an  influence  on  the  subsequent 
behavior. 
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For  Gr/Al  the  residual  stresses  were  shown  to  affect  the  free 
thermal  expansion  of  the  composite.  The  results  of  Figs.  7a 
and  7b  suggest  that  residual  stresses  are  responsible  for  the 
special  shape  of  the  first  part  of  the  first  cycle  of  Figs.  6  and  7 
of  Tompkins  and  Dries  [1988].  In  comparing  their  figures  with 
Figs.  7a  and  7b  it  has  to  be  kept  in  mind  that  the  presently 
used  theory  models  only  cyclic  neutral  behavior  whereas  real 
matrix  alloys  may  exhibit  cyclic  hardening  or  softening.  These 
aspects  could  be  added  to  the  present  theory  in  a  refined 
approach. 

The  present  paper  intends  to  show  the  capabilities  in  principle. 
For  the  exact  modeling  of  a  metal  matrix  composite  various 
refinements  are  possible.  Included  are  the  determination  of 
matrix  and  fiber  properties  as  a  function  of  temperature  and 
the  use  of  other  micromechanical  models. 

Acknowledgment 

This  research  was  supported  by  DARPA/ONR  Contract 
N0Q014-86— KQ770  with  Rensselaer  Polytechnic  Institute. 
Discussions  with  Dr.  Y.  A.  Bahei-El-Din  are  acknowledged 
with  thanks. 


437 


REFERENCES: 

Cheskis,  H.  P.  and  Heckel,  R.  W.,  1970,  "Deformation 
Behavior  of  Continuous-Fiber  Metal-Matrix  Composite 
Materials,"  Metallurgical  Transactions,  Vol  1,  pp.  1931-1942. 

Dvorak,  G.  J.  and  Rao,  M.  S.  M.,  1976,  "Thermal  Stresses 
in  Heat-Treated  Fibrous  Composites,"  ASME  Journal  of 
Applied  Mechanics,  pp.  619-624. 

Dvorak,  G.  J.  and  Bahei— EL— Din,  Y.  A.,  1982,  "Plasticity 
Analysis  of  Fibrous  Composites,"  ASME  Journal  of  Applied 
Mechanics,  Vol.  49,  pp.  327-335. 

Garmong,  G.,  1974,  "Elastic-Plastic  Analysis  of 

Deformation  Induced  by  Thermal  Stress  in  Eutectic 
Composites:l  Theory,"  Metallurgical  Transactions,  Vol.  5,  pp. 
2183-2190. 

Hillig,  W.  B.,  1985,  "Prospects  for  Ultra— High- 
Temperature  Ceramic  Composites,"  Report  No.  85CRD152, 
General  Electric  Research  and  Development  Center. 

Krempl,  E.,1979,  "An  Experimental  Study  of  Room- 
Temperature  Rate  Sensitivity,  Creep  and  Relaxation  of  Type 
304  Stainless  Steel,"  Journal  of  the  Mechanics  and  Physics  of 
Solids,  Vol.  27,  pp.  363-375. 

Krempl,  E.  and  Lu,  H.,  1983,  "Comparison  of  the  Stress 
Responses  of  an  Aluminum  Alloy  Tube  to  Proportional  and 
Alternate  Axial  and  Shear  Strain  Paths  at  Room 
Temperatare,"  Mechanics  of  Materials,  Vol.  2,  pp.  183-192. 


438 


Kreider,  K.  G.  and  Prewo,  K.  M.,  1974, 

’’Boron-Reinforced  Aluminum,"  Composite  Materials,  Vol.  4, 
Metallic  Matrix  Composites,  Edited  by  Kenneth  G.  Kreider, 
Academic  Press. 

Kujawski,  D.,  Krempl,  E.,  1981,  "The  Rate  (Time)— 
Dependent  Behavior  of  Ti-7A1— 2Cb-lTa  Titanium  Alloy  at 
Room  Temperature  Under  Quasi-Static  Monotonic  and  Cyclic 
Loading,"  ASME  Journal  of  Applied  Mechanics,  Vol.  48,  pp. 
55-63. 

Kural,  M.  K.  and  Min,  B.  K.,  1984,  "The  Effects  of  Matrix 
Plasticity  on  the  Thermal  Deformation  of  Continuous  Fiber 
Graphite/Metal  Composites,"  Journal  of  Composite  Materials, 
Vol.  18,  pp.  519-535. 

Lee,  K.  D.  and  Krempl,  E.,  1990,  "An  Orthotropic  Theory 
of  Viscoplastidty  Based  on  Overstress  for  Thermomechanical 
Deformations,"  to  appear  in  International  Journal  of  Solids  and 
Structures. 

Lee,  K.  D.  and  Krempl,  E.,  1990a,  "Uniaxial  thermo¬ 
mechanical  loading.  Numerical  experiments  using  the  thermal 
viscoplastidty  theory  based  on  overstress,"  MML  Report  90-1, 
Rensselaer  Polytechnic  Institute,  March. 

Min,  B.  K.  and  Crossman,  F.  W.  ,1982, 
"History— Dependent  Thermo-mechanical  Properties  of 
Graphite/Aluminum  Unidirectional  Composites,"  Composite 
Materials:  Testing  and  Design  (Sixth  Conference),  ASTM  STP 
787,  I.  M.  Daniel,  Ed,  American  Sodety  for  Testing  and 
Materials,  pp.  371-392. 


439 


Tompkins,  S.  S.  and  Dries,  G.  A.,  1988,  "Thermal 
Expansion  Measurement  of  Metal  Matrix  Composites,"  ASTM 
STP  964,  P.  R.  Di Giovanni  and  N.  R.  Adsit,  Editors, 
American  Society  for  Testing  and  Materials,  Philadelphia,  pp. 
248-258. 

Tsirlin,  A.  M.,  1985,  "Boron  Filaments,"  Handbook  of 
Composites,  Volume  1,  "Strong  Fibers,"  Editors:  Watt,  W. 
and  Perov,  B.  V.,  North— Holland. 

Wu,  J.  F.,  Shephard,  M.  S.,  Dvorak,  G.  J.  and  Bahei-EL— 
Din,  Y.  A.,  1989,  "A  Material  Model  for  the  Finite  Element 
Analysis  of  Metal-Matrix  Composites,"  Composites  Science 
and  Technology,  Vol.  35,  pp.  347-366. 

Yao,  D.  and  Krempl,  E.,  1985,  "Viscoplasticity  Theory 
Based  on  Overstress.  The  Prediction  of  Monotonic  and  Cyclic 
Proportional  and  Nonproportional  Loading  Paths  of  an 
Aluminum  Alloy,"  Int.  Journal  of  Plasticity,  Vol.  1,  pp. 
259-274. 

Yeh,  N.  M.  and  Krempl,  E.,  1990,  "  Thermoviscoplastic 
Analysis  of  Fibrous  Metal— Matrix  Composites,"  MML  Report 
90-2,  Rensselaer  Polytechnic  Institute,  March. 


440 


APPENDIX  I 

For  the  transversely  isotropic  (fiber)  and  the  isotropic  (matrix) 
elastic  properties  the  usual  designations  are  employed.  For 
convenience  the  following  quantities  are  defined  and  used 

Ejs  =  cfE$s  +  c"E“ 

L  =  i/$iE“  -  i^Ejj 
Vil  =  cft/$t  +  c“i/". 


The  components  of  the  overall  elastic  compliance  matrix  C*1 
are 


=  (C-*)« 


E^j  E"  EIjE^Ejj 

(C-‘)n  =  -(cf4  +  c*A  -S>C*Li )  =■  (C-‘)n . 
Ef,  E*  EhE-Ej, 

(C-')u  =  4^  =  (C“)n  =  (C-')»  =  (C‘)„ 

Ejj 

Ejj 


(C-)„  =  -V  +  — 
GU  G" 


with  all  other  (C*‘)ij  =  0. 

The  viscosity  matrix  (K-)"1  is  given  by  the  components  (the 
argument  of  the  viscosity  function  kB  is  omitted) 
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(K-)ll  = 

K-kB 

(K-)ii  = 

2K*kB  Ess 

(K“)iJ  =  —^—{0.5  +  =(K-)iJ 

K“k*  Ess 

-c"E“ 


(K-)ii  = 


2E,sKBkB 


=(KB)si 


(K-)ii  = 
-  3c"  _ 


c"E* 


EssKBkB 


(K-)ii  =  =  (K-W  =  (K-)gj. 

K  k 


All  other  (Km)iJ  =  0. 
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The  components  of  the  "extra  terms"  (Rf)'1  and  (R-)*1  are 

(Rf)rl = -  +  -£££_ 

L(Ef1)2  rv.LMTr.. 


(i-5,Eji-^,65,)]  =(ft')il 


c*c*L 


-f 

C  IT. 


EbEss 


^siEjj  -  i'SiEjj)  =  (Rf)fj 


(Rf)il  =  -rzriAM*  -  tfiEb)  =  (Rf)ji 
EbEss 

EisEjj 

-a..,  l,,„ 


with  all  other  (Rf)jj  =  0. 
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(R-)ll--d 


_  E* 


cfc*L 


(E")J  (E  •)%, 


(v*Ea  -  i/*E")  =  (Ra)ji 


cfL 


(R  ■JjJ  =  -  i/-E*)(l 

(E Ess 


)  =  (R-)ii 


(6,)iJ  =  -S— fa'6*  -  ^E»)  =  (R*)ii 

EbEjs 

(R*)il  =  -  i-*E*)  =  (ft*)  jj 

E*E>j 

(ft*);J  =  _£!lL 

E*E„ 

(R-)ii  =  =(ft‘)iJ  =  (ft*)ii. 

(G  )' 


All  other  =  0. 


The  overall  coefficient  of  thermal  expansion  vector  a  is 
represented  by 

(a),  =  M  +  c*a*  - £i££(a*  -  a{) .  (a), 

Eu 

(a)*  *  (cMEj,  +  cW)/E„ 

(0)4  =  (a).  =  (a)*  =  0. 


Finally 
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Uniaxial  thermomechanical  loading.  Numerical  experiments 
using  the  thermal  viscoplasticity  theory  based  on  overstress 

K.  D.  LEE  **  and  E.  KREMPL  * 


Abstract,  -  A  previously  formulated  orthotropic  thermal  viscoplasticity  theory  based  on  overstress 
(OTVBO)  is  specialized  for  the  uniaxial  state  of  stress  (TV BO)  In  this  theory  the  assumption  of  path 
independence  of  elastic  behavior  leads  to  additional  terms  which  are  multiplied  by  the  time  rate  of  change  of 
temperature.  The  influence  of  these  terms  is  investigated  by  numerical  experiments  on  three  different  hypothetical 
materials  which  exhibit  different  temperature  dependence  of  mechanical  properties  which  are  patterned  after' 
real  materials. 

The  additional  terms  assure  a  stiff  response  and  show  their  influence  on  the  “elastic"  behavior  as  expected 
as  well  as  on  the  transition  to  inelastic  flow.  The  long  term  asymptotic  behavior  at  constant  mechanical  strain 
rate  and  ultimately  constant  temperature  is,  however,  unaffected.  The  magnitude  of  the  influence  of  these 
terms  is  controlled  by  the  temperature  dependence  of  the  constants  with  a  dominant  effect  of  the  elastic 
modulus.  A  definition  of  ‘temperature  history  effect'  is  given.  Its  absence  implies  that  the  material  properties 
can  be  determined  from  isothermal  tests  at  various  temperatures  alone.  If  the  asymptotic  tangent  modulus  is 
zero  (the  stress-strain  curves  are  horizontal  at  the  maximum  strain  of  interest),  then  TV  BO  cannot  represent  a 
‘temperature  history  effect'. 


Introduction 

The  analysis  of  the  inelastic  deformation  behavior  is  an  important  ingredient  in  the 
life  prediction  of  components  subjected  to  severe  mechanical  loading  and  thermal  cycling. 
Presently  the  life  of  components  in  gas  and  steam  turbines,  processing  plants,  nuclear 
reactors,  and  jet  and  rocket  engines  must  frequently  be  determined  long  before  the 
component  is  being  built.  Inelastic  finite  element  analyses  calculate  the  state  of  stress 
(strain)  as  a  function  of  location  and  time  in  a  component.  The  stresses  and  strains  are 
then  used  as  inputs  for  the  life  prediction. 

In  the  finite  element  analysis  constitutive  equations  are  needed  which  describe  the 
deformation  behavior  of  the  material  to  be  analyzed  under  constant  and  variable  temper¬ 
ature.  Modem  constitutive  equations  based  on  state  variables  with  no  separate  repositor¬ 
ies  for  creep  and  plasticity,  the  so-called  unified  theories,  are  increasingly  used.  In  these 
theories  the  equivalents  of  the  classical  kinematic  and  isotropic  hardening  variables 
are  employed  frequently.  They  have  been  successful  in  describing  inelastic  isothermal 
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Chan  &  Lindholm  [1990]  and  by  Niitsu  &  Ikegami  [1988],  although  the  latter  results 
could  be  interpreted  to  contain  some  temperature  history  efTect.  especially  when  the 
additional  results  which  are  quoted  by  Ohno  et  al.  [1988]  are  taken  into  consideration. 
A  clear  case  of  a  temperature  history  effect  and  associated  microstructural  changes  in  a 
IN  100  superalloy  is  reported  by  Cailletaud  &  Chaboche  [1979], 

Although  the  origin  of  any  temperature  history  effect  may  be  due  to  chemical  reactions 
of  the  microstructure  (precipitation  reaction  such  as  carbide  formation  is  just  one 
example)  it  can  be  identified  macroscopically  by  suitable  experiments.  Two  identical 
specimens  with  different  prior  thermomechanical  histories  are  subjected  to  the  same 
loading  rate  and  ultimately  constant  and  equal  temperature.  If  the  stress-mechanical 
strain  diagrams  are  ultimately  different  then  history  dependence  in  the  sense  of  plasticity 
is  observed,  see  Kxempl  [1981]  where  only  isothermal  cases  are  considered.  If  the  pnor 
mechanical  history  is  identical  but  the  temperature  history  is  different  for  the  two 
specimens,  (history  1-7  and  history  1-8),  as  is  the  case  in  the  example  of  Figure  1  b.  then 
a  history  effect  is  found.  These  definitions  can  also  be  applied  to  the  examination  of  the 
capabilities  of  constitutive  equations. 


The  uniaxial  version  of  TVBO 

The  present  uniaxial  formulation  is  an  outgrowth  of  an  orthotropic  formulation 
(OTVBO)  given  previously,  see  Lee  &  Krempl  [1988].  It  differs  slightly  from  the  formula¬ 
tion  given  by  Krempl  et  al.  [1986]  and  these  differences  are  delineated  in  the  Appendix 
and  in  the  Appendix  of  Lee  &  Krempl  [1988]. 

The  stress  and  the  strain  are  designated  by  o  and  e,  respectively.  When  only  uniaxial 
states  of  stress  are  considered,  they  can  be  interpreted  as  engineering  stress  and  strain  or 
as  true  (Cauchy)  stress  and  true  strain  as  the  need  arises.  A  superposed  dot  denotes  the 
total  time  derivative  and  a  square  bracket  following  a  symbol  denotes  “function  of. 
With  these  preliminaries  we  list  the  first  assumption  of  TVBO,  total  strain  rate  is  the 
sum  of  elastic,  inelastic  and  thermal  strain  rates, 

(1)  e*e*l+ei,  +  etk. 


Further,  the  elastic  strain  is  assumed  to  be  independent  of  thermomechanical  path. 


(2) 


*VEm/  Em  <rr'  Em 


where  T*0-0O  is  a  variable  temperature,  0  is  current  temperature,  0O  is  reference 
temperature  (room  temperature),  and  E  [T]  is  the  temperature  dependent  elastic  modulus. 
The  inelastic  strain  rate  is  a  function  of  overstress,  x  =  a  -  g,  the  difference  between  the 
stress  and  the  equilibrium  stress  (a  state  variable), 


(3) 


x 

•c[*,Tf 
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where  k[.v,  T]  =  K[T]^[y.  T);  K[T]  is  the  viscosity  factor  with  the  dimension  of  stress 
and  k  [x,  T],  dimension  of  time,  is  the  viscosity  function  employed  by  Krempl  et  at. 
[1986].  In  that  paper  the  viscosity  factor  K  was  set  equal  to  the  elastic  modulus  which  is 
not  necessary  here  and  in  Lee  &  Krempl  [1988].  The  thermal  strain  rate  is 

(4)  eth  =  a  [T]  T, 


where  2t(T]  is  a  coefficient  of  thermal  expansion,  defined  as  the  tangent  of  the  thermal 
strain-temperature  curve.  The  sum  of  the  elastic  and  inelastic  strain  rates  is  called  the 
mechanical  strain  rate  and  is  denoted  by  im*. 

The  growth  law  for  the  equilibrium  stress  is 


(5)  g  = 


ifrUg+ii-f  nx-.n\a 

EITJ  £T\  Em  J 

+((p[x,  t]-  J|i^l((p[x  n-E,m(i  - 


^[x.  T] 

Em 


-t 

K[x,  T]’ 


where  i|/[x,  T]  and  <p[x,  T]  are  shape  functions  and  d/ST  denotes  partial  temperature 
derivative.  The  shape  functions  \|f  and  <p,  dimension  of  stress,  are  not  increasing  with 
overstress  but  their  dependence  on  temperature  is  not  restricted;  ijr  [0,  T]  <  E  [T]  and  is 
chosen  close  to  Em-  Further  it  is  required  that  ()>m>Etm-  Lee  &  Krempl  [1988] 
assumed  that  the  elastic  growth  of  the  equilibrium  stress  is  path  independent  and  can  be 
approximated  by 


(6) 


dt\  Em  / 

Em  M  Em  J 


which  explains  the  formulation  given  in  (5). 

The  kinematic  stress,  /,  is  another  state  variable.  Its  evolution  equation  is 


(7) 


/=E,m 


x 

K  [x,  T] 


where  E,[T]  >s  the  tangent  modulus  of  the  stress-inelastic  strain  diagram  at  the  maximum 
strain  of  interest. 


Properties  of  the  constitutive  equation 

Eq.  (2)  and  the  first  two  terms  on  the  right  hand  side  of  (5)  together  with  (6)  ensure 
the  path  independence  of  the  elastic  deformation  and  the  modeling  of  elastic  regions. 
Since  the  tatter  are  important  for  TVBO  the  terms  containing  T  must  appear  in  (2)  and 
(S).  Use  of  T  in  only  one  the  equations  would  not  allow  for  the  modeling  of  elastic 
regions. 
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The  “extra  terms"  for  the  present  theory  are  the  terms  multiplied  with  T.  They  stem 
from  the  assumption  of  path  independence  of  elastic  thermomechanical  deformation. 
While  this  assumption  does  not  appear  to  be  important  to  others,  it  leads,  within  the 
context  of  TVBO  at  least,  to  terms  which  are  equivalent  to  the  “extra  terms"  used  by 
others. 

For  constant  strain  rate  and  ultimately  constant  temperature  TVBO  admits  asymptotic 
solutions,  see  Cemocky  &  Krempl  [1979]  and  Sutcu  &  Krempl  [1989]  where  the  isother¬ 
mal  cases  are  treated.  When  the  asymptotic  solution  is  reached  which  can  happen  at 
small  strains,  the  following  relations  hold  ({  }  denotes  asymptotic  value). 

(8)  {a}  =  {i}  =  {/}  =  E, [?]{£*} 

where  T  is  the  ultimately  constant  temperature.  We  see  that  the  kinematic  variable  (7) 
controls  the  ultimate  slope  which  can  be  positive,  zero  or  negative.  It  can  further  be 
shown  that 

(9)  {o-/}  =  {x}  +  A[T]t 
where 

(10)  {*}»K[{x}]e~/(l  +  E,[T]/m) 

is  the  asymptotic  overstress  which  is  independent  of  the  initial  condition  and  where 
A[T]-U-/}isthe  rate-independant  or  plastic  contribution  to  the  stress.  Examination 
of  (9)  and  (10)  shows  that  { a-f)  is  independent  of  temperature  history  and  mechanical 
history.  At  a  given  plastic  or  total  strain  when  the  asymptotic  solution  (8)  holds,  the 
value  of  the  stress  a  at  the  same  mechanical  strain  rate  e"*  and  the  same  temperature  T 
may  depend  on  the  temperature  history  through  the  temperature  dependence  of  E,  in 
(7).  Since  (8)  holds  always  the  slopes  of  the  stress-mechanical  strain  curves  are  equal 
and  independent  of  thermomechanical  history.  The  present  theory  can  at  most  predict  a 
temperature  history  effect  which  manifests  itself  by  parallel  curves  as  indicated  in 
Figure  1  b.  When  the  tangent  modulus  E,  is  zero  no  history  dependence  will  be  predicted 
by  the  present  theory. 

The  formulation  given  above  models  cyclic  neutral  behavior  and  recovery  of  state  is 
not  included.  A  cyclic  hardening  formulation  of  VBO  has  been  given  by  Krempl  &  Yao 
[1987]  and  the  inclusion  of  recovery  was  proposed  in  the  context  of  an  orthotropic  theory 
of  VBO  by  Choi  &  Krempl  [1988].  While  these  phenomena  are  important  for  modeling 
some  elevated  temperature  properties  they  are  not  included  in  the  present  paper  which  is 
mainly  intended  to  elucidate  the  role  the  “extra  terms”.  This  can  best  be  achieved  with 
the  present  version  of  TVBO.  Although  we  cannot  prove  that  this  is  the  case,  the  effects 
of  these  “extra  terms”  are  expected  to  be  similar  when  cyclic  hardening  and/or  recovery 
of  state  are  modeled. 

The  asymptotic  relations  do  not  depend  on  ty[x,  T]/E(TJ  or  any  partial  temperature 
derivatives.  The  “extra  terms”  have  therefore  no  bearing  on  the  asymptotic  solution. 
They  will  affect  the  nearly  elastic  behavior  and  the  transition  from  nearly  elastic  to  the 
inelastic  behavior.  Numerical  experiments  are  necessary  to  eiudicate  their  effect.  No 
analytical  representation  is  possible  in  the  transition  region. 
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Material  properties  used  in  the  simulations 

In  the  application  of  TVBO  the  material  functions  and  constants  have  to  be  determined 
from  suitable  experiments  at  constant  temperature.  The  present  theory  implies  that  all 
Table  I.  —  Qualitative  properties  of  the  three  materials  used  in  the  numerical  experiments. 


Material  property 

MTLI 

MTL2 

MTL3 

Elastic  modulus.  E 

small  (d) 

high  (d) 

same  as  MTL2 

Tangent  modulus  E, 

small  (i) 

0 

same  as  MTL2 

coef.  of  thermal  exp.  a 

small  (c) 

high  (i) 

same  as  MTL2 

Strength* 

high  (d) 

high  (d) 

small  (i  d) 

Rate  dependence*  * 

high  (i) 

small  (o) 

same  as  MTL2 

“/E* 

<rr 

A* 

B* 

same  as  MTL2 

C* 

D' 

same  as  MTL2 

(  )  Indicates  variation  with  increasing  temperature;  d-decreasing.  i-increasing,  c-constant. 

*  As  measured  by  flow  stress  at  a  given  strain. 

••  As  measured  by  the  asymptotic  value  of  the  overstress  for  e»,«  10'*s~‘.  see  Eq.  (10). 

*  A- -  75/(10* -75T)1.  B- -57.5/(2.31  *  10* -57.5T)J.  0-0.15+0.050  exp  (-C3|x|)  (0ST£400  K); 
-0  625-1-0.125  exp  (-C3|x|)  (400ST£800  K).  D*  -0.350  +  0.313  exp  (~C3|i|). 

the  properties  can  be  determined  from  isothermal  tests  and  that  the  thermal  behavior 
can  be  obtained  by  interpolation.  There  are  at  the  present  not  enough  material  data 
available  to  check  this  hypothesis. 

The  influence  of  the  extra  terms  on  the  behavior  predicted  by  TVBO  can,  however, 
be  ascertained  by  postulating  the  material  properties. 

Some  qualitative  properties  of  these  hypothetical  materials  which  are  close  to  real 
materials  are  listed  in  Table  I.  It  can  be  seen  that  the  strength  (as  measured  by  the  stress 
level  of  the  stress-strain  diagram)  decreases  for  MTLI  and  MTL2  with  temperature. 
Such  a  behavior  is  usually  observed.  There  are  cases  where  the  strength  increases  with 
temperature  before  it  decreases.  The  Nickel  Aluminides  are  one  such  example,  see 
Lee  &  Krempl  [1989],  and  MTL3  represents  this  behavior.  As  indicated  in  Table  I  the 
three  materials  differ  also  by  their  elastic  modulus,  their  coefficient  of  thermal  expansion 
and  their  rate-dependence  as  measured  by  the  asymptotic  overstress  at  a  fixed  strain  rate 
and  at  constant  temperature.  As  the  overstress  increases  the  rate- dependence  increases 
also.  The  properties  of  the  three  materials  are  completely  determined  by  the  constants 
listed  in  Tables  II-IV.  These  properties  manifest  themselves  in  stress-strain  diagrams 
when  the  set  of  differential  equations  is  integrated  for  a  given  stress  or  strain  or  thermal 
history.  In  the  following  stress-strain  diagrams  are  displayed  to  give  an  indication  of  the 
properties  of  the  three  materials. 


Numerical  experiments 

All  numerical  experiments  were  performed  on  personal  computers  using  the  IMSL 
routine  DGEAR. 
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Table  11.  —  Material  constants  as  a  function  of  temperature  for  MTL1. 

Young's  modulus.  £(T]  (MPal 

0£T*'S400  K. 

400ST5800  K 

E-  IOO.OOO-75  T 

E  -100.000  -  75  T 

Viscosity  function.  k(x,  Tl- It, (I +  |x|  H,)"** 

OSTS400  K 

400  STS  800  K 

10,-10*  10* -0.75  *  10*  T  (MPa's)  K.,-1.0*  10* -0  75*  10*  T  iMPas) 

f02  -  50  +  0  05  T  (MPa) 

K,- -10  +  0  2  T  (MPa) 

10,-15 

K,«  IS 

Modified  shape  function,  ^[x.  T]/E[T]«C,  +(C,  —  C, )  EXP(- 

-C,|x|) 

0STS400  10 

400STS800  K 

C, -0.8-0.125*  10  ’  T 

C,- 1.0-0.625*  10'  JT 

C,-0.  >8-0.75*  I0-*  T 

C, -1.15-05*  I0-’T 

Cj-0.07-0.25  *  10"*  T  (MPa-1)  C, 

-0.092  -  0.8*  10'*  T  (MPa'’) 

Shape  function.  <p  (T]  (MPa) 

0STS400  K. 

400 ST 5 800  K 

9-0.8*  10’ -75  T 

9-0.75*  10’ -62.5  T 

Rate  independent  contribution  to  the  stress.  A  (7]  (MPa) 

0STS4O0  K 

400STS800  ft 

A-500  -0.5  T 

A-500-0.5  T 

Tangent  modulus.  E,[T]  (MPa) 

02TS400K 

400STS800  K 

E, -2.500+ 1.25  T 

E, -2.500+ 1.25  T 

Coefficient  of  thermal  expansion.  a(K" ') 

0ST£400  K 

400 STS 800  K 

3-0.2*10-’  3-0.2*10-’ 

•'  T-0-8o.  where  6  is  current  temperature  and  90  ts  room  temperature. 


Elastic  behavior 

To  illustrate  the  “path-independence”  of  elastic  behavior,  the  mechanical  strain  and 
the  temperature  histories  shown  in  Figure  2  are  used.  The  responses  of  MTL1  with 
additional  terms  and  without  additional  terms  are  depicted  in  Figure  3  a  and  Figure  3  b 
respectively.  [The  additional  terms  are  those  mulliplied  by  T  in  (2)  and  (5).]  The  stress- 
strain  curves  at  RT  (room  temperature)  and  at  RT + 800  are  also  shown.  It  is  dear  from 
a  comparison  of  Figures  3  a  and  3  b  that  the  additional  terms  ensure  the  stress  response 
to  reach  the  RT  +  800  isothermal  curve  as  soon  as  the  temperature  reaches  that  value. 
The  ratio  of  a/e  follows  the  temperature  dependent  elastic  modulus.  This  is  not  the  case 
in  Figure  3  b,  where  a  delay  is  observed.  Here,  the  slope  of  the  stress-strain  curves  follow 
the  temperature  variation  of  the  elastic  modulus. 

Although  inelastic  strain  rates  are  always  present  ir>  TVBO,  they  are  extremely  small 
in  the  quasi-elastic  regions.  For  negligible  overstress  and  therefore  inelastic  strain  rate 
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Table  III.  -  Material  constants  as  a  function  of  temperature  for  MTL2. 


Young's  modulus.  E[T]  (MPa) 

0£T“£600  K.  600 STS 800  K 


E- 23 1.000 -57.5  T 

E-23I.OOO- 57.5  T 

Viscosity  function.  k[.t.  T]- K,  (1  + 1 jcl/Afj)'*!;  K,  =  E[T1  *  K 
0gTg60O  K 

• 

T 

600  STS  800  K 

K»» 39.47 -0.865  *  I0-2  T(s) 

Kj«  38.1  +0.1 19  T  (MPa) 

Kj-20 

KJ -39.47- 0.865  *  I0*:  T(s) 

K:«- 19.2  +  0.2145  T  (MPa) 

Kj-20 

Modified  shap  function,  ty[x.  T]/E(T]-C,  +(C2-C,)  EXP  (■ 
0STS600  !C 

-c,M) 

600STS800  K 

C, -0.68  -  0.35 *  I0*3T 

Cj-0, 9-0.375  *  10'1  T 

Cj -  0.07  (MPa'1) 

C, -0.68  -  0.35*  10* 1  T 

C2- 0.9 -0.375  *  I0*4  T 

Cj-0.07  (MPa*1) 

Shape  function.  <p[T]  (MPa) 

0£T£600  K 

600 STS 800  K 

ip-  157.080-  107.875  T 

ip- 147.420-91.775  T 

Rate  independent  contribution  to  the  stress.  A[T)  (MPa) 
0£T$600  K. 

600STS800K 

A  -  520 -0.587  5  T 

A  -  520 -0.587  5  T 

Tangent  modulus.  E,[T|  (MPa) 

0^TS400  K 

400STS800  K 

E,-0 

E,-0 

Coefficient  of  thermal  expansion.  a(K*  ‘) 

0STS600K 

600STS800  K 

a-0.103  *  10"* +  0.475  *  10'*  T  3-0  103  *  I0*4  +  0  475  *  10'*  T 

*‘  T«0-0O,  where  is  current  temperature  and  90  is  room  temperature. 


the  response  of  TVBO  can  be  approximated  by 


e"  = 


and  this  response  is  verified  by  Figures  3  a  and  3  b 
The  behaviors  of  MTL2  and  MTL3  are  similar.  However,  their  elastic  regions  are 
small  compared  to  MTL1,  and  are  therefore  not  graphed. 


Inelastic  behavior 

Although  the  additional  terms  are  introduced  to  insure  the  path-independence  of  the 
elastic  behavior  their  influence  reaches  into  the  inelastic  region  as  will  be  demonstrated 
by  examining  the  response  at  various  temperature  rates  and  strain  rates.  The  responses 
are  dependent  on  the  material  properties. 
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Table  IV  —  Material  constants  as  a  function  of  temperature  for  MTL.3 
Young's  modulus,  E[T)  (MPa) 


0  S  T* 1  S 600  K  600STS800  K 


E-231.000-57.5  T 

Viscosity  function.  k(x.  T]-tC,  (1  +  |.r|/K,)'lt»;  K, 
0STS600  K. 

E-231.000-57.5  T 

-Em*K; 

600STS800  K 

KT  -39  47  -  0.865*  10" 1  T(s) 

K.?-  39.47  -0.865»  10' 2  T(s) 

K,  -  38.1 +0.1 19  T  (MPr) 

Kj-- 19  2  +  0.2145  T  (MPa) 

Kj-20 

Kj-20 

Modified  shape  function.  i|i  (...  T]/E  [T]  -  C,  +  (C2  - 

C,)EXP(-C,|*|) 

0STS600  K. 

600STS800  K 

C, “0.68-0.35 *  I0*1  T 

C, -0.68  -  0.35*  10’1  T 

Cj -0.9  -  0.375*  10"*  T 

Cj-0.9  -  0.375  *  10”*  T 

Cj  -0.07  (MPa’1) 

Cj- 0.007  (MPa'1) 

Shape  function.  <p[T]  (MPa) 

0$T*600  K 

600 STS 800  K 

<p- 157.080- 107.875  T 

<p- 147.420-91.775  T 

Rate  independent  contribution  to  the  streaa,  A(T]  (MPa) 

OSTS600  K. 

600 ST S 800  K 

A-90  +  0.658T 

A-800  -  0.525T 

Tangent  modulus.  E,(T]  (MPa) 

0STS400K 

400 STS 800  K 

S* 

N 

o 

E»“0 

Coefficient  of  thermal  expansion.  a(K"‘) 

OgT $600  K 

600 STS 800  K. 

a-0.103*  l0~4  +  0.475  *  10'*  T 

a-0.103  «  l0~4  +  0  475*  lO'1  T 

•*  T-e-e0.  where  8  is  current  temperature  and  0O  is  room  temperature. 

(i)  Mono  tonic  straining  and  temperature  cycling 

The  imposed  history  consists  of  monotonic  straining  at  a  constant  mechanical  strain 
rate  of  I0~ 9 s~ 1  and  temperature  cycling  at  a  rate  of±8  K/s  as  depicted  in  Figure  4. 

The  responses  of  the  three  materials  with  additional  terms  and  without  additional 
terms  are  given  in  Figures  S  A-5  C  together  with  the  isothermal  stress-strain  curves 
performed  at  the  strain  rate  of  10" 5  s~l.  Since  the  temperature  dependence  is  monotone 
for  MTL1  and  MTL2,  the  stress-strain  curves  at  the  temperature  extremes  are  shown. 
The  highest  strengh  is  reached  at  RT  +  600  for  MTL3  and  this  isothermal  stress-strain 
diagram  is  graphed  in  addition  to  those  at  the  minimum  and  maximum  temperature  for 
MTL3  in  Figure  5C. 

Comparing  the  isothermal  curves  it  is  evident  that  the  tangent  modulus  Et  is  zero  for 
MTL2  and  MTL3  whereas  it  is  positive  for  MTL1.  This  observation  is  also  an  indication 
that  the  asymptotic  solutions  have  been  reached  on  the  graphs. 

The  additional  terms  have  a  significant  effect  on  the  response  of  MTL1  but  their 
influence  on  the  behavior  of  MTL2  and  MTL3  is  surprisingly  small.  In  none  of  the  cases 
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Fig.  2.  Imposed  mechanical  strain  (a)  and  temperature  ( b )  histories.  OAB-PATHI.  OCDB-PATH2. 
OEB-PATH3. 


0000  0.001  0.002  0.003  0  004 

MECHAMCAL  STRAIN 

(W 


Fig.  3.  -  Nearly  elastic  behavior  for  constant  temperature  (RT  and  RT  +  800)  and  responses  to  the  temperature 
paths  of  Figure  2  b.  Figure  3  a  shows  the  responses  with  additional  terms.  In  Figure  30  the  additional  terms 
are  omitted  which  results  in  a  considerable  delay  in  reaching  the  isothermal  curve  RT + 800. 


Fig.  4.  -  Imposed  mechanical  strain  (a)  and  temperature  (A)  histories. 
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Fig.  5  -  Isothermal  responses  at  RT  and  at  RT  +  800  and  response  to  the  thermomechanical  history  of 
Figure  4.  Curve  a  depicts  the  response  with  additional  terms.  The  response  without  additional  terms  is 
designated  by  b.  MTLI  (A);  MTU  (B);  MTU  (C). 


the  stress-strain  curves  at  the  temperature  extremes  are  exactly  reached.  The  variable 
temperature  curve  (a)  in  Figure  5  A,  however,  comes  close  to  them. 

When  the  temperature  cycle  is  altered  to  include  400  s  hold  times  at  either  extremes, 
the  curves  with  and  without  the  additional  terms  reach  the  stress-strain  curves  at  the 
temperature  extremes  for  the  three  materials.  These  observations  show  that  there  is  a 
time  delay  built  into  the  constitutive  equations  and  that  sufficient  time  must  be  allowed 
for  the  attainment  of  the  asymptotic  response.  Details  are  to  be  found  in  Lee  [1989]. 
Again  the  response  of  MTLI  is  sensitive  to  the  additional  terms  but  this  is  not  true  for 
the  responses  of  MTL2  and  MTL3. 
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Fig.  6.  -  Imposed  mechanical  strain  (a)  and  temperature  (6)  histones 


(ii)  Effect  of  strain  and  temperature  rate 

For  the  next  set  of  experiments  the  strain  rate  was  reduced  by  one  order  of  magnitude 
to  I0~6s~‘.  The  temperature  rate  which  is  now  set  to  0.8  K/s  (A)  or  to  0.08  K/s  (B)  is 
depicted  in  Figure  6. 

The  responses  of  the  three  materials  are  graphed  in  Figures  7  a  through  7  c.  Since  the 
effect  of  the  omission  of  the  additional  terms  has  been  shown  already  m  Figures  5  a 
through  5  b  only  the  responses  with  the  additional  terms  are  shown. 

By  comparing  the  respective  isothermal  curves  in  Figures  5  and  7  the  influence  of  rate 
can  be  ascertained.  It  differs  from  material  to  material. 

Since  the  ratio  of  strain  rate  to  temperature  rate  remains  constant  and  equals  that  of 
Figure  5  for  the  fast  temperature  rate  (A),  no  basic  difference  in  the  response  curves  was 
expected  and  the  numerical  experiments  bear  out  this  expectation.  When  the  temperature 
rate  is  reduced,  temperature  history  B  in  Figure  6,  more  time  is  available  to  approach 
the  asymptotic  solution  and  the  isothermal  stress-strain  curves  are  nearly  reached  for  the 
three  materials.  The  wavy  behavior  of  curve  B  in  Figure  7  c  is  due  to  the  unusual 
temperature  dependence  of  the  strength. 

Omitting  the  additional  terms  would  not  change  the  observation  of  the  frequency 
effect  but  would  maintain  the  differences  between  MTL1  and  MTL2  on  the  one  hand 
and  MTL3  on  the  other  as  shown  in  Figure  5. 

The  numerical  experiments  demonstrate  that  the  solutions  tend  to  approach  the 
asymptotic  solutions  but  sufficient  time  is  needed  so  this  can  happen.  The  additional 
terms  have  no  influence  on  the  asymptotic  solution  but  can  strongly  influence  the 
transient  behavior. 

(iii)  Cyclic  loading 

The  theory  presented  here  models  cyclic  neutral  behavior  and  a  closure  of  the  hysteresis 
loop  is  expected  for  the  isothermal  case.  In  thermal  cycling  the  situation  may  be  different 
and  consequently  some  numerical  experiments  are  performed  using  the  loading  conditions 
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Fig.  7.  -  Isotherm*]  responses  at  RT  and  at  RT +800  and  response  to  the  thermomechanical  history  of 
Figure  6.  Curves  A  and  8  show  the  response  to  the  respective  temperature  history  of  Figure  6 b.  MTLI 
Figure  7  a:  MTL2  Figure  7  b;  MTL3  Figure  7  c. 
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Fig.  8.  -  Imposed  mechanical  strain  (a)  and  temperature  (A)  histories  (In-phase  thermal  eye  ra) 
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Fig.  9  -  Response  (o  the  rmomech*  meal  history  of  Figure  8.  First  quarter  cycle  A;  first  cycle  B;  fifth  cycle  C 
MTLI  with  additional  terms  (a);  MTL1  without  additional  terms  (6):  MTL3  with  additional  terms  (r). 

depicted  in  Figure  8.  Since  temperature  and  strain  increase  simultaneously  the  loading 
corresponds  to  in-phase  cycling. 

The  response  of  MTLI  with  and  without  additional  terms  is  depicted  in  Figures  9 a 
and  9  b,  respectively  for  the  first  five  cycles.  It  is  seen  that  the  loops  do  not  close  and 
that  the  shift  of  the  loops  is  larger  without  the  additional  terms  than  with  them. 
Surprisingly  no  such  shift  is  observed  for  MTL2  and  MTL3.  For  these  materials  the 
loop  closes  after  the  first  cycle.  The  hysteresis  loop  for  MTL3  is  depicted  in  Figure  9  c. 

Discuggioa 

General 

The  numerical  experiments  confirm  the  theoretical  predictions  regarding  the  behavior 
in  the  quasi-elastic  region.  With  the  path-independent  formulation  of  the  elastic  strain 
rates  the  response  curves  follow  the  temperature  path  immediately.  Stress  and  strain 
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reach  their  respective  values  as  soon  as  the  temperature  does.  This  is  clearly  demonstrated 
in  Figure  3  a. 

The  asymptotic  behavior  is  independent  of  the  extra  terms  and  can  be  independent  of 
the  temperature  history.  This  property  becomes  only  apparent  when  there  is  sufficient 
time  for  the  asymptotic  solution  to  develop.  The  temperature  rate  is  too  fast  in  relation 
to  the  mechanical  strain  rate  in  Figure  5  and  the  asymptotic  solution  is  not  reached.  It 
is  almost  reached  for  the  slow  temperature  change,  curve  B  in  Figure  7.  When  400  s 
temperature  holds  are  included  at  the  temperature  extremes  in  Figure  4  b,  as  it  was  done 
by  Lee  [1 989],  the  absence  of  a  temperature  history  effect  is  clearly  demonstrated  for 
MTL2  and  MTL3,  see  Figures  4.16  and  4.17  of  Lee  [1989],  respectively.  For  MTL1  the 
400  s  hold-time  is  not  enough  to  react  on  the  asymptotic  solutions.  Moreover,  since 
E,*0  for  this  material  a  temperature  history  effect  equivalent  to  that  shown  in  Figure  1  b 
could  be  modeled. 

The  influence  of  additional  terms  vanishes  if  either  the  temperature  rate  is  zero  or  if 
all  the  relevant  constants  do  not  depend  on  temperature.  These  terms  were  shown  to  be 
essential  for  modeling  path  independence  in  the  quasi  elastic  regions  and  to  influence 
the  transition  from  this  region  to  fully  inelastic  behavior.  The  asymptotic  behavior  is, 
however,  not  affected  by  these  terms.  At  a  constant  mechanical  strain  rate  and  an 
ultimately  constant  temperature  the  asymptotic  slope  of  the  stress-mechanical  strain  curve 
will  be  independent  of  prior  history. 

The  numerical  experiments  also  show  that  the  TVBO  is  capable  of  modeling  very 
complex  temperature  dependence  such  as  that  of  MTL3.  At  the  same  time  general 
features  of  the  equations  are  maintained.  The  existence  of  asymptotic  solutions  is  one 
example. 

With  different  constants  and  different  material  functions  k  [x],  t|/  [x]  and  <p  [x]  different 
shapes  of  the  stress-strain  curves  and  different  temperature  dependencies  can  be  modeled. 
In  an  application  the  material  constants  and  functions  must  be  determined  from  isother¬ 
mal  experiments  at  different  temperatures.  This  presupposes  that  the  real  material  does 
not  exhibit  a  temperature  history  effect.  The  data  reported  by  Chan  &  Lindholm  [1990] 
seem  to  exhibit  this  property. 

The  additional  terms  have  a  significant  effect  on  the  transition  from  quasi  elastic  to 
inelastic  behavior  for  MTL1  but  their  influence  for  MTL2  and  MTL3  is  small,  see 
Figure  S.  The  reason  for  this  difference  seems  to  lie  in  the  different  temperature  depend¬ 
ence  of  the  elastic  modulus  and  of  the  ^-function.  It  can  be  seen  from  Table  I  that  the 
extra  terms  (5E/3T)/EJ  and  (3/5T)  (4r/E)  are  smaller  for  MTL2  than  for  MTL1  for  small 
overstress  x.  If  it  is  assumed  that  the  most  significant  effects  are  in  the  elastic  region 
(when  x  is  small),  the  absence  of  a  major  influence  of  the  extra  terms  for  MTL2  and 
MTL3  is  explained. 

It  is  of  interest  to  ascertain  under  what  conditions  the  extra  terms  will  have  an 
influence.  While  it  is  difficult  to  make  a  precise  statement  the  relevant  equations  can  be 
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obtained  easily  as 


where  \|/  has  to  evaluated  at  negligible  overstress.  It  can  be  seen  that  the  product  of 
temperature  rate  time  stress  times  the  temperature  derivatives  of  the  material  properties 
over  the  respective  properties  has  to  be  significant  relative  to  the  stress  rate  for  the  extra 
terms  to  be  influential.  It  is  also  of  interest  to  note  that  the  major  influence  of  the  terms 
comes  through  Eq.  (11).  Usually  the  temperature  dependences  of  E  and  have  the  same 
trend  and  the  contributions  of  E  and  \Jr  in  Eq.  (12)  tend  to  compensate  each  other.  (To 
ensure  the  existence  of  the  quasi  elastic  regions  v|r  [0,  T]  should  be  less  than  but  close  to 
the  elastic  modulus  E[T].)  On  the  basis  of  these  expressions  it  is  possible  to  get  an 
estimate  of  the  significance  of  the  extra  terms.  For  a  material  which  has  a  strong 
temperature  dependence  of  elastic  modulus  the  effect  is  most  likely  to  be  significant. 

It  is  also  evident  that  the  extra  terms  make  the  response  stiff,  especially  the  transition 
from  the  elastic  ,o  the  inelastic  region.  This  property  was  deemed  desirable,  Walker 
[1981]  and  NASA  [1984].  A  comparison  of  the  prediction  of  the'  theory  with  thermo- 
mechanical  tests  is  necessary  to  ascertain  the  modeling  capabilities  of  VBO. 

Cyclic  mechanical  strain  and  temperature 

Under  isothermal  conditions  the  present  theory  represents  cyclic  neutral  behavior  and 
the  hysteresis  loop  closes  after  one  cycle.  Suprisingly  a  shift  of  the  in-phase  thermomech¬ 
anical  hysteresis  loop  is  observed  for  MTL1  in  Figures  9  a  and  9  b.  The  shift  is  more 
pronounced  when  the  additional  terms  are  absent  {Fig.  9  b)  than  when  they  are  present 
(Fig.  9  a).  In  Figure  9  a  the  shift  is  most  likely  produced  by  a  net  contribution  per  cycle 
of  the  kinematic  variable  /  when  (7)  is  integrated.  This  hypothesis  seems  to  be  confirmed 
when  Figure  9a  is  compared  with  Figure  9  c  where  no  shift  is  observed  for  MTL3  for 
which  E,=»0.  The  strain  range  in  the  cyclic  test  is  such  that  the  asymptotic  solution  is 
not  reached  for  MTL1  at  RT  and  for  MTL3  at  the  maximum  temperature  (see  the 
stress-strain  diagrams  in  Figs.  5  a  and  S  c).  As  a  consequence  the  cycle  loading  takes 
place  within  the  transient  region  and  a  net  contribution  can  remain  after  a  cycle  which 
then  accumulates  from  cycle  to  cycle.  It  is  not  expected  that  a  stable  hysteresis  loop  will 
be  reached  for  MTL1. 

It  has  been  shown  that  the  additional  terms  make  the  response  of  TVBO  stiff.  This 
fact  may  explain  the  larger  shift  observed  in  Figure  9  b  compared  to  Figure  9  a.  The  shift 
consists  only  of  the  E,  contribution  of  Figure  9  a  (the  additional  terms  are  absent.).  Since 
the  additional  terms  where  shown  to  be  unimportant  for  MTL3  their  omission  is  not 
expected  to  produce  a  significant  shift  of  the  hysteresis  loop  in  Figure  9  c. 

It  should  be  mentioned  that  the  shift  does  not  necessarily  have  to  be  in  the  direction 
of  positive  stress  as  is  the  case  in  Figures  9  a  and  9  b.  A  different  set  of  material  constants 
could  conceivably  cause  a  shift  in  the  direction  of  negative  stress. 
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The  effect  of  strength  increases  with  temperature  is  clearly  evident  from  the  shape  of 
the  hysterexis  lop  in  Figure  9  c.  A  considerably  higher  stress  level  is  reached  upon  heating 
with  MTL3  than  with  MTLl.  On  the  othir  hand  MTL3  yields  upon  cooling  down 
whereas  almost  linear  behavior  is  shown  for  MTLl. 
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APPENDIX 


To  compare  the  growth  la’  'or  the  equilibrium  stress  in  the  present  theory  with  one 
in  [Krempl  et  al.,  1986],  the  t:  >al  uniaxial  equation  in  (5)  is  reduced  to  the  isothermal 
one. 


(A- 1) 


(*w-JS5a(*M-*('' *£*))) 


K[X] 


The  isothermal  growth  law  for  the  equilibrium  stress  obtained  after  same  algebra  from 
[Krempl  et  al.,  1986]  is 


(A-2) 
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In  the  present  paper  the  tangent  modulus  E,  is  defined  with  respect  to  the  inelastic 
strain  and  A  is  defined  as  the  asymptotic  value  of  {g-fj.  These  quantities  are  related 
to  E*  and  A*  defined  on  the  basis  of  total  strain  by  E*  *  E,/B  and  A*  -  A/B,  respectively, 
with  B  « ( 1  +  E,/E). 

Once  substitution  is  made  (A  -  l)  and  (A-2)  are  similar  except  for  the  following.  <j>[x] 
and  |g-/|  and  x  are  used  in  (A- 1)  whereas  |x|  and  (g-f)  are  employed  in  (A-2).  The 
function  <p[x]  can  be  set  equal  to  t|r(x]  without  changing  the  initial  elastic  and  the 
asymptotic  properties;  it  was  necessary  because  of  invariance  requirements  in  the  ortho- 
tropic  formulation  (see  [Lee,  1989}.  Switching  the  absolute  signs  from  x  to  g-/was 
initially  proposed  by  Sutcu  [1985]  to  facilitate  the  orthotropic  formulation.  He  showed 
that  there  was  no  essential  change  in  the  uniaxial  modeling  capabilities.  A  similar  change 
has  been  implemented  in  the  context  of  rate  independent  plasticity  by  Burlet  A  Cailletaud 
[1987], 


In  [Yao  A  Krempl,  1985]  no  distinction  was  made  between  elastic  and  inelastic  Pois¬ 
son’s  ratio.  The  new  theory  considers  separate  constant  elastic  and  inelastic  Poisson's 
ratios.  Setting  v—  1/2  reduces  the  first  factor  in  (A-2)  equal  to  unity. 

The  purpose  of  /,  the  kinematic  variable,  is  to  set  the  asymptotic  tangent  modulus. 
Yao  A  Krempl  [1985]  and  Krempl  et  al.  [1986]  used  a  algebraic  expression  based  on 
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total  strain.  Here,  (7)  is  incremental  on  the  basis  of  inelastic  strain  rate.  This  formulation 
is  advantageous  for  the  thermal  case.  For  the  isothermal  case  both  formulations  are 
equivalent. 
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ABSTRACT :  A  previously  derived  cyclic  neutral  thermoviscoplasticity  theory  for  fi¬ 
brous  metal-matrix  composites  (Yfeh  and  Krempl  [I]),  which  combines  the  vanishing  fiber 
diameter  (VFD)  model  with  the  thermoviscrplasticity  theory  based  on  overstress  (TV  BO) 
is  specialized  for  transversely  isotropic,  thermoelastic  fibers  and  an  isotropic,  thermovis- 
coplastic  matrix.  Numerical  experiments  are  used  to  illustrate  the  predictive  capability  of 
the  theory.  Simulations  include  the  influence  of  volume  fraction  on  the  tnonotonic  and 
cyclic  loading  behavior  in  the  fiber  and  transverse  directions  with  creep  holds  for  B/AI  and 
B/Ti  unidirectional  composites  and  thermal  cycling  of  B/Al.  The  three-dimensional  theory 
permits  the  calculation  of  the  actual  Ibisson's  ratio  in  the  tests.  The  results  compare  favor¬ 
ably  with  sparsely  available  experimental  results. 


INTRODUCTION 

Metal-matrix  composites  are  intended  for  use  in  structural  applications 
under  constant  and  variable  temperature.  In  applications  the  deformation 
behavior  must  be  known  so  that  the  lifetime  of  a  component  can  be  calculated 
before  it  is  being  built.  To  this  end  various  theoretical  and  experimental  investiga¬ 
tions  have  been  performed  which  are  referred  to  by  Yeh  and  Krempl  [1.2]. 

Unified  theories  of  time  (raie)-dependent  material  deformation  behavior  have 
been  proposed  recently.  In  these  theories  creep  and  plasticity  are  not  separately 
accounted  for.  The  thermoviscoplasticity  theory  based  on  overstress  (TV BO)  de¬ 
rived  by  Lee  and  Krempl  [3]  offers  the  advantages  of  a  unified  theory.  It  has  been 
combined  with  a  simple  composite  model,  the  vanishing  fiber  diameter  model 
(VFD)  by  Yeh  and  Krempl  [1,2]  and  permits  the  simulation  of  observed  rate  de¬ 
pendence  in  metals  and  alloys  which  includes  strain  rate  effects  and  hold-times 
with  creep  and  relaxation.  It  is  simple  to  use  and  can  be  exercised  on  a  PC  since 
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it  only  requires  (he  integration  of  ordinary  differential  equations.  In  this  way  gen¬ 
eral  features  can  be  explored  with  ease.  If  needed  more  sophisticated  micro¬ 
mechanics  models  can  be  employed  to  increase  the  accuracy  of  the  composite 
analysis. 

The  purpose  of  this  paper  is  to  perform  numerical  experiments  using  a  previ¬ 
ously  developed  composite  model  [I].  The  experiments  explore  the  influence  of 
fiber  volume  fraction  c'  on  monotonic  and  cyclic  behavior,  the  effect  of  creep 
hold-periods  in  (he  fiber  and  transverse  directions  and  the  behavior  of  B/AI  under 
thermal  cycling  without  constraint.  Actual  Poisson's  ratios  are  derived  and  shown 
to  be  influenced  by  the  change  from  monotonic  to  creep  loading. 


MATERIAL  AND  COMPOSITE  MODEL 

The  composite  model  developed  by  Yeh  and  Krempl  [1]  which  combines  the 
TVBO  [3]  and  the  VFD  of  Re  far  nee  [4]  is  used  in  the  numerical  experiments  of 
this  paper.  The  fiber  is  transversely  isotropic  thermoelastic  with  the  matrix 
idealized  by  the  isotropic,  incompressible,  cyclic  neutral  TVBQ  Following  Ref¬ 
erence  [1]  the  fiber  direction  is  the  3-direction  with  the  I-  and  2-axes  denoting  the 
transverse  directions.  The  volume  fractions  of  fiber  and  matrix  are  c'  and  c*,  re¬ 
spectively.  As  usua.  a  and  t  denote  the  stress  and  small  strain  vectors,  respec¬ 
tively.  Quantities  with  no  superscript  denote  stresses  or  strains  applied  to  the 
.omposite.  Matrix  and  fiber  quantities  are  identified  by  the  appropriate  super¬ 
scripts.  Details  of  the  theory  and  its  derivation  can  be  found  in  Reference  [1]. 

To  perform  numerical  calculation  the  material  constants  of  Equations  (11)— (14) 
in  Reference  [1]  must  be  known.  For  specific  B/Al  and  B/Ti  composites  a  com¬ 
plete  set  of  data  are  not  available.  Consequently  ‘‘plausible"  properties  were 
postulated.  Literature  data  for  the  thermoelastic  boron  fiber  were  used  or  as¬ 
sumed  (see  Table  1).  The  data  for  A1  and  the  Ti  matrices  are  from  tests  on  related 
monolithic  materials  by  Yao  and  Krempl  |S]  and  Krempl  et  al.  [6],  respectively. 
The  material  constants  listed  in  Thbles  2  and  3  give  rise  to  the  mechanical  proper¬ 
ties  which  resemble  typical  matrix  properties.  However,  they  are  not  the  exact 


Table  1.  Efait/c  properties  tor  baron  flbmn. 


Properties 

B 

E'u  (MPa) 

413.400 

e 

*s» 

0.21 

e 

G'*t  (MPa) 

170,830 

e  e 

<*i  (m/m/*C) 

6.3E-8 

t 

o',  (m/m/*C) 

6.3E-8 

t 

(MPa) 

413.400 

e 

Q'm  (MPa) 

170.830 

e  e 

•Kratdar  a no  Prawo  (12|. 
"Estimate 
Tstflio  (13|. 


Tablt  2.  TharmoalaaUc  and  tharmovlacoplaatlc  properties  of  tha  At  matrix. 


Em  -  74,65711  -  (7/933)1]  (MPa)* 

»"  -  0.33” 

G"  -  28.066(1  -  ( 7/933)>|  (MPa)* 

a*  -  2.35E-5  +  2  476E-8<7  -  273)  (m/m/°C)** 

vmirmi  -  **(r"]/E"'  p*  -  £?/*" 

Viscosity  Function:  *■<"( r*"]  ■  *,(1  +  (I- "/**)]'** 

k,  -  314.200  (S)  kt  -  71.38  (MPa)’ 

*,  -  53  -  0.05(7  -  273)** * 

Viscosity  Factor:  K"  -  Em 

E?  m  619(1  -  (7/933)1]  (MPa)** 

Am  m  72.24(1  -  (7/933)1]  (MPa)** 

Shape  Function:  *"(r*]  ■  ct  +  (Ci  -  c,)exp(-CjT") 

c,  -  18,511(1  -  (7/933)il  (MPa)*  * 

Cj  -  73.910(1  -  (7/933)1]  (MPa)** 

C,  -  8.43E-2  ♦  1.06E-4(7  -  273)  ♦  1.914g-8(7  -  273)* 

+  5.304E-9(7  -  273)i  (MPa  ')*’ 

Inelastic  Poisson's  Ratio:  0.5 

7  -  K  153  K  <  7  <  933  K 

'Estimata.  Temperature  dependence  due  to  HMUg  [14|. 

’  'Estimate 
'Vao  and  Krempl  (5). 
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Table  3.  TharmoalaaVc  and  thormoviacoptaatlc  properties  of 
tha  Ti  alloy  matrix. 

Em  m  132,848.4  -  38. 967  (MPa)*  ** 

»"  -  0.31" 

G"  -  50,705.5  -  14.077 (MPa)*  ** 
a*  »  8.4E-6  (m/m/*C)*  * 

-  *-(r"|/£"  p"  -  E?IKm 

Viscosity  Function:  -  *i(1  +  (r'7*l))-'J 

k,  -  314,200  (S)*  ir,  -  117  (MPa)* 

*,  -  18.646  -  0.0073(7  -  273)*  ** 

Viscosity  Factor:  Km  •  Em 

E?  m  1270.4  -  0.47927 (MPa)*  ** 

Am  m  856.55  -  0  591 7  (MPa)*  ** 

Shape  Function:  ♦'"[T”)  ■  c,  ♦  (ct  -  Ct)  enpi-CiT") 
c,  -  88.987.5  -  37.57 (MPa)*  ** 
c,  -  131.438  -  38.5487  (MPa)*  ** 

Cj  -  0  0205  ♦  4.59£-4<7  -  273)  (MPa*')'  *  * 

Inelastic  Poisson  s  Ratio:  0.5 

7  -  K  293  K  <  7  <  773  K 

'Krampl  at  ai.  (6). 

*  'Estimate. 
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model  of  a  specific  composite.  The  temperature  dependence  of  the  inelastic 
stress-strain  behavior  of  Al  was  assumed  and  is  illustrated  in  Figure  I  of  Refer¬ 
ence  (2).  The  results  presented  hereafter  are  believed  to  represent  typical  general 
behavior  of  B/Al  and  B/Ti  composites. 

NUMERICAL  EXPERIMENTS 

The  IMSL  routine  DGEAR  is  used  to  integrate  the  set  of  nonlinear  coupled, 
first  order  differential  equations  under  appropriate  initial  and  boundary  condi¬ 
tions. 

Volume  Fraction  and  Rate  Effects  in  B/Al  and  B/Ti 

Although  generally  not  appreciated,  inelastic  deformation  behavior  of  metals 
and  alloys  can  be  rate  dependent  at  room  temperature.  This  fact  has  been  con¬ 
sidered  in  the  TVBO  model  which  is  based  on  observed  behavior.  As  a  conse¬ 
quence  rate  effects,  creep  and  relaxation  are  predicted  in  the  inelastic  range  at 
room  temperature. 

Uniaxial  tests  are  simulated  where  the  overall  strain  rate  is  kept  constant  except 
for  a  300  s  creep  period  with  constant  stress  introduced  at  the  maximum  strain 
of  0.3%.  Tests  in  the  fiber  and  transverse  directions  are  performed  to  study  the 
influence  of  strain  rate  and  volume  fraction  on  the  behavior  in  the  straining  direc¬ 
tions  and  Poisson's  effects. 

For  a  constant  strain  rate  the  influence  of  fiber  volume  fraction  on  the  stress- 
strain  behavior  in  the  fiber  direction  and  the  development  of  the  transverse  strain 
t,  are  depicted  in  Figures  1  and  2.  respectively.  As  expected  the  B/Ti  composite 
is.  at  a  given  volume  fraction,  stronger  than  the  B/Al.  It  is  also  observed  that  the 
creep  strain  accumulated  during  300  s  increases  with  decreasing  fiber  volume 
fraction  and  is  laiger  for  B/Ti  than  for  B/Al.  For  most  of  the  straining  B/Al  devel¬ 
ops  a  larger  absolute  value  of  the  transverse  strain  than  B/Ti.  As  the  fiber  volume 
fraction  becomes  smaller  the  Frisson's  effect  increases  for  both  composites.  The 
actual  Poisson’s  ratio  which  is  the  slope  of  the  curves  in  Figure  2  changes  at  the 
transition  to  the  creep  period. 

The  curves  in  Figure  I  are  somewhat  nonlinear  and  their  nonlinearity  increases 
with  decreasing  fiber  volume  fraction.  They  are  affected  by  the  load  transfer  be¬ 
tween  matrix  and  fiber  and  the  yielding  behavior  of  the  matrix.  The  curve  for 
c'  =  0.1,  B/Al  in  Figure  1  shows  initial  yielding  around  0.1%.  At  this  strain  the 
matrix  starts  to  yield  as  shown  in  Figure  3  and  this  yielding  causes  the  overall 
stress-strain  curve  to  bend  over.  Figure  3  also  reveals  that  the  matrix  stress  and 
equilibrium  stress  decrease  during  creep.  Since  the  matrix  overstress  o?  -  g? 
decreases  also  transient  or  primary  creep  is  modeled.  This  matrix  overstress  is 
the  driving  force  of  the  rate  dependence  within  TVBO. 

Due  to  the  matrix  dominated  behavior,  the  rate  effects  are  most  pronounced  in 
the  transverse  direction.  Results  are  shown  in  Figures  4-6.  As  expected  the  B/Ti 
composite  shews  higher  strength  and  a  greater  rate  sensitivity  than  B/Al.  But  the 
B/Al  composite  exhibits  a  greater  creep  strain  accumulation  than  the  B/Ti.  As  the 
prior  strain  rate  increases  the  accumulated  creep  strain  in  300  s  increases  also  for 


I  soil 


flgui*  ».  Ovarak  stms-stntn  cuvn  in  ffm  1km  dkactian  of  B/Al  and  am  with  ddfarant 
voiuma  fractions.  A  300  a  craap  panod  it  partormad  at  tha  maximum  strata. 
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Figure  3.  Overall  stress  a„  mm ix  stress  <j"  and  matrix  equilibrium  seess  g"  vs.  overall 
strain  t,  in  fiber  direction  at  room  temperature  with  a  300  s  creep  period  at  the  maximum 
stress.  A  uniaxial  test  in  the  fiber  direction  with  c'  •  0.1  is  simulated. 


Overall  Strain  e,  (%) 


Figure  4.  Transverse  stress-strain  curves  of  B/AI  and  B/V  with  different  volume  fractions 
and  different  strain  rates.  A  300  s  creep  period  starts  at  0.5%  strain. 
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both  materials  (see  Figure  4).  These  are  properties  of  the  matrix  constitutive 
equations  and  reflect  observed  experimental  behavior. 

The  evolution  of  the  axial  strain  < ,  and  of  the  transverse  strain  «,  is  depicted  in 
Figures  5  and  6.  respectively  They  show  the  influence  of  volume  fraction  on  the 
induced  strains.  At  the  same  strain  in  the  l-direction  B/Ti  exhibits  a  larger  ab¬ 
solute  value  of  the  strain  in  the  3-direction  than  B/AI.  The  opposite  is  true  for  the 
2 -direction.  Also,  the  trend  of  the  influence  of  the  volume  fraction  is  opposite  in 
Figures  S  and  6.  It  is  shown  in  Figure  6  that  Poisson's  ratio  increases  with  an  in¬ 
crease  in  volume  fraction:  it  decreases  in  Figure  S.  The  model  predicts  a  minor 
influence  of  strain  rate  on  Poisson's  ratio.  The  numerical  tests  whose  results  are 
depicted  in  Figures  5  and  6.  were  repeated  at  a  strain  rate  of  I0'4  s'1  and  the  re¬ 
spective  curves  were  almost  indistinguishable  from  those  obtained  at  10~4  s'1  and 
shown  in  Figures  5  and  6. 

Cyclic  Loading  with  Creep  of  B/Ti 

The  TVBO  constitutive  equations  used  herein  represent  cyclic  neutral  behavior 
and  the  hysteresis  loop  closes  after  one  cycle  for  cycling  under  symmetric  stress 
or  strain  limits.  This  property  is  passed  on  to  the  composite  model  as  depicted  in 
Figure  7  (fiber  direction)  and  Figure  8  (transverse  direction).  Each  figure  repre¬ 
sents  the  response  to  a  stress  rate  1  MPa/s  at  a  stress  amplitude  of  ±800  MPa 
with  creep  periods  introduced  at  a  stress  magnitude  of  500  Mft.  When  the  stress 
magnitude  increases  the  creep  period  is  300  s  but  is  set  to  100  hrs  when  the  stress 
magnitude  decreases. 

It  is  observed  that  the  loops  close  after  one  cycle  and  that  almost  twice  as  much 
strain  develops  in  the  transverse  than  in  the  fiber  direction.  Despite  the  differ¬ 
ences  in  creep  time  the  creep  strain  accumulation  is  much  larger  upon  loading 
than  upon  unloading.  This  is  an  experimentally  observed  fact  in  monolithic  mate¬ 
rials  and  the  TVBO  model  predicts  this  for  the  composite.  The  repository  for 
modeling  this  behavior  is  the  difference  in  the  evolution  of  the  matrix  overstress 
during  loading  and  unloading.  Figures  7  and  8  show  that  this  difference  is  larger 
on  loading  than  on  unloading.  It  should  also  be  noted  that  the  matrix  stress  in  the 
fiber  direction  is  not  constant  during  the  creep  periods  (see  Figures  3  and  7). 

Thermal  Cycling  of  B/AI 

The  thermal  cycling  behavior  of  metal-matrix  composite  is  of  special  interest 
since  the  almost  always  existing  mismatch  between  the  coefficients  of  thermal  ex¬ 
pansion  of  fiber  and  matrix  can  lead  to  the  development  of  internal  stresses  and 
to  very  unusual  thermal  expansion  behavior  of  the  composite.  This  is  especially 
true  for  composites  with  graphite  fibers  which  have  one  negative  coefficient  of 
thermal  expansion  (see  Wu  et  al.  [7],  Krempi  and  Yeh  [2]).  Here  we  illustrate  the 
free  thermal  expansion  of  B/AI.  Starting  from  mom  temperature  the  temperature 
is  changed  uniformly  between  ±  120°C  at  a  rate  of  0.033°C/s  for  five  reversals. 

The  overall  strain-in-the-fiber-direction  vs.  temperature  hysteresis  loop  of  B/AI 
is  depicted  in  Figure  9.  The  composite  expands  on  segment  0-1  but  then  changes 
slope  in  segment  1-2.  Upon  decrease  of  temperature  from  120°C,  the  composite 


Figure  7.  Uniaxial  s truss  controlled,  completely  reversed  cycling  with  unequal  creep 
periods  upon  loading  and  unloading.  Response  in  thatibar  direction  shows  tha  ovaraH  strass 
a,,  tha  matrix  strass  a,  and  tha  matrix  equilibrium  strass  g“  vs.  ovaraH  strain  t3. 


Figura  8.  Sama  input  as  in  Figura  7  but  loading  occurs  in  tha  transverse  1-dvection.  Tha  re- 
sponsa  in  tha  1 -direction  is  plotted. 


Figure  9.  Temperature-fiber  strain  hysteresis  bop  thermal  cycling  of  8/AI  composite. 
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Figure  10.  Fiber,  matrix  a no  matrix  equdbrium  stresses  tMng  temperature  cycling  shown 
in  Figure  9. 
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shrinks  in  segment  2-3  but  the  rate  of  shrinking  is  reduced  after  point  3.  A  similar 
pattern  evolves  dur.ng  the  temperature  increase  from  -  I20°C.  The  loop  closes 
after  one  cycle. 

The  explanation  of  observed  changes  in  slope  can  be  found  in  the  development 
of  the  fiber  and  matrix  stresses  during  cycling  as  shown  in  Figure  10.  At  points 
I  and  3  where  the  slope  changes  in  Figure  9  the  matrix  starts  to  yield  with  a  cor¬ 
responding  change  in  stiffness.  After  these  points  the  fibers  with  their  low  coeffi¬ 
cients  of  thermal  expansion  have  a  stronger  influence  than  before  these  points. 


DISCUSSION 

Influence  of  Volume  Fraction  and  of  Loading  Rate 

An  increase  in  fiber  volume  fraction  increases  the  stress  level  in  the  fiber  direc¬ 
tion  (see  Figure  I)  and  decreases  Poisson's  ratio  (see  Figure  2).  These  results  are 
to  be  expected.  Also  the  accumulated  creep  strain  in  300  s  increases  with  de¬ 
creasing  volume  fraction  for  both  composites  when  straining  occurs  in  the  fiber 
direction  (Figure  1).  For  transverse  straining  (see  Figure  4),  this  is  true  for  B/Al 
only.  B/Ti,  on  the  contrary,  exhibits  more  creep  strain  accumulation  for  c'  -  0.3 
than  for  c'  —  0.1.  B/Ti  with  c'  -  0.5  yields  earlier  and  thus  has  a  larger  prior 
overstress  which  drives  the  creep  strain  rate. 

In  Figure  I  the  B/Ti  composite  develops  more  creep  strain  in  300  s  than  B/Al, 
but  the  opposite  is  true  in  Figure  4.  This  result  is  surprising  at  first  since  the 
model  assumes  that  the  Ti  matrix  is  more  rate  sensitive  than  the  Al  matrix  (the 
spacing  between  stress-strain  curves  at  two  different  rates  is  larger  for  the  Ti  than 
for  the  Al  matrix).  However,  at  0.5  percent  strain  inelastic  flow  is  folly  developed 
for  the  B/Al  whereas  B/Ti  is  in  the  transition  from  linear  to  nonlinear  inelastic 
behavior.  The  creep  stress  levels  are  therefore  not  at  an  equivalent  level  and  creep 
behavior  can  be  different  (the  creep  strain  rate  is  a  highly  nonlinear  function  of 
stress  level).  For  the  loading  in  the  direction  of  the  fiber  both  composites  exhibit 
almost  linear  behavior  up  to  0.3  percent  strain  (see  Figure  I)  and  the  creep  stress 
levels  can  be  considered  equivalent. 

For  the  TVBO  model  the  observations  can  be  explained  in  terms  of  the  evolu¬ 
tion  of  the  matrix  overstress.  At  0.5  percent  transverse  strain  the  largest  over- 
stress.  the  asymptotic  overstress  characteristic  of  the  strain  rate  has  been  reached 
for  B/Al.  In  the  knee  of  the  transverse  stress-strain  curve  the  overstress  increases 
and  has  not  reached  its  asymptotic  value  for  B/Ti.  Further  the  tangent  modulus 
at  strains  beyond  0.5  percent  is  small  and  nearly  constant  for  B/Al  but  large  and 
slowly  decreasing  for  B/Ti.  Creep  rates  increase  with  an  increase  of  overstress 
and  a  decrease  in  tangent  modulus. 

These  examples  demonstrate  that  the  evolution  of  creep  strains  is  governed  by 
a  complex  interaction  between  creep  stress  level  and  the  material  properties  of 
the  matrix.  Aside  from  these  considerations  Equations  (II)  and  (AI5)  in  Refer¬ 
ence  [l|  show  that  the  inelastic  strain  rare  which  is  caused  by  the  viscosity  of  the 
matrix  is  also  influenced  by  the  elastic  properties  of  the  fiber. 
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At  the  same  fiber  volume  fraction  the  accumulated  creep  strain  in  300  s  in¬ 
creases  with  an  increase  of  the  prior  strain  rate  in  the  transverse  direction  (Figure 
4).  This  is  an  experimentally  observed  behavior  in  monolithic  materials  and  this 
behavior  carries  over  to  composite  behavior. 


The  room  temperature  creep  in  the  transverse  direction  predicted  by  the  pres- 
entmodel  was  observed  by  Min  and  Crossman  [8]  in  Gr/AI  composites 

.  The^7es  for  B/A* in  Fj«ure  5  show  almost  no  growth  in  induced  axial  strain 
beyond  0.4  percent  strain.  This  implies  that  the  plastic  Poisson’s  ratio  is  nearly 
zero.  Evaluation  of  Equation  (20)  in  Reference  (1)  using  the  pertinent  values  of 
the  matrix  overstress  yields  *  0.  Figure  6  of  Sun  and  Chen  [9]  reports  a  plas¬ 
tic  Poissons  ratio  close  to  zero  for  transverse  tensile  tests  of  unidirectional  B/AI 
The  inelastic  Poisson's  ratio  =  Vll  =  0.83  and  obtained  from  Equation  (18) 
in  Reference  {!]  for  c'  =  0.475  for  B/Al  compares  favorably  with  the  experimen- 
tally  determined  value  for  straining  in  the  3-direction  as  reported  by  Sun  and 
Chen  [9]  in  their  Figure  6. 

The  theory  permits  the  calculation  of  the  variation  of  the  total  overall  Pbisson’s 
ratio  y:j  =  —  e,/e,  for  straining  in  the  i-direction,  i.j  =  1,  2,  3.  i  *  j  Figure 
II I  shows  the  variation  of  this  quantity  as  well  as  the  inelastic  Pbisson’s  ratio 
denned  by  Equation  (17)  in  Reference  (1)  for  the  transverse  tensile  test  on  B/Al 
with  c>  =  0.5  (see  Figures  5  and  6).  It  is  seen  that  both  the  inelastic  and  the  total 
Poissons  ratio  reach  their  limiting  value  before  0.5%  strain.  This  behavior  is  due 
to  the  stress-strain  behavior  of  B/Al  as  depicted  in  Figure  4.  For  the  B/Ti  com¬ 
posite  which  does  not  reach  fully  developed  inelastic  flow  (see  Figure  4),  the 
variation  of  ftnsson’s  ratios  is  quite  different  as  shown  in  Figure  12  for  c>  =  05 
Immediately  after  the  start  of  the  creep  test  the  inelastic  and  the  total  Pbisson’s 
ratios  become  equal  as  it  should  be  since  the  elastic  strain  rates  are  zero  in  a 
creep  test. 


Cyclic  Loading 

In  the  presently  used  version  of  TV  BO  cyclic  neutral  behavior  is  modeled  and 
the  hysteresis  loops  close  after  one  cycle  (see  Figures  7-10).  The  TVBO  theory 
has  been  modified  to  account  for  cyclic  hardening  (see  References  [101  and  (11)) 
and  this  feature  can  be  implemented  for  composite  analysis. 

Figures  7  and  8  demonstrate  that  creep  rate  at  the  same  stress  level  is  much 
higher  on  loading  than  on  unloading.  Again  this  is  a  feature  which  is  observed  in 
monolithic  materials  and  carries  over  to  composites.  This  property  is  affected  by 
the  overstress  dependence  of  the  inelastic  strain  rate.  It  should  be  noted  that  the 
matrix  stress  is  not  constant  during  a  creep  test  in  the  fiber  direction.  During 
creep  with  a  positive  stress,  strain  is  increasing,  the  stress  in  the  elastic  fiber  in¬ 
creases  and  to  preserve  equilibrium  the  matrix  stress  must  decrease.  This  feet  is 
demonstrated  in  Figures  3  and  7.  When  a  creep  test  in  the  transverse  direction  is 
simulated,  the  matrix  stress  equals  the  overall  stress  and  is  therefore  constant  (see 
Figure  8).  Comparison  of  the  widths  of  the  hysteresis  loops  at  zero  stress  in  Fig¬ 
ures  7  and  8  shows  the  effect  of  fiber  reinforcement.  At  the  same  stress  amplitude 
much  less  strain  develops  in  the  fiber  direction  than  in  the  transverse  direction. 


Flgura  11.  Inalaatic  (it,)  ana  total  (- )  Poiaaon'a  ratios  va.  strain  in  tf»  1-dnction  tor  tha 
B/Al  tast  with  c'  -  0.5  tiapictadin  Ffguraa  4-4. 


Flgura  12.  Santa  at  Figura  11  axcapt  that  tha  bahavtor  at  B/V  is  shown. 
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The  unequal  creep  behavior  upon  loading  and  unloading  is  also  evident  from 
Figure  8. 

During  thermal  cycling  between  ±  I20°C  of  the  freely  expanding  composite, 
the  present  theory  predicts  the  axial  strain-temperature  hysteresis  loop  for  B/AI 
as  shown  in  Figure  9.  There  are  changes  in  slope  as  indicated  by  the  numerals  I 
and  3  in  Figure  9.  Figure  10,  which  shows  the  matrix  and  fiber  stress-temperature 
hysteresis  loops,  reveals  that  the  change  in  slope  in  Figure  9  at  points  I  and  3 
coincides  with  the  elastic-inelastic  transition  of  the  matrix.  There  is  a  coupling 
between  the  thermal  expansion  behavior  and  the  stresses  in  the  fiber  and  in  the 
matrix  which  is  caused  by  the  mismatch  of  the  coefficients  of  thermal  expansion. 
The  coupling  is  very  pronounced  in  Gr/AI  where  a  large  difference  between  the 
coefficients  of  thermal  expansion  exists  (see  Krempl  and  Yeh  (2|).  It  should  be 
noted  that  the  stress-strain  behavior  of  the  fiber  is  linear  elastic,  the  fiber  stress- 
temperature  hysteresis  loop  notwithstanding. 

At  the  same  temperature  range  B/Ti  only  exhibits  elastic  thermal  expansion. 
The  yield  stress  of  the  Ti  is  much  higher  than  the  matrix  stress  resulting  from  the 
thermal  strain  mismatch  of  fiber  and  matrix. 
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ABSTRACT:  The  vanishing  fiber  diameter  (VFD)  model  together  with  the  thermovisr^- 
plasticity  theory  based  on  overstress  (TV BO)  are  used  to  analyse  the  thermomechanicaJ 
behavior  of  unidirectional  fib'ous  metal-matrix  composites.  Fiber  and  matrix  can  both  be 
transveraely-itotroptc.  thermoetaauc-viscoplaatic.  All  material  constaas  can  depend  on 
current  temperature.  Yield  surfaces  and  looding/uniaading  conditions  are  not  used  in  the 
theory  in  which  the  inelastic  strain  rate  is  solely  a  function  at  the  owenmss.  the  difference 
between  stress  and  the  equilibrium  stress,  a  state  variable  of  the  foamy.  The  three- 
dimensional  equations  are  derived  and  specialized  for  various  simple  loading  cases  such 
as  isothermal  uniaxial  and  biaxial  proportional  and  nonproponkmal  loadings.  The  predic¬ 
tions  of  this  viscopiasticity  theory  during  loading  compse  favorably  with  results  horn  the 
rate-independent  plasticity  theory.  In  addition  it  is  capsMe  of  predicting  creep,  relaxation 
and  rate  sensitivity 

INTRODUCTION 

Metal-matrix  composites  are  being  considered  for  room  temperature  and 
elevated  temperature  service  and  inelastic  analyses  are  required  to  ascertain 
their  behavior  under  load  and  variable  temperature.  The  inelastic  behavior  is 
generally  idealized  as  rate-independent  elastic -plastic  or  by  a  creep  model  such 
as  power  law  creep.  The  former  is  considered  to  be  appropriate  for  low  homolo¬ 
gous  temperature  whereas  the  creep  laws  are  used  for  high  homologous  tempera¬ 
ture  applications.  In  these  approaches  the  transition  from  one  representation  to 
the  other  provides  difficulties  since  creep  laws  are  not  mathematical  limits  of 
rate-independent  plasticity  and  vice  vena. 

Unified  materia)  models  do  not  separately  postulate  constitutive  laws  fcx  creep 
and  plasticity  but  consider  ail  inelastic  deformatior  rate  dependent.  Experiments 
with  modern  servocontrolled  testing  machines  have  shown  rate  dependence  even 
at  room  temperature  for  engineering  alloys,  e  g.,  stainless  steels,  Krempl  [I], 
606I-T6  Al  alky,  Krempl  and  Lu  [2],  and  titanium  alloys,  Kujawski  and  Krempl 
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(3|.  The  transition  from  low  to  high  homologous  temperature  behavior  is  usually 
characterized  by  a  decrease  in  strength  and  an  increase  in  rate  dependence.  This 
behavior  can  be  modeled  easily  by  unified  laws  if  certain  material  constants  are 
made  to  depend  on  temperature.  When  material  data  are  analyzed  using  separate 
laws  for  creep  and  rate-independent  plasticity,  identification  problems  arise  since 
it  is  not  always  clear  what  portion  of  the  inelastic  deformation  is  to  be  attributed 
to  creep  or  plasticity.  This  difficulty  does  not  arise  with  unified  constitutive  laws. 
However,  they  are  rather  new  and  have  not  been  used  extensively. 

The  elastic-plastic  isothermal  behavior  of  fibrous  metal-matrix  composites  has 
been  analyzed  by  Min  [4],  Dvorak  and  Bahei-EI-Din  (5.61.  Kenaga,  Doyle  and 
Sun  [7],  Teply  and  Dvorak  [8],  Dvorak.  Bahei-EI-Din.  Macheret  and  Liu  [9], 
and  Sun  and  Chen  (tO). 

Time  (rate) -dependent  isothermal  analyses  based  on  creep  or  creep/plasticity 
laws  were  performed  by  Min  and  Crossman  [II],  McLean  [12.13],  and  Lilhoit 
[  14 1 .  Min  and  Crossman  [11]  also  showed  that  a  Gr/Al  exhibits  primary  creep  at 
room  temperature  in  the  transverse  direction. 

Residual  stresses  between  fiber  and  matrix  can  have  a  significant  influence  on 
the  overall  expansion  and  mechanical  deformation  behavior  (see  the  experiments 
and  analyses  by  Min  and  Crossman  [15]).  Dvorak  [16]  demonstrated  that  in  the 
plastic  range  thermal  and  mechanical  effects  are  coupled.  Using  the  periodic  hex¬ 
agonal  array  model  and  the  VFD  model,  the  rue-independent  thermomechanical 
behavior  of  composites  was  predicted  by  \Mi  et  a!.  [17],  and  Bahei-EI-Din  [18], 
respectively.  Longitudinal  and  transverse  tensile  tests  on  B/AI  and  B/epoxy  plies 
reported  by  Meyn  (19)  showed  some  influence  of  strain  me  on  longitudinal 
strength.  For  the  B/Ai  material  the  transverse  tensile  strength  was  strongly  af¬ 
fected  by  rale  of  loading  at  room  temperature.  Surprisingly  this  dependence  did 
not  increase  with  increasing  temperature. 

A  rate-dependent  micromechanical  analysis  of  metal  matrix  using  the  unified 
Bodner  Model  was  performed  by  Aboudi  (20).  In  an  extension  of  classical 
thermal  laminate  theory  Krempt  and  Hong  [21]  used  an  orthotropic  continuum 
viscoplasticity  theory  based  an  oventress  to  represent  ply  behavior.  Subse¬ 
quently  Lee  and  Krempt  [22]  extended  the  treatment  to  the  thermal,  elastic - 
viscoplastic  case.  Application  to  the  thermal  cycling  and  thermomechanical  load¬ 
ing  followed  [23.24]  .  The  thermal  viscoplastic  behavior  of  a  ply  vws  idealized  u 
an  orthotropic  continuum.  With  this  theory  the  coupling  between  thermal  and 
plastic  material  behavior  could  not  be  modeled. 

The  purpose  of  this  paper  is  to  apply  the  thermal  orthotropic  theory  of  visco¬ 
plasticity  based  on  overstress  (TV BO)  which  includes  temperature-dependent 
material  properties  to  a  micromechanics  analysis  of  fibrous  metal  matrix  com¬ 
posites.  The  vanishing  fiber  diameter  model  (VFD)  is  employed  which  was  pro¬ 
posed  by  Dvorak  and  Bahei-EI-Din  [3]  in  the  context  of  a  three-dimensional 
elastic-plastic  analysis.  The  gtweming  equations  are  derived  and  numerical  ex¬ 
periments  are  performed  under  isothermal  uniaxial  and  biaxial  proportional 
loadings  and  compared  with  the  predictions  of  the  rue-independent  plasticity 
theory  of  Reference  [3].  The  present  approach  can  in  addition  model  rate  sen¬ 
sitivity,  creep,  relaxation  and  hysteresis  and  indudes  thermal-inelastic  coupling. 


Thermoviscoplasticity  Based  on  Oversiress  Applied  to  Analysing  Composites 


971 


MATERIAL  AND  COMPOSITE  MODELS 

Transversely-Isotropic,  Thermoviscoplasticity  Theory 
Based  on  Overstress  (TVBO) 

INTRODUCTION 

The  theory  developed  by  Lee  and  krempl  [22]  is  for  infinitesimal  strain  and  or- 
thotropy.  It  is  of  unified  type  and  does  not  use  a  yield  criterion  and  loading/ 
unloading  conditions.  The  elastic  strain  is  formulated  to  be  independent  of  ther¬ 
momechanical  path  and  the  inelastic  strain  rale  is  a  function  of  overstress,  the 
difference  between  stress  a ,  and  the  equilibrium  stress  g;  it  is  a  state  variable  of 
the  theory. 

The  long  term  asymptotic  values  of  stress,  equilibrium  stress,  and  kinematic 
stress  rates,  which  can  be  obtained  for  a  constant  mechanical  strain  >2te  and  ulti¬ 
mately  constant  temperature,  are  assumed  to  be  independent  of  thermal  history 
as  are  the  ultimate  levels  of  the  rate-dependent  overstress  and  of  the  rate- 
independent  contribution  to  the  stress  (see  Yao  and  Krempl  (25)).  Therefore  the 
material  functions  and  constants  can  in  principle  be  obtained  from  isothermal 
tests  within  the  temperature  range  of  interest. 

The  model  can  predict  not  only  the  rate-dependent  phenomena  such  as  creep, 
relaxation,  and  rate  sensitivity  but  includes  inelastic  incompressibility,  ten¬ 
sion/compression  asymmetry,  and  invariance  of  the  inelastic  properties  under 
superposed  pressure  as  special  cases  (22). 

Constant  elastic  and  inelastic  Poisson’s  ratios  are  defined  for  the  Uniaxial  load¬ 
ing  cases.  The  theory  permits  the  computation  of  the  actual  Poisson's  ratio  which 
depends  on  the  loading  history  (22). 

All  material  constants  can  be  functions  of  temperature.  This  dependence  is  not 
explicitly  displayed.  The  temperature  dependent  can  be  the  usual  Arrhenius 
relation  or  can  deviate  from  that  model. 

For  the  representation  of  the  equations,  vector  notation  is  used  where  stress 
tensor  components  a  and  the  small  strain  tensor  components  e  are  related  to  their 
vector  components  by 


—  a 1 1  <jj  —  <Tjj  a >  —  <Tjj  <7«  —  <Tjj  <r»  —  <jjt  at  s 


and 


<i  —  tti  <i  s  tu  *j  —  tjj  (<  —  2*u  *j  —  2*n  t*  —  2*u 


FLOW  LAWS 

In  the  context  of  an  infinitesimal  theory,  the  total  strain  rate,  dtldt,  is  con¬ 
sidered  to  be  the  sum  of  elastic,  dt,lldt,  inelastic,  dt,mldt,  and  thermal  strain 
rates.  dt'‘ldi. 


*  =  «•'  +  *'*  +  < 


(I) 
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where  the  sum  of  the  elastic  and  inelastic  strain  rate  is  called  the  mechanical 
strain  rate. 


«"•  =  <•'  +  i-  (2) 

A  superposed  dot  represents  the  total  bme  derivative,  d/dt. 

For  each  strain  rate,  a  constitutive  equation  is  postulated.  The  elastic  strain  is 
assumed  to  be  independent  of  thermal  history,  therefore, 

«*'  =  jf  (C-0)  (3) 


where  C  is  the  temperature-dependent  compliance  matrix. 

As  in  the  case  of  isotropy,  the  inelastic  strain  rate  is  only  a  function  of  the 
overstress  X.  It  denotes  the  difference  between  the  stress  a  and  the  equilibrium 
stress  g,  a  vector  state  variable  of  the  theory.  Accordingly 

f-  =  K"X  (4) 

The  viscosity  matrix  K"1  controls  the  rate  dependence  through  the  viscosity  fac¬ 
tors  K„  and  the  positive,  decreasing  viscosity  function  T  ]. 

The  thermal  strain  rate  is  given  by 

«'*  =  at  (5) 

with  a  the  coefficient  of  thermal  expansion  vector.  T  is  the  temperature  difference 
from  some  datum  temperature. 

GROWTH  LAWS  FOR  THE  STATE  VARIABLES 
The  growth  law  for  g  is  the  repository  for  modeling  elastic  regions  and  hystere¬ 
sis.  It  is  given  by  Reference  (22) 

g  =  q.iria  +  a  +  -  p(l  -  q,[r|)|  ^ 

(6) 


where  the  dimensionless  modified  shape  functions  q,  and  qt  control  the  shape  of 
stress-strain  diagram.  The  dimensionless  constant  p  represents  the  ratio  of  the 
tangent  moduli  at  the  maximum  strain  of  interest  to  the  corresponding  viscosity 
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factors,  p  |  0.  The  invariant  9  is  related  to  the  rate-independent  contribution  to 
the  stress  and  is  defined  as 

(0)1  =  Z'PZ  (7) 

where  P  is  a  matrix  whose  component  have  the  dimension  of  reciprocal  stress 
squared.  The  vector  Z  represents  the  JiSerence  between  the  equilibrium  stress  g 
and  the  kinematic  stress  f 

Z  =  g  -  f  (8) 

where  f  evolves  according  to 


Asymptotic  analyses  for  the  uniaxial  isothermal  case  in  References  [25]  and  [261 
show  that  f  determines  a  ultimately.  The  purpose  of  Equation  (9)  is  to  set  this 
slope  which  can  be  positive,  zero  or  negative. 

The  representations  of  the  material  matrices  for  the  transversely  isotropic  case 
and  other  explanations  are  given  in  Appendix  1;  q„  qt  and  p  in  Equation  (6)  are 
listed  in  Appendix  2.  The  above  equations  follow  directly  from  Reference  [22]  by 
assuming  tension/compression  symmetry. 

The  theory  given  above  represents  cyclic  neutral  behavior.  Rate  sensitivity, 
relaxation  and  creep  are  represented.  Since  no  recovery  of  state  is  modeled  the 
creep  behavior  is  controlled  by  the  sign  of  p.  Up  >  0  the  equations  can  only  rep¬ 
resent  primary  creep.  Primary  and  secondary  creep  may  be  modeled  for  p  =  0, 
primary,  secondary  and  tertiary  creep  can  be  represented  in  principle  if  p  <  0. 
Note  also  that  p  sets  the  slope  of  the  stress-inelastic  strain  curve  of  the  maximum 
inelastic  strain  of  interest  through  Equation  (9)  (see  the  discussion  of  the  proper¬ 
ties  of  VBO  in  References  [25]-(27J). 

When  recovery  of  state  is  included  in  the  model  [28]  the  creep  behavior  is  no 
longer  completely  controlled  by  the  sign  of  p  and  secondary  creep  can  be  repro¬ 
duced  at  stress  levels  which  are  in  the  linear  region  of  the  stress-strain  diagram. 
Also  the  isotropic  formulation  of  VBO  has  been  extended  to  cyclic  hardening 
[29,30].  It  is  possible  to  include  this  property  as  well  as  recovery  of  state  in  the 
orthotropic  theory.  This  will  be  done  in  a  future  paper. 

Vanishing  Fiber  Diameter  Model 

For  the  representation  of  the  fibrous  composite  the  vanishing  fiber  diameter 
model  ( VFD)  of  Reference  [5]  is  used.  In  this  model  uniform  overall  stresses  and 
strains,  perfect  bonding  between  fiber  and  matrix,  and  vanishing  fiber  diameter 
are  assumed  even  though  fibers  occupy  a  finite  volume  fraction  of  the  composite 
[3].  This  leads  to  a  single  constraint  condition  in  the  fiber  direction  which  is 
assumed  to  be  the  3-direction  in  this  paper.  In  the  transverse  plane  the  fibers  do 
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not  interfere  with  the  deformation  of  the  matrix  [5].  The  following  constraint 
equations  hold 

a,  =  a[  =  a ?  for  i  *  3 


a j  =  c'b'i  +  cmd? 

i,  =  c'i'.  +  c"f  r  for  i  *  3 


(10) 


tj  =  it  =  (? 

In  the  above  the  superscripts / and  m  denote  fiber  and  matrix,  respectively.  In 
the  sequel  the  superscript  r  is  used  to  denote  either  fiber  or  matrix.  The  volume 
fractions  of  fiber  and  matrix  are  c '  and  c",  respectively,  with  c'  +  c"  =  1. 


The  Composite  Model -The rmovisco plasticity  (TVBO)  and  Vanishing 
Fiber  Diameter  Model  (VFD) 

A  unidirectional  fibrous  composite  element  is  assumed  where  both  the  fiber 
and  the  matrix  can  be  represented  by  the  transversely  isotropic,  thermovisco¬ 
plasticity  theory  based  on  overs  tress  (TVBO).  On-axis  representation  and  fiber 
orientation  in  the  3-direction  are  postulated.  Thermoelastic  fibers  are  a  special 
case  and  the  isotropic  formulation  of  TVBO  can  be  derived  by  making  the  substi¬ 
tutions  given  in  Appendix  1. 

The  three-dimensional  equations  representing  the  composite  which  has  trans¬ 
versely  isotropic,  thermoviscoplastic  fiber  and  isotropic,  thermwiscoplastic  ma¬ 
trix  result  from  using  the  constitutive  Equations  (I)-(9)  and  the  VFD  constraints 
[Equation  (K))]  together  with  the  representations  of  the  matrices  given  in  Appen¬ 
dix  1.  We  then  have 

i  =  C-tf  +  (K')-X'  +  (K-r'X-  +  (R/)*'o/  +  (R-)-o-  +  at  (II) 
together  with  a  separate  equation  for  the  a?  component  of  the  matrix 

Em  .  c' .  c,E'»Em 

at  ~  -=~  a,  -  Ua,  +  ot) - - - 

Cj  j  £jj  tjj 


ix?  -  o.5(*r  +  x?)\  +  (X‘  +  xi) 


x1. 


Mir*] 


—  — - —  lvmEm 
(£-)*  ( 


c'E'„E- 


-  v-E-)] 


(<T|  +  Oj)  + 


(E'») 


i 


(E-)1 


<rr  - 


(a"  -  a i)t 


(12) 
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In  addition  growth  laws  of  equilibrium  and  kinematic  stresses  for  liber  and 
matrix  are  needed  which  are  obtained  by  rewriting  Equations  (6)  and  (9)  in  terms 
of  matrix  or  fiber  stresses. 


g'  =  q'[T'\b'  +  T 


dq'[Tr\ 

ar 


a’ 


+  \q'[T'\  -  6'[q'\r' |  -  p'(\  -  ?'[r'|)|l 


X’ 

A'ir'i 


(13) 


f  = 


_ El _ 

*iri 


X' 


(14) 


where  we  have  set  q,  =  qi  =  q  for  simplicity. 

In  the  above  C*1  is  the  symmetric  overall  compliance  matrix  whose  compo¬ 
nents  are  functions  of  the  elastic  properties  of  fiber  and  matrix.  The  viscosity  ma¬ 
trices  (K ')*'.  <K"T’  are  not  symmetric  and  their  components  together  with 
those  of  C'1  are  listed  in  Appendix  3.  In  the  representation  of  the  matrix  proper¬ 
ties,  isotropy  and  plastic  incompressibility  were  assumed.  The  viscoplastic  for¬ 
mulation  and  the  rate-independent  formulation  (4.5|  lead  to  a  nonsymmetric 
matrix  which  relates  the  contributions  of  the  matrix  stresses  to  the  overall  in¬ 
elastic  strain  rate.  The  matrices  (R')*1  and  (R")‘*  contain  time  derivatives  of 
the  elastic  constants  of  the  fiber  and  the  matrix,  respectively.  Both  matrices  are 
not  symmetric  (see  Appendix  3).  They  are  zero  if  the  elastic  constants  are  inde¬ 
pendent  of  temperature.  These  matrices  are  the  “additional”  terms  which  can  play 
a  significant  role  in  modeling  thermomechanical  behavior  (see  Lee  and  Krempl 
[31]).  Finally  the  coefficients  a  are  composed  of  the  elastic  constants  and  the 
coefficients  of  thermal  expansion  (see  Appendix  3). 

Equation  (II)  shows  that  the  overall  strain  rate  is  the  sum  of  the  overall  elastic 
strain  rate,  the  overall  inelastic  strain  rates  contributed  by  the  fiber  and  the 
matrix,  and  the  overall  thermal  strain  rate  in  the  case  of  constant  elastic  proper¬ 
ties.  If  temperature-dependent  elastic  properties  are  assumed  then  two  additional 
terms  contribute  to  the  overall  strain  rate.  They  insure  that  the  elastic  behavior  is 
path  independent  (see  Lee  and  Krempl  (22,31)).  When  the  fibers  deform  only 
elastically  their  contribution  to  the  inelastic  strain  rate  vanishes. 

Equation  (12)  is  used  to  calculate  the  instantaneous  axial  matrix  stress  which 
cannot  be  obtained  from  the  overall  boundary  conditions  directly.  E„  and  L  are 
defined  in  Appendix  3.  a  7  is  affected  by  mechanical  and  thermal  loadings  and 
their  loading  paths.  For  instance,  for  the  isothermal  case  when  7  =  0.  matrix 
stresses  in  the  fiber  direction  (a?,  g?.f?)  can  evolve  in  unidirectional  transverse 
loading,  or  may  evolve  in  unidirectiorud  shear  loading  provided  the  initial  value 
of  X?  is  nonzero.  For  pure  thermal  loading  (overall  stresses  are  zero),  o~  to¬ 
gether  with  £?,/?  will  develop  due  to  the  difference  in  the  coefficients  of  thermal 
expansion  of  fiber  and  matrix;  these  matrix  stresses  in  the  fiber  direction  cause 
coupling  between  the  mechanical  and  thermal  loading  in  the  inelastic  range.  If 
the  fibers  deform  elastically  and  the  elastic  constants  are  independent  of  tempera- 


976 


Nan-Minc  Yeh  and  Erhard  Krempl 


ture,  X'i,  Xj,  Xj.  and  the  terms  in  the  second  brace  vanish.  For  isothermal  case, 
the  temperature  rate  in  the  last  term  becomes  zero. 

From  these  general  equations  some  properties  of  the  model  can  be  derived.  We 
address  inelastic  dilatation  and  fbisson's  ratio. 

INELASTIC  DILATATION  AND  INELASTIC  POISSON'S  RATIOS 
Assuming  constant  temperature,  the  rate  of  inelastic  dilatation  of  the  composite 
ikk  can  be  computed  from  Equation  (II).  It  consists  of  (<'*„)'  and  (<;“»)“  with 

c* 

| p j  [(c/  —  c^ii  —  ijtj  4*  2cmvmi)/l3)E/i3 

+  c-(l  -  -  2rj1^iJ)£"|(X{  +  X',) 

+  H[fi\  ~  2c'Vj>  ~  2cmvm)E’»  +  2  -  n‘ix)Em \X’} 

(15) 

,inr  ‘  2fst*lr|r-|  -  2°f!* 

-  (1  -  2,i,)£-|«7  *  XT  -  2Jfr)  (16) 

where  we  have  assumed  isotropy  and  inelastic  incompressibility  for  the  matrix. 

Even  if  the  fibers  deform  only  elastically,  (eft)'  -  0,  the  overall  inelastic 
dilatation  still  exists.  Similar  results  were  obtained  for  rate-independent  plasticity 
(see  References  (4|  and  [32]). 

For  uniaxial  loading  in  the  /-direction  the  overall  inelastic  Poisson’s  ratio  based 
on  strain  rates  n„  can  be  defined  by 

Vo  -  -  jtr  (»./  -  1.2,3.  /  */')  (17) 

Elastic  fibers  and  an  isotropic  matrix  which  exhibits  inelastic  incompressibility 
are  assumed.  The  inelastic  Poisson’s  ratios  are 

Vn  ~  2 Em  2 c'L)  ~  »jjj  (18) 
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It  is  seen  that  ??,,  and  ijjj  arc  constant,  i.e  .  for  loading  in  the  fiber  direction  the 
inelastic  transverse  strain  rates  are  a  fined  fraction  of  the  inelastic  strain  rate  in 
the  loading  direction.  In  all  other  cases  the  inelastic  Poisson's  ratio  depends  on 
deformation  through  the  overstress  components  [see  Equations  (19)  and  1 20) |  lit 
should  be  noted  that  the  inelastic  Poisson's  ratio  of  the  matrix  is  equal  to  0  5  ) 
When  the  overstress  components  are  zero,  indeterminate  expressions  result  from 
Equations  (19)  and  (20)  which  must  be  resolved. 

The  actual  overall  Poisson's  ratios  based  on  rates  can  be  defined  in  analogy  to 
Equation  (17)  (see  Lee  and  Krcmpl  [22]),  and  their  values  can  be  computed 

NUMERICAL  EXPERIMENTS 


Material  Properties 

To  investigate  the  properties  of  the  model  the  material  constants  appearing  in 
Equations  (!!)-<  14)  must  be  identified  and  the  appropriate  boundary  conditions 
have  to  be  applied.  A  set  of  nonlinear  coupled,  first  order  differential  equations 
must  then  be  integrated  under  appropriate  initial  conditions.  Closed  form  solu¬ 
tions  are  rare  and  numerical  integration  is  the  rule.  In  our  case  the  IMSL  routine 
DGEAR  is  used 

In  this  paper,  isotropic,  elastic  fibers,  and  an  isotropic,  viscopiastic  matrix  are 
postulated.  To  affect  a  comparison  with  rate(time)-independent  plasticity,  hypo¬ 
thetical.  but  realistic  material  properties  of  fiber  and  matrix  are  assumed  and  are 
listed  in  Table  I.  (For  the  fiber  isotropic  elastic  properties  close  to  boron  are 
used,  the  isotropic  matrix  properties  correspond  closely  to  6061  Al.)  The  elastic 
properties  are  in  common  for  both  models.  The  stress-plastic  strain  relation  of 
the  matrix  for  the  rate-independent  plasticity  model  is  obtained  from  the  visco- 
plastic  model  at  a  strain  rate  of  i  =  KT5  s'1. 


Comparison  of  Plasticity  (P)  and  Viscoplasticity  (VBO)  Composite  Models 

The  two  models  are  compared  under  uniaxial  loading  in  the  fiber  direction 
( Figure  1).  and  under  uniaxial  as  well  as  combined  loadings  in  the  transverse  and 
shear  directions  in  Figures  2  and  3.  respectively.  Close  agreement  between  the 
two  models  is  observed.  For  both  theories,  the  stress-strain  curves  for  biaxial 
loading  are  more  compliant  in  the  inelastic  region  than  those  for  unidirectional 
loading.  Also  both  theories  predict  almost  linear  behavior  in  the  fiber  direction 
as  seen  in  Figure  I.  Significant  inelasticity  is  observed  only  in  the  transverse 
directions.  For  VBO  a  rate  effect  is  evident  and  an  adjustment  of  the  rate  within 
reasonable  limits  can  improve  the  correspondence  between  the  two  theories. 

Despite  its  different  appearance  and  the  absence  of  a  yield  surface  and  of  load¬ 
ing  and  unloading  conditions  VBO  can  model  typical  plasticity  effects.  This  is 
demonstn»«*d  for  n^noroponional  loading  paths  ;n  Figures  4  and  5.  The  strains 
at  point  3  are  highly  dependent  on  the  loading  path.  This  can  be  easily  seen  when 
the  relevant  endpoints  of  Figures  2  through  5  are  compared. 


Tab  I*  1.  Mata  rial  propartiaa  for  hypothetical  MMC. 


Properties 

Fiber 

Matrix 

Volume  Fraction 

0.5 

05 

Elastic  Propartiaa 

B'u  (MPa) 

4.0E  +  5 

7  0E  +  4 

0.21 

0  33 

G«  (MPa) 

1  65E  +  5 

2.63E+-4 

E'n  (MPa) 

4.0E  +  5 

70E  +  4 

Gi.  (MPa) 

1  65E+5 

2.63E  +4 

Viscoptastic  Propartiaa 
Viscosity  Function: 

-  *,|1  + 

*,  »  314.200  (S)  kt  m  71.38  (MPa)  kj  -  52 
Viscosity  Factor: 

Km  -  Em 

Shape  Function: 

♦"(r"]  -  c,  ♦  (c»  -  c,)  a*p(-cjT") 

C,  -  17.600  (MPa)  C*  -  69.300  (MPa)  C,  -  0  0668  (MPa  ') 

E"  -  800  (MPa)  A"  •  100  (MPa) 

Inelastic  Poisson's  Ratio: 

nm  -  0.5 

Plastic  Propartiaa 
Yield  Stress: 

a"  ■  77  MPa 

Isotropic  elastic -plastic  matrix  with  Prager-Ziegier  kinematic  hardening  rule  is  assumed  (5]. 
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Overall  Strain  ey(%) 

Figure  1.  Stress-strain  curves  in  tty  fityr  dtncHon  at  pltsticity  and  viacofitaatKity  VFD 
modata. 


Ffgura  2.  Uniaxial  (patti  0-2)  and  biaxMi  (path  0-3)  tranavaraa  atraaa-ttram  cirvas  ot  plastic¬ 
ity  and  viacoplaatidty  VFD  modala. 


Figure  3.  Uniaxial  (path  0-1)  and  biaxal  (path  0-3)  ahaar  atreaa-atram  curve  ot  plasticity 
and  viacoptaaticity  VFD  modata. 


Overall  Strain  (%) 


Figure  4.  Transverse  and  shear  stress-strain  curvea  of  viacoplaaticity  VFD  modal  along  the 
loading  path  0-1-3. 
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Overall  Strain  (%) 


Figure  5.  Transverse  and  sham  stress-strain  curves  ot  viscopiasticrty  VFD  model  along  the 
loading  path  0-2-3. 


DISCUSSION 


Comparison  with  Rate-Independent  Plasticity  Theories 

Figures  1-3  demonstrate  that  VBO  can  represent  the  same  behavior  as  rate- 
independent  plasticity  theories  which  use  yield  surfaces.  VBO  can  also  model 
true  plasticity  phenomena,  the  path  dependence  of  the  response,  as  shown  in 
Figures  4  and  3.  This  capability  exists  although  the  form  of  the  flow  law  [Equa¬ 
tion  (4))  and  the  definition  of  the  invariant  T  of  Equation  (A5)  are  quite  different 
from  the  plasticity  flow  law.  When,  as  it  is  usually  done  in  rate-independent 
plasticity,  the  von  Mises  yield  surface  is  used,  the  matrix  which  relates  stress  in¬ 
crements  to  plastic  strain  increments  contains  a  term  equivalent  to  XX*  which  can 
become  folly  populated  as  the  state  of  stress  changes  (see  Equation  (44)  of 
Dvorak  and  Bahei-EI-Din  [3],  where  j  is  used  instead  of  X .  Aside  from  the  fact 
that  the  flow  law  is  viscoplastic.  Equation  (4)  contains  the  matrix  K'1  whose 
coefficients  do  not  change  with  the  state  of  stress  [see  Equation  (A2)).  Only  the 
invariant  T  which  appears  as  argument  in  the  scalar  viscosity  function  *[ri 
varies  with  the  state  of  stress.  This  apparent  difference  can  be  easily  resolved  by 
rewriting  the  flow  law.  After  dividing  and  multiplying  by  T*  Equation  (4)  can  be 
rewritten  as 


e*  =  I/r,(K',)(XX')(HX) 


(21) 


where  we  have  used  Equation  (A3).  It  is  seen  that  the  term  discussed  previously 
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appears  now  in  the  flow  law  and  the  equivalence  with  regard  to  this  aspect  is  dem¬ 
onstrated. 

The  capability  of  TVBO  to  model  rate  dependence,  creep  and  relaxation  is  not 
emphasized  in  this  paper.  An  indication  of  the  influence  of  rate  is  given  in  Figure 
2  where  the  stress-strain  curves  for  two  different  stress  rates  are  plotted.  As  ex¬ 
pected  the  influence  is  small.  A  companion  paper,  Yeh  and  Krempl  [35],  consid¬ 
ers  the  influence  of  creep  periods  during  mechanical  cycling  and  reports  on 
numerical  experiments  under  cyclic  temperature  changes  for  some  metal  matrix 
composites. 
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APPENDIX  1 


Matrices  for  Transverse  Isotropy 

It  is  assumed  that  the  3-direction  is  preferred.  The  symmetric  elastic  modulus 
matrix  C  and  the  symmetric  viscosity  matrix  K  are  then  represer'ed  by 


(Al) 
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where  we  have  used  the  notation  of  Reference  [5j  and  where  G»*  =  £u/2(l  + 
vu).  and 


1  —  Vn  ~  *ht 

*„  *,,  K„ 


0 


0 


~Vn  1 

*„  *„  *„ 


0 


0 


~Vl3  ~  >>IJ  I 

*„  *„  K„ 

0  0  0 


0  0 


1 

*44 


0 


0 


0 


0 


0 


0 


0 


1 

*44 


0 


0 


0 


0 


0 


0 


<A2) 


with  *»4  =  *ii/2(1  +  jju).  The  jx>silive  decreasing  viscosity  function  *(n, 
dimension  of  time,  controls  the  rote  dependence  together  with  the  direction- 
dependent  viscosity  factors  *„ ,  dimension  of  stress. 

The  constant  elastic  Itoisson's  ratio  based  on  rates  for  loading  in  the  i-direc- 
tion  is 


U.j  -  1,2,3,  i  *  j ) 


(A3) 


similarly 


r\„  -  -  jz  ( i.j  ~  1.2,3,  i  *  j)  (A4) 

is  the  constant  inelastic  Poisson's  ratio  based  on  rates  for  loading  in  the  /-direc¬ 
tion.  From  these  the  actual  Poisson's  ratio  can  be  calculated  (see  Reference  (22)). 
The  overstress  invariant  T  is 


(D*  =  X  H  X 


(A5) 
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where  X  =  a  -  g  is  the  overstress.  H  is  a  dimensionless  matrix,  given  by 

~HU  Htl  H„  0  0 

H»  H„  H,>  0  0 

H  _  H„  Hn  H„  0  0 

0  0  0  //„  0 

0  0  0  0  //„ 

_  0  0  0  0  0 

where  H,t  =//,,-  0.5  //*«. 

The  rate-independent  invariant  is  (0)1  =  Z'  PZ.  where  P  =  (A‘')‘P.A“. 
The  representation  of  P.  is  analogous  to  H,  and  the  diagonal  matrix  A  is 
given  by 


0 

0 

0 

0 

0 

//*. 


(A6) 


A  = 


0 

0 

0 

0 

0 


0 

A\\ 

0 

0 

0 

0 


0  0  0 

0  0  0 

Ajj  0  0 

0  A44  0 

0  0  Am 

0  0  0 


(A7) 


where  A„  (no  sum  on  i,  i  =  1, 3,4,6)  is  the  difference  between  the  equilibrium 
stress  (#„)  and  the  kinematic  stress  (/,)  in  the  asymptotic  state. 

The  coefficient  of  thermal  expansion  vector  is  a 

a‘  =  [<*1  <X|  c»j  0  0  0|  (A8) 

All  components  are  material  properties  which  must  be  identified  for  a  given 
material. 

Reduction  to  Isotropy 

All  directions  in  an  isotropic  body  are  equivalent.  There  are  two  independent 
elastic  moduli,  two  independent  inelastic  moduli  (for  example,  one  viscosity  fac¬ 
tor  and  one  inelastic  Ffoisson's  ratio),  two  shape  functions,  one  tangent  modulus, 
and  two  isotropic  invariants.  Thus.  E„  =  E„  =  £,  G«  =  G»»  =  G.  and 
■'ll  =  Pu  =  *>ji  =  pare  used  in  Equation  (Al)  together  with  G  =  £/2(l  +  p). 
Similarly  in  Equation  (A2)  K,,  —  Ku  =  K,  K-*  =  AfM,  and  rjtl  =  ij„  = 
i) it  =  t)  with  Kn  =  4-  ij)-  In  Equation  (A6)  the  reductions  H„  =  Hu, 

H44  —  H44 ,  and  H%j  =  Hu  with  Hu  —  Hu  0.5//**  hold,  and  An  —  Au, 
A 44  =  Am  in  Equation  (A7).  If  in  addition  T  in  Equation  (A5)  is  to  reflect  in¬ 
variance  under  superposed  pressure  then  3//,,  =  //*«  =  3.  In  this  case  the  usual 
Ji  invariant  results.  Finally  there  is  only  one  coefficient  of  thermal  expansion  in 
Equation  (A8). 
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APPENDIX  2 


Shape  Functions  q„  qt,  and  p 

The  modified  shape  functions  <?,.  q2  and  p  are  defined  as 


♦..in 

+«in 

*4.[ri 

(A9) 
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£44 
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P 

~  K44  = 

*44 

The  shape  functions  ♦„[rj  and  (no  sum  on  0.  have  the  dimensions  of 
stress.  It  is  possible  to  set  qx  *  qt  s  q  which  will  be  done  in  this  paper.  The 
quantity  p  represents  the  ratio  of  the  tangent  moduli  at  the  maximum  inelastic 
strain  of  interest  £„.  to  the  viscosity  factor  *„  (no  sum  on  / ).  and  sets  the  slope 
of  the  stress-inelastic  strain  diagram  at  the  maximum  strain  of  interest. 


APPENDIX  3 

Components  of  the  Matrices  In  Equation  (11) 

For  convenience  the  following  quantities  are  defined 

E„  =  c'E'i ,  +  cmEm 

L  =  »y ,Em  -  vmEii 

i'll  =  c'v'i ,  +  cmvm 


(A  12) 


The  nonzero  components  of  the  overall  elastic  compliance  matrix  C'1  are  us¬ 
ing  a  generally  accepted  notation 


/r-n _ —  +  _  C'C"'L1 _ 

(  £',  +  JP-  sr'  r-r.-  “ 


E'hE-Eu 


(C-)„  =  =  (C-)„  =  (C-)„  =  <C")M 

Cjj 
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(C")M  = 


E» 


(C")<4  “  G'„  +  G-  “  <C’,)5S 
(C")“  = 


(A  13) 


The  nonzero  components  of  the  fiber  viscosity  matrix  (K')'1  are  (the  argument 
of  the  viscosity  function  k!  is  omitted) 
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Similarly  for  (HT")'1 


(AI4) 
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Hi',  =  T~p~  (vu  Em  -  i>mESi)  =  H ii 

Emt» 


Hl\ 


e~E „ 


(vmEm 


vmEm)  =  Hi's 


(tf-)Si 


cmEm 

EmE» 


Hu 


Hi  i 


(A17) 


Finally  the  overall  coefficient  of  thermal  expansion  vector  a  is  represented  by 


c^cmL 

(a),  =  c'a{  +  c“a r  -  — = —  (cr“  -  ai)  =  (a)2 

Cjj 

(a)j  =  (c'a’iE'j  j  +  cmamEm)/EJJ  <A18) 

(o)4  =  (a),  -  (a),  =  0 
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ABSTRACT 

The  vanishing  fiber  diameter  model  together  with  the  thermoviscoplastidty 
theory  based  on  overstress  including  a  recovery  of  state  formulation  are  introduced. 
They  are  employed  to  analyze  the  effects  of  temperature  rate  and  of  annealing  at 
constant  temperature  on  the  residual  stresses  at  room  temperature  when  unidirectional 
fibrous  metal-matrix  composites  are  cooled  down  from  1000*  C  during  the 
manufacturing  process.  For  the  present  analysis  the  fibers  are  assumed  to  be 
transversely  isotropic  thermoelastic  and  the  matrix  constitutive  equation  is  isotropic 
thermoviscoplastic  including  recovery  of  state.  All  material  functions  and  constants 
can  depend  on  current  temperature.  Yield  surfaces  and  loading/unloading  conditions 
are  not  used  in  the  theory  in  which  the  inelastic  strain  rate  is  solely  a  function  of 
the  overstress,  the  difference  between  stress  and  the  equilibrium  stress,  a  state 
variable  of  the  theory.  Assumed  but  realistic  material  elastic  and  viscoplastic 
properties  as  a  function  of  temperature  which  are  close  to  W/9Cr-lMo  composite 
permit  the  computation  of  residual  stresses.  Due  to  the  viscoplasticity  of  the  matrix 
time-dependent  effects  such  as  creep  and  change  of  residual  stresses  with  time  are 
found.  It  is  found  that  the  residual  stresses  at  room  temperature  change  considerably 
with  temperature  history.  The  matrix  residual  stress,  upon  reaching  room 

temperature,  is  highest  for  the  fastest  cooling  rate,  but  after  thirty  days  rest  the 
influence  of  cooling  rate  is  hardly  noticeable  since  relaxation  takes  place.  Annealing 
periods  can  reduce  the  residual  stresses  by  more  than  12%  compared  to  continuous 
cooling. 


INTRODUCTION 

Metal  matrix  composites  consist  of  a  ductile,  usually  low  strength  matrix 
reinforced  with  elastic,  brittle,  and  strong  fibers.  Ideally,  the  strength  of  the  fiber 
and  the  ductility  of  the  matrix  combine  to  provide  a  new  material  with  superior 
properties.  Selecting  the  best  combinations  of  fiber  and  matrix  materials  is  a 
difficult  task  which  involves  conflicting  demands  and  many  compromises.  To  prevent 
self  stresses  from  developing  during  cool  down  from  the  manufacturing  temperature,  it 
is  desirable  to  have  the  same  coefficient  of  thermal  expansion  for  fiber  and  matrix. 
This  ideal,  however,  is  seldom  achieved  as  other  considerations  have  priority  in 
selecting  the  constituent  materials.  Once  different  coefficients  of  thermal  expansion 
are  given,  residual  stresses  are  inevitable.  The  question  arises  whether  process 
variables  could  be  controlled  so  that  residual  stresses  at  room  temperature  could  be 
minimized.  One  such  variable  is  the  temperature  history  in  cooling  down  from 
manufacturing  temperature.  Intuitively,  the  rate  of  cooling  and/or  hold  periods  at 
constant  temperature  should  have  an  influence  on  the  residual  stresses.  When  the 
temperature  holds  are  introduced  at  high  homologous  temperature,  high  temperature 
creep  could  reduce  the  residual  stresses.  However,  no  quantitative  information  is 
available  since  experiments  are  costly  and  are  not  available  for  high  temperature 
composites. 

The  residual  stresses  can,  however,  be  obtained  by  analysis  provided  appropriate 
constitutive  equations  and  a  composite  model  are  available.  The  material  model 
must  capture  the  time-dependent  processes  that  take  place  at  elevated  temperature 
such  as  primary,  secondary,  possibly  tertiary  creep,  relaxation,  and  loading  rate 
dependence.  In  an  early  analysis,  the  complexity  of  the  material  model  and  the 
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available  material  data  must  be  matched  with  the  composite  model;  it  is  not 
advantageous  to  combine  a  very  detailed  composite  model  with  a  constitutive 
equation  which  does  not  capture  the  essence  of  real  material  behavior. 

The  viscoplasticity  theory  based  on  overstress  with  a  static  recovery  of  state 
(VBO)  can  reproduce  primary,  secondary,  and  tertiary  creep  at  stress  levels  which 
are  in  the  quasi-linear  region  of  the  stress-6train  diagram;  it  also  models  loading 
rate  sensitivity  and  relaxation.  While  these  phenomena  are  built  into  the 

constitutive  equation,  specific  materials  are  modeled  by  identifying  the  constants  of 
the  theory  by  appropriate  tests  reflecting  the  time(rate)-dependent  behavior  of  the 
matrix  (in  general,  the  fiber  is  modeled  as  linear  elastic  but  this  is  not  a 
requirement  of  the  theory). 

In  principle  then,  VBO  cannot  be  applied  since  the  time(rate)-dependent 
material  properties  of  the  matrix  are  not  known.  For  high  temperature  composite 
matrices  even  stress-strain  diagrams  are  not  always  available.  Since  VBO  presents 
the  above  phenomena,  the  specific  material  properties  are  not  important  when  general 
trends  are  being  explored.  To  demonstrate  the  potential  of  the  analysis,  a 
hypothetical  composite  was  created  analytically.  From  a  theoretical  and  experimental 
investigation  at  538*  C  for  a  modified  9Cr-lMo  steel  used  in  the  power  generation 
industry,  the  VBO  model  was  available  at  that  temperature.  It  was  then  natural  to 
take  advantage  of  this  work  and  a  W/Cr-Mo  hypothetical  composite  was  created 
analytically  which  is  called  MMC3.  The  temperature  dependence  of  the  mechanical 
properties  of  the  matrix  were  established  by  reasonable  guesses.  The  elastic 
properties  of  the  W  fiber  were  obtained  from  the  literature  [ll.  This  material  model 
was  then  combined  with  the  Vanishing  Fiber  Diameter  Model  (VFD)  [2]  in  a 
thermoviscoplastic  analysis.  The  theory  is  applicable  for  arbitrary  thermomechanical 
loadings  and  is  specialized  here  to  the  cool-down  process  in  the  absence  of  external 
loads.  Although  the  results  are  strictly  valid  for  MMC3  only,  it  is  believed  that  the 
general  trends  are  indicative  of  matrix  materials  whose  strength  decreases  and  whose 
time(rate)-dependent  properties  increase  with  an  increase  in  temperature.  (The 
trends  may  be  different  for  some  Nickel  Aluminides  which  exhibit  a  strength  increase 
with  temperature  before  it  decreases  and  whose  time(rate)-dependent  properties  are 
largely  unknown.) 

In  previous  papers,  analyses  were  performed  using  a  version  of  VBO  without 
the  static  recovery  terms  in  the  growth  laws  for  the  state  variables.  As  a 
consequence,  only  "cold  creep”  was  reproduced.  It  is  shown  that  the  residual  stresses 
have  an  influence  on  the  subsequent  mechanical  behavior  as  well  as  the  thermal 
expansion  behavior  of  metal  matrix  composites  [3-5]. 

All  the  analyses  reported  in  [3-5]  were  for  VBO,  which  showed  only  primary 
creep  for  the  matrix  at  stress  levels  corresponding  to  the  quasi  linear  region  of  the 
matrix  stress-strain  diagram.  It  is  known  from  the  high  temperature  creep  behavior 
of  monolithic  materials  that,  in  these  regions,  secondary  and  tertiary  creep  can  occur. 
To  model  such  behavior,  a  static  recovery  of  state  term  must  be  introduced  in  the 
growth  law  for  the  state  variables  following  the  Baily/Orowan  concept  of 
nardening/recovery  competition  in  secondary  creep.  This  has  been  done  by  Majors 
and  Krempl  [6]  for  modified  9Cr-lMo  steel.  It  is  shown  that  secondary  creep  in  the 
quasi  elastic  regions  can  be  reproduced  together  with  other  phenomena  found  in  the 
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experiments  by  Ruggles,  Cheng,  and  Krempl  [7].  These  experiments  include  strain 
rate  changes  and  repeated  relaxation  tests  at  538*  C. 

The  VBO  model  based  on  these  experiments  represents  real  high  temperature 
behavior.  It  is  the  matrix  constitutive  equation  in  MMC3.  The  analysis  shows  the 
effects  of  temperature  rate  and  of  annealing  at  constant  temperature  during 
cool-down  on  the  residual  stresses  at  room  temperature.  The  effect  of  recovery  of 
modified  9Cr-lMo  steel  during  cool  down  is  considered  to  be  temperature-dependent 
and  the  transition  horn  low  to  high  homologous  temperature  behavior  is  characterized 
by  a  decrease  in  strength  and  a  decrease  in  rate(time)  dependence.  No  recovery  of 
state  takes  place  below  450*  C. 

First,  the  governing  equations  are  stated.  They  are  represented  by  a  system  of 
first  order,  nonlinear,  coupled  differential  equations  which  must  be  solved  for  a  given 
boundary  condition  and  loading/temperature  history.  In  this  case,  no  mechanical 
loading  with  various  cooling  histories  are  simulated  numerically.  The  model  also 
includes  cold-creep  and  changes  of  the  residual  stresses  with  time  are  observed  at 
room  temperature.  It  is  assumed  that  perfect  bonding  starts  at  1000*  C  and  holds 
during  the  cool-down  process. 


THE  COMPOSITE  MODEL 

Experimental  Evidence  of  Deformation  Behavior  Influenced  by  Recovery  of  State 

Evidence  of  recovery  of  state  influencing  the  deformation  behavior  was  presented 
by  Ruggles,  Cheng  and  Krempl  [7]  and  discussed  and  modeled  using  VBO  by  Majors 
and  Krempl  f6].  Figure  1,  taken  from  [7],  shows  the  rate  dependence  of  modified 
9Cr-lMo  steel  at  538*  C.  The  stress  level  depends  strongly  on  strain  rate  and  the 
material  exhibits  strain  softening.  Of  interest  is  the  curve  with  the  lowest  strain 
rate  which  had  relaxation  periods  introduced  at  points  A,  B  and  C.  Due  to  the 
slow  straining  and  the  extended  relaxation  periods,  the  specimen  was  exposed  to  the 
elevated  temperature  environment  for  more  than  140  hrs  before  straining  resumed  at 
C  with  a  strain  rate  of  1.2E-5  1/s.  The  observed  gap  between  this  curve  and  the 
one  for  which  the  strain  rate  was  1.2E-5  1/s  from  the  beginning  (the  total  test 
duration  for  this  test  up  to  4.8%  strain  was  approximately  1.1  hrsj  is  attributed  to 
the  influence  of  static  recovery  as  is  the  rate-dependent  negative  slope  of  the 
stress-strain  curves  in  the  inelastic  region.  Further  evidence  of  the  influence  of  static 
recovery  is  the  cyclic  softening  of  the  initially  annealed  steel  shown  in  Fig.  2.  The 
hysteresis  loops  with  relaxation  drops  at  the  first  and  at  the  52nd  cycle  are  shown  in 
Fig.  2.  These  and  other  evidences  of  the  influence  of  static  recovery  combined  with 
the  usual  rate  dependence,  creep,  and  relaxation  behavior  are  reported  in  [7]  and 
modeled  with  VBO  in  [6]. 

A  Thermal  Version  of  the  Viscoplasticity  Theory  Based  on  Overstress  with  Static 
Recovery  of  State 

The  theory  and  the  modeling  given  by  Choi  [8]  and  Majors  and  Krempl  [6]  is 
modified  slightly  to  allow  for  the  modeling  of  thermal  behavior.  This  includes  the 
addition  of  a  temperature  rate  term  and  allowing  the  material  constants  to  depend 
on  temperature. 
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For  the  representation  of  the  equations,  the  usual  vector  notation  for  the  stress 
tensor  components  a  and  the  small  strain  tensor  components  c  are  used.  Boldface 
lower  and  upper  case  letters  denote  6*1  and  6*6  matrices,  respectively. 

In  the  context  of  an  infinitesimal  theory,  the  total  strain  rate,  de/dt,  is 
considered  to  be  the  sum  of  elastic,  dcel/dt,  inelastic,  dein/dt,  and  thermal  strain 
rates,  deth/dt, 


£  =  eel  +  €ta  +  cth  (1) 

For  each  strain  rate,  a  constitutive  equation  is  postulated.  The  elastic  strain  is 
assumed  to  be  independent  of  thermal  history,  therefore, 


(2) 


where  C'1  is  the  temperature  dependent  compliance  matrix,  and  a  superposed  dot 
represents  the  total  time  derivative,  d/dt. 

The  inelastic  strain  rate  is  only  a  function  of  the  overstress  x.  It  denotes  the 
difference  between  the  stress  a  and  the  equilibrium  stress  g,  a  vector  state  variable 
of  the  theory.  Accordingly 


=  K'1*  (3) 

The  viscosity  matrix  K'1  controls  the  rate-dependence  through  the  viscosity 
factors  Ky  and  the  positive,  decreasing  viscosity  function  k[r].  The  components  of 

K*1  for  isotropy  and  incompressibility  are  given  in  Appendix  1. 

The  thermal  strain  rate  is  given  by 

6th  =  dl  (4) 

with  a  the  coefficient  of  thermal  expansion  vector.  T  is  the  temperature  difference 
from  some  datum  temperature. 

The  growth  law  for  the  equilibrium  stress  with  a  temperature  term  and  a  term 
representing  static  recovery  is 

g  =  q[r,A](ir  H - — )  +  T  ML*!,  -  (llr'AlE  ~  -  R[«Jg  (5) 

k[r]  A 

where 

T2  =  XtHx,  il>2  =  (£“)*<}£“,  t2  =  g*Hg 
and  x  -  a  -  g  ,  *  =  g  -  t 
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The  viscosity  function  k[r]  and  the  dimensionless  modified  shape  functions  qfI\A]  are 
decreasing  (q[0,A]  <  1  is  required)  and  control  the  rate  dependence  and  tne  shape 
of  stress-strain  diagram,  respectively.  (Square  brackets  following  a  symbol  denote 

"function  of.)  T  is  the  overstress  invariant  and  <f>  is  the  rate  of  inelastic  strain 
path  length.  Et  is  the  tangent  modulus  at  the  maximum  strain  of  interest  and  can 
be  positive,  zero,  or  negative.  The  vector  *  represents  the  difference  between  the 
equilibrium  stress  g  and  the  kinematic  stress  1  H  and  Q  are  dimensionless  matrices. 
For  isotropy,  their  components  are  chosen  to  yield  the  von  Mises  effective  stress  and 
inelastic  incompressibility,  see  Appendix  1.  The  recovery  function  R  is  positive  and 
depends  upon  the  current  effective  equilibrium  stress  x,  see  Cernocky  and  Krempl 


R[x]  =  ^ftanh(UG)  +  tanh(VG)]  (6) 

where 


UG  =  -3  +  6( — -  -  RG1),  VG  =  3  +  6(— *— ±-RG-l). 

RG2  —  RGj  RGj  —  RGj 

RGi,  RG2,  and  RG3  are  temperature-dependent  material  constants. 

To  model  recovery  induced  softening,  the  recovery  variable  A  is  taken  to  be 

A  =  hp  -  V  (7) 

where 

r?  =  h<jf>  -  R i[rj\ri  ,  and  p  =  /t  far. 

In  Eq.  (7),  p  is  the  accumulated  inelastic  strain,  and  h  is  a  dimensionless  positive 

constant.  The  variable  rj  grows  proportionally  to  the  effective  inelastic  strain  rate,  <j>, 
but  recovers  by  the  function  Ri.  Rj  is  same  form  as  R  with  different  constants 
called  RAi,  RA2,  and  RAS.  The  isotropic  variable  A  is  influenced  by  A 

A  =  B  +  -  B  (8) 

1  -  G  ,A 

where  B  is  the  minimum  value  of  A,  A0  is  the  initial  value,  and  Gt  is  a  positive 
dimensionless  material  constant. 

To  improve  modeling,  the  kinematic  stresses  and  the  shape  function  are 
modified  and  are  made  to  depend  on  A 

f  =  — cin  (^-  — -).  (9) 

1  _  |i  A0  -  B 

The  modified  shape  function  q[r,A]  =  ^r,A]/E  with  i>,  a  positive  decreasing 
function  of  f  is 
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#r,A]=  ct  +  (c2[A]  -  ct)exp(-cjr)  (10) 

where 

Cj(A]  = 

Aexp(c<(A  -  A0)) 
c2o  is  the  inirid  value  of  c2. 

The  capabilities  of  Eqs.  (1-10)  for  modeling  the  material  behavior  include 

•  Stress  level  dependence  on  strain  rate;  recovery  term  decreases  stress  at  slow 

rates. 

•  Primary,  secondary  and  tertiary  creep  possible  in  quasi-elastic  range. 

•  Qualitative  modeling  of  relaxation  drops  and  stress  levels  at  the  end  of 

relaxation  tests. 

•  Strain  rate  path  dependence. 

•  Cyclic  softening. 

•  Small  permanent  effect  of  rest  time  on  subsequent  stress-strain  diagram. 

•  Tangent  modulus  in  the  inelastic  range  decreases  with  decreasing  strain  rate. 

The  details  can  be  found  in  [6j.  All  constants  can  depend  on  temperature  and  this 
dependence  is  net  explicitly  displayed. 

The  Composite  Model 

For  MMC3,  it  is  assumed  that  the  fiber  of  the  unidirectional  composite  is 
transversely  isotropic  thermoelastic,  the  matrix  is  isotropic  and  thermoviscoplastic 
with  recovery  of  state  and  represented  by  Eqs.  (1-10).  Fiber  orientation  in  the 
3-direction  is  postulated. 

For  the  VFD  model,  Dvorak  and  Bahei-El-Din  [2],  the  following  constraint 
equations  hold 

c\  ss  b{  =  for  i  t  3 

Oj  =  cf  crj  4-  c" 

ci  =  cf  i\  +  cm  if!  for  i  *3  (11) 

fj  =  =  cl- 

In  the  a.bove,  stresses  and  strains  without  a  superscript  designate  quantities  imposed 
on  the  composite  as  a  whole.  Superscripts  {  and  ®  denote  fiber  and  matrix, 
respectively.  The  fiber  volume  fraction  is  c*  and  c®  denotes  the  matrix  volume 
fraction  witu  cf  +  c“  =  1.  When  the  constraints  [11]  are  combined  with  the  VBO 
equations  of  Lee  and  Krempl  [91.  the  composite  response  is  given  by  (details  can  be 
found  in  Yeh  and  Krempl  [10,13]) 

i  =  V'a  +  (K  +  (Rf)V  +  (R*)'1*"  +  ISt  (12) 
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together  with  a  separate  equation  for  the  o]  component  of  the  matrix 

»  =  su,  -  sL  L(i,  +  *,>  -  AJiE 

ElS  E33  E33 

{ - - -  fx!  -  0.5(x?  +  x!)|) 

-  {[— (^SiESs  -  *4iE$j) 

E33  lL(S$3)2 

- L_(i^EB  -  i^EB)l(a,  +  <r2)  + 

(E-?  J  (ES3)2  (Eb)2 

_  ^glaS!(a"  -  aS)T.  (13) 

Es3 

In  addition,  the  growth  laws  for  the  state  variables  described  previously  are  needed. 

In  the  above,  C*1  is  the  symmetric  overall  compliance  matrix  whose  components 
are  functions  of  the  elastic  properties  of  fiber  and  matrix.  The  viscosity  matrix 

(KV  is  not  svmmetric  and  its  components,  together  with  those  of  U'\  axe  listed  in 
Appendix  1.  (Note,  the  matrix  material  is  assumed  to  be  isotropic  and  inelastically 

incompressible.)  The  matrices  (Rfl*‘  and  (R")'1  contain  time  derivatives  of  the 
elastic  constants  of  the  fiber  and  tne  matrix,  respectively.  Both  matrices  are  not 
symmetric,  see  Appendix  1.  They  are  zero  if  the  elastic  constants  are  independent  of 
temperature.  These  matrices  represent  the  "additional"  terms  which  can  plav  a 
significant  role  in  modeling  thermomechanical  behavior,  see  Lee  and  Krempl  [11]. 

Finally,  the  components  of  a  are  composed  of  the  elastic  constants  and  the 
coefficients  of  thermal  expansion,  see  Appendix  1. 

Equation  (12)  shows  that  the  overall  strain  rate  is  the  sum  of  the  overall 
elastic  strain  rate,  the  overall  inelastic  strain  rates  contributed  by  the  matrix,  and 
the  overall  thermal  strain  rate  in  the  case  of  constant  elastic  properties.  If 
temperature  dependent  elastic  properties  are  assumed,  then  two  additional  terms 
contribute  to  the  overall  strain  rate.  They  insure  that  the  elastic  behavior  is  path 
independent,  see  Lee  and  Krempl  [11]. 

Equation  (13)  is  used  to  calculate  the  instantaneous  axial  matrix  stress  which 
cannot  be  directly  obtained  from  the  overall  boundary  conditions.  E33  and  L  are 
defined  in  Appendix  1.  0^  is  affected  by  mechanical  and  thermal  loadings  and  their 

loading  paths.  For  instance,  for  pure  thermal  loading  (overall  stresses  are  zero),  oj 
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together  with  g?,  f?  will  develop  due  to  the  difference  in  the  coefficients  of  thermal 
expansion  of  fiber  and  matrix;  these  matrix  stresses  in  the  fiber  direction  cause 
coupling  between  the  mechanical  and  thermal  loading  in  the  inelastic  range. 


NUMERICAL  SIMULATION 

Equations  (1)  through  (13)  constitute  the  model  which  must  now  be  applied  by 
specifying  the  boundary  conditions  and  the  uniform  temperature  history.  In  this 
paper  we  assume  no  overall  stresses.  Stresses  arise  when  the  temperature  changes 
due  to  the  different  coefficients  of  thermal  expansion  for  fiber  and  matrix.  The 
properties  of  MMC3,  a  hypothetical  unidirectional  composite  made  of  a  modified 
9Cr-lMo  steel  matrix  and  W  fibers  are  listed  in  Tables  1  and  2,  respectively.  The 
matrix  properties  give  rise  to  the  stress-strain  diagrams  shown  in  Fig.  3  at  the 
indicated  strain  rate.  A  decrease  in  stress  level  with  temperature  is  modeled.  Long 
term  creep  curves  at  538*  C  and  600*  C  at  stress  levels  within  the  elastic  range  of  the 
stress-strain  curves  in  Fig.  3  are  depicted  in  Fig.  4.  It  is  seen  that  primary, 
secondary  and  tertiary  creep  are  modeled.  This  capability  is  due  to  the  recovery 
terms  described  previously.  In  the  model  it  is  assumed  that  static  recovery  is 
unimportant  at  temperatures  below  450*  C  and  only  "cold"  creep  can  be  modeled 
below  this  temperature.  Even  at  room  temperature  cold  creep  is  found  [12]  which 
can  give  rise  to  residual  stress  changes  while  the  composite  is  at  rest  at  room 
temperature.  Room  temperature  time-dependent  behavior  has  been  found  in 
composites  [15]. 

Residual  Stresses  upon  Cool-Down  from  Manufacturing  Temperature 

The  residual  stresses  at  room  temperature  might  be  influenced  by  the  cooling 
history.  As  a  consequence,  numerical  experiments  were  performed  involving  the 
thermal  histories  listed  in  Table  3.  They  include  continuous  cooling  at  different 
temperature  rates,  Cases  1-3,  change  of  temperature  rates,  Cases  4-6,  and 
temperature  holds  at  600*  C  or  at  800*  U  with  rate  changes,  Cases  7-12.  The  results 
are  graphed  in  Figs.  5-9. 

The  increase  in  the  matrix  stress  in  the  fiber  direction  eft  and  of  the 

equilibrium  stress  g?  in  that  direction  with  decreasing  temperature  is  shown  in  Fig. 
5.  When  the  composite  reaches  room  temperature  at  point  b,  relaxation  sets  in  and 
the  stress  decreases  while  the  equilibrium  stress  increases.  As  seen  from  the  inset, 
the  overstress,  the  difference  of  the  stress  and  the  equilibrium  stress,  decreases  with 
time.  After  30  days,  the  overstress  is  small  and  relaxation  ceases  for  practical 
purposes.  The  residual  stress  which  would  be  measured  in  a  real  composite  would  be 
dose  to  that  of  point  c  since  it  takes  some  time  before  the  composite  can  be  tested. 
The  stress  redistribution  at  room  temperature  is  caused  by  the  presence  of  cold 
creep,  i.e.  the  rate  dependence  of  the  matrix  at  room  temperature  found  in  alloys 
[12]  and  composites  [15]. 

The  influence  of  cooling  rate  is  shown  in  Fig.  6  where  only  the  matrix  stress  is 
plotted.  Upon  reaching  room  temperature,  the  stress  is  highest  for  the  fastest  cooling 
rate.  It  would  appear  then  that  a  slow  cooling  rate  would  be  benefidal.  However, 
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the  results  in  Table  4  show  that  the  residual  stresses  after  30  days  differs  only  by 
about  3  MPa.  During  the  hold  at  room  temperature,  the  relaxation  is  faster  for  the 
high  than  for  the  slow  temperature  rate  so  that  the  initial  difference  of  30  MPa 
between  Cases  1  and  3  diminishes  to  3  MPa.  It  is  concluded  that  the  final  stress  is 
nearly  unaffected  by  the  cooling  rate. 

The  temperature  rate  changes  do  not  appreciably  alter  the  picture,  see  Fig.  7 
and  Table  4.  It  is,  however,  clearly  noticeable  that  a  slow  cool  in  the  high 
temperature  region  has  a  beneficial  effect  on  the  residual  stresses,  compare  Cases  4 
and  6  with  Case  5. 

It  can  be  seen  from  Table  3  that  the  difference  between  Cases  7-9  and  Cases 
10-12  is  the  length  of  the  temperature  hold.  The  30  day  hold  for  Cases  7-9 
produces  up  to  10%  lower  residual  stresses  than  the  one  day  hold,  Cases  10-12,  see 
Table  4.  The  lowest  residual  stress  is  found  for  Case  8  (Case  7  differs  only  by  1 
MPa)  with  a  hold  at  600*  C  and  fast  cooling  rates.  When  temperature  holds  are 
introduced  at  800*  C  rather  than  at  600*  C,  the  residual  stresses  are  high,  compare 
Cases  7  and  8  and  Cases  11  and  12.  The  introduction  of  30  day  hold  periods  at 

600*  C  is  very  effective  and  leads  to  the  lowest  residual  stresses.  It  is  also  seen  from 

Fig.  8  and  Table  4  that  using  slow  cooling  to  600*  C  has  no  effect  on  the  residual 
stresses.  Figure  8  shows  that  the  slow  and  the  fast  cooling  rate  curves  relax  to  the 
same  stress  at  the  end  of  the  30  day  hold  at  600*  C  and  that  subsequent  cooling 

starts  from  the  same  stress  level.  The  situation  is  different  for  the  one  day  hold  of 

Fig.  9  for  Cases  10  and  11.  The  fast  cooling  rate  curve  relaxes  not  quite  as  far  as 
the  slow  one  and  the  beneficial  effect  of  slow  cooling  to  600*  C  is  noticeable  in  the 
residual  stress  level,  204  vs  208  MPa.  Comparing  Cases  6  and  10  shows  that  the 
introduction  of  a  one  day  hold  has  a  very  minor  effect  on  the  final  residual  stresses. 


DISCUSSION 

A  composite  model  based  on  a  "unified"  viscoplasticity  theory,  the 
thermoviscoplasticity  theory  based  on  overstress  (VBO),  and  the  vanishing  fiber 
diameter  model  (VFD)  were  used  to  analyse  the  effects  of  temperature  rate  and  of 
annealing  at  constant  temperature  on  the  permanent  residual  stresses  at  room 
temperature.  It  was  assumed  that  the  unidirectional  fibrous  metal-matrix  composite 
MMC3  was  cooled  down  from  1000*  C  during  the  manufacturing  process.  Material 
properties  based  on  a  real  alloy  were  used  to  create  the  hypothetical  MMC3.  Of 
special  interest  was  the  effect  or  recovery  of  state  representing  high  temperature  creep 
in  the  constitutive  equation. 

In  a  companion  investigation,  Yeh  and  Krempl  [16],  no  recovery  of  state  was 
included  in  the  simulation  of  the  behavior  of  Gr/Al.  The  same  12  Cases  were 
computed  and  it  was  shown  that  the  residual  stresses  at  room  temperature  and  long 
times  differed  by  less  than  3%  for  all  12  temperature  histories.  The  present  analysis, 
which  includes  high  temperature  creep,  shows  that  there  can  be  as  much  as  36  MPa 
difference  in  the  final  residual  stress.  As  expected,  the  lowest  residual  stress  is 
achieved  with  Case  8  which  involves  a  30  day  hold  at  600*  C.  It  may  be  impractical 
to  use  such  a  history.  Case  6,  which  involves  slow  cooling  to  600*  C  followed  by  fast 
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cooling,  is  a  cooling  path  which  is  practically  feasible.  It  takes  about  4.8  days  as 

opposed  to  30.3  days  for  Case  8.  The  results  clearly  show  that  an  optimum  path 

can  be  found  and  that  high  temperature  creep  has  a  beneficial  effect  on  the  final 
residual  stress. 

The  residual  stresses  immediately  after  reaching  room  temperature  range  form 
251  to  209  MPa,  a  20%  difference.  These  stresses  relax  with  time  sprat  at  room 
temperature  due  to  the  presence  of  cold  creep  which  has  been  observed  in  A1  based 
metal  matrix  composites  [15].  Since  experiments  have  shown  that  cold  creep  is 
present  with  ferritic  steels  at  room  temperature  [14],  we  have  built  it  into  the 

present  model.  Cold  creep  gives  rise  to  the  observed  relaxation  which  is  nearly  over 
after  30  days.  Cases  1-3  show  that  at  the  end  the  influence  of  rate  is  negligible 
since  the  final  residual  stresses  are  nearly  identical.  This  observation  corresponds  to 
the  results  of  a  companion  investigation  without  recovery  of  state  [16]  where 

temperature  history  effects  are  negligible  after  30  days. 

When  extended  periods  of  time  are  spent  at  temperatures  where  the  influence  of 
recovery  of  state  is  significant,  its  influence  on  the  final  residual  stress  is  noticeable. 
However,  the  overall  effect  is  not  very  large  since  the  final  stresses  differ  only  by 
18%. 


Therefore,  it  appears  therefore  that  variation  of  the  thermal  history  does  not 
have  a  very  significant  effect  on  the  final  residual  stresses.  However,  it  is  clear  that 
recovery  of  state  or  high  temperature  creep  can  be  useful  in  reducing  residual 
stresses.  Holds  in  regions  where  recovery  of  state  are  significant  are  most  beneficial. 
Since  recovery  of  state  is  a  long-term  process,  the  beneficial  effects  can  only  be 
expected  after  long  cooling  times. 

The  present  paper  intends  to  show  the  capabilities  of  the  proposed  analysis  in 
principle  using  a  hypothetical  composite  MMC3.  For  the  exact  modeling  of  a  metal 
matrix  composite,  various  refinements  are  possible.  Included  are  the  determination  of 
matrix  and  fiber  properties  as  a  function  of  temperature  and  the  use  of  other 
micromechanical  models.  While  the  magnitude  of  the  residual  stresses  are  strongly 
dependent  on  the  specific  system,  the  general  trends  are  expected  to  remain 
unaltered. 
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APPENDIX  1 


Matrices  for  Isotropy 

The  nonzero  components  of  the  symmetric  elastic  modulus  matrix  C*1  and  the 
symmetric  viscosity  matrix  K'1  are 


(C-')„  =  (C-%  =  (C-‘)||  =  1/E 
(C-‘)«  =  (C-‘)ss  =  (C-')«  =  1/G 
(C*')ij  =  -1//E,  i,  j  =  1,  2,  3,  and  i  /  j  (Al) 

(K-‘)u  =  =  (K->)„  =  1/Ek[r] 

=  (K-')!S  =  (K'Om  =  3/Ek[r) 

(K-‘)ij  =  -l/2Ek[r],  i,  j  =  1,  2,  3,  and  i  t  j  (A2) 

The  coefficient  of  thermal  expansion  vector  is 

a1  =  [a  a  a  0  0  0]  (A3) 

H  and  Q  are  dimensionless  matrices.  For  isotropy  and  independence  of 
superposed  hydrostatic  terms  the  nonzero  components  are 

Hu  =  H2j  =  H33  1,  H44  =  H55  =  Hgg  =  3 

Hjj  =  -0.5,  i,  j  =  1,  2,  3,  and  i*j,  (A4) 

and 

Q11  =  Q22  =  Qj3  =  1,  Q44  =  Q55  =  Qbs  =  1/3 

Qij  =  -0-5,  i,  j  =  1,  2,  3,  and  i*j,  (A5) 

respectively. 

Components  of  the  Matrices  in  Eq.  (12) 

For  convenience  the  following  quantities  are  defined 

E33  =  cfE$s  +  c"E" 

L  =  i^iE"  -  j^Ejs 

t/31  =  cM,  +  c"t^  . 


(A6) 
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(A7) 


The  nonzero  components  of  the  overall  elastic  compliance  matrix  C-  are 

,c-.v,  -SL  +  il- =  (C-)» 

(  '  El,  E-  El,E*Eu 

(C-n  =  +  c"£+ 

(C  )u  -ic  £•  e5,E*E„ 

(C- 1)„  =  =E»1  =  (C-‘)j,  =  (C-‘)si  =  (C-')« 

Ell  . 

(U-‘)3S  =  f- 

bjS 

= &  ■ *  S' -  (C")ss 
(c‘i)"  -  S + £  • 

The  nonzero  components  of  the  matrix  (K-)<  are  (the  argument  of  the 
viscosity  function  k®  is  omitted) 


(K-lil  =  -2-(l  +  0.8^0  =  (K-)zl 

V  1  K"k"  Ess 

(K-UJ  =  -=s!-<l  -  =(K*)sl 

(K-)i!  =  =£-<0.5  +  ={K*)ii 

v  ;  K*kB  Ess 

(K-)il  =  —  =(K*)il 

1  '  2E„Kn* 


(A8) 


(K‘)ii  = 


cnVm 

EjsK'k* 


(K-)d  =  —  =  (PW  -  ^K")5i  • 

v  ;  K"k" 
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The  nonzero  components  of  the  "extra  terms"  (Rf)‘‘  (R*)'1  are 

(Rf);|  =  -c'-lil-  .  -  4|ESj)  =  (it')ii 

(e!,)5  (eJ,)*e„ 

(R');l  =  -  f— 7-(MlE!,  -  i4e!i)  +  — -  ^,ESj)1  =  (ft')il 


and 


(Rf)ii  =  ~r — PnES.  -  i-S.Eu)  =  (R')il 

EJjEsi 

(Rf)il  =  -^I-MiESj  -  ’/5,eJs)  =  (R')ii 

EJjEjj 

(Rf)jj  =  _  cilia 


(R')Jl  =  -c'^:  =  (fc')ii 


E|  jEjj 

f  GU  _ 
(G$4)2 

(R *)il  = 

(G$.)J 


(R-)ll  =  -c*^-  +  cfc*L  {p> EB  -  i^tm)  =  (R-)2i 
(E-)2  (E*)2E3, 

(RB)li  =  £■  -  i^E«)(l  -  =  (R-)il 


(E  m): 


E 


S3 


(R*)iJ  =  -~-foiEB  -  *»E„)  =  (R-)5i 
EbE3S 

(R.)jj  «  _£!_{^e-  -  W)  =  (R-)sl 
E-Ejj 

(R-)ii  =  - 

EBEj  j 

(ft-)ii  =  -C--5L.  =(ft-)iJ  =  (R-)iJ  . 


(A9) 


(AlO) 
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Finally  the  overall  coefficient  of  thermal  expansion  vector  a 


(a),  =  M  +  c“a"  -  -  a\)  =  (a): 

Ess 

(a)  3  =  (cfalEl3  +  cBa*EB)/Ess 
(0)4  =  (0)5  =  (®)»  = 


is  represented  by 

(All) 
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Table  1.  Thermoelastic  and  Thennovis coplastic  Properties  of  Modified  9Cr-lMo  Steel 
Matrix  (MMC3)  with  Temperature-Dependent  Recovery  Function  (*) 


E 

=  237160-172. 5T+0.31T2-3.43e—4T3+l.le-7T4  (MPa) 

298  <  T  <  1273°K 

G 

=  91572.1-68.924T+0.1261T2-1.386e-4T3"*’4.421e-8T4  (MPa) 

1  298  <  T  <  1273°K 

a 

=  6.e-fi+2.37e-8T-3.78e-llT2+3.2e-14T3-9.2e-18T4(m/m/°C)  298  <  T  <  1273°K 

Rm 

=  E 

Mr] 

=  k,(i  +  r-)~W  +  exP(ks(r  "  k4))) 

ki 

=  2e+6  (s),  k2  =  250  (MPa),  k4  =  380  (MPa),  k6  =  0.01  (1/MPa) 

U 

=  42. 061-6. 061e-2T  (1/MPa) 

T  <  364°K 

=  98.99-0. 5775T+1.525e-3T2-1.723e-6T3+6.968e-10T4 

364  <  T  <  873°K 

=-18. 7271+0. 0446625T-6.25e-6T2 

T  >  873°K 

Et 

=  -6214.62+ 126.257T-0.2754T2  (MPa) 

T  <  364°K 

=  11939. 9-43. 437T+4.742e-2T2+4.461e-5Ts-7.4763e-8T4 

364  <  T  <  811°K 

=  17624-33. 236T-6.185e-3T2+3.76e-5T3-1.689e-6T4 

T  >  811°K 

A0 

=  579.276-1. 1393T+9.886e-4T2+2.111e-6T3-2.833e-9T4 

T  <  873°K 

=  304 . 39 1-0 . 34325T + 1 ,25e-4T 2  (MPa) 

T  >  873°K 

q 

=  ip/ E;  see  Eq.  (10) 

Cl 

=  137212-212T  (MPa) 

T  <  364°K 

=304327-1770. 68T+4.662T2-^5.283e-3T3+2.123e-6T4 

364  <  T  <  873°K 

=  50231. 8-1. 35T-0.025T2 

T  >  873°K 

C20 

=228189-122.  lT+0.1728T2-1.837e-4T3+4.416e-8T4  (MPa) 

298  <  T  <  1273°K 

C3 

=  2.424e-3+7.576e-5T  (1/MPa) 

T  <  364°K 

=  0.6561-4. 978e-3T+1.429e-5T2-1.751e-8T3+7.831e-12T4 

364  <  T  <  873°K 

=  -0. 3365+0. 0005T 

T  >  873°K 

C< 

=  0.5  (1/MPa) 

h 

=  0 

T  <  723°K 

=  298.534-1 .244T+ 1 .896e-3T2-l .  225e-6Ts+2 .883e-10T4 

T  >  723°K 

Gi 

=  0 

T  <  723°K 

=  298.534-1.244T+1.896e-3T2-1.225e-6Ts+2.883e-10T4 

T  >  723°K 

B 

=  398.3-O.713T-8.546e-4T2+4.42e-6Ts-3.504e-9T4  (MPa) 

T  <  873°K 

=  64.92-0. 04T 

T  >  873°K 
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Table  1.  (continued) 


RGi  =  0  (MPa) 

RG2  =  -589.57+12.04T-4.32e-2T2+6.15e-5Ts-3.07e-8T4  (MPa) 
=  209. 125-0. 125T 
RG3  =  0  (1/s) 

=  4.1e-4-1.79e-6T+2.83e-9T2-1.95e-12T*+4.967e-16T4 


298  <  T  < 
T  <  873°K 
T  >  873°K 
T  <  723°K 
T  >  723°K 


RAi  =  0  (MPa)  298  <  T  < 

RA2  =  273. 19-0.54 7T-4.8e-4T2+2.55e-6T3-1.906e-9T4  (MPa)  T  <  873°K 

=  122. 196-0. 1716T+6.25e-5T2  T  >  873°K 

RA3  =  0  (1/s)  T  <  723°K 

=  4.1-1. 785e-2T+2.829e-5T2-1.95e-8T*+4.967e-12T4  T  >  723°K 

v  =  0.3,  and  inelastic  Poisson’s  Ratio:  0.5 


*  Estimated 


1273°K 


1273°K 


Table  2.  Thermoelastic  Properties  for  W  Fiber* 


E$3  =  Ef,  (MPa) 

1 

Gj4  =  G$s  (MPa) 
a$  =  oi  (m/m/°C) 


410920-40T 

0.29 

159271-15.5T 

4.198e-6+8.87e-10T 


298  <  T  <  1273°K 
298  <  T  <  1273°K 
298  <  T  <  1273°K 
298  <  T  <  1273°K 


*From  [1]. 
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Table  3.  Thermal  Histories  Used  lor  MMC3 


Case 

Description 

1 

Continuous 

2 

Continuous 

3 

Continuous 

4 

Rate  Change 
(at  450  °C) 

5 

Rate  Change 
(at  450  °C) 

6 

Rate  Change 
(at  600  °C) 

7 

Temp.  Hold 
(at  600  °C) 

8 

Temp.  Hold 
(at  600  °C) 

9 

Temp.  Hold 
(at  800  °C) 

10 

Temp.  Hold 
(at  600  °C) 

11 

Temp.  Hold 
(at  600  °C) 

12 

Temp.  Hold 
(at  800  °C) 

Cooling  Rates  °C/s 

0.1 

0.033 

0.001 

0.001/0.033 

0.033/0.001 

0.001/0.033 

0.001/0.033 

0.033/0.033 

0.033/0.033 

0.001/0.033 

0.033/0.033 

0.033/0.033 


Hold  Duration  (Days) 

No 

No 

No 

No 


No 


No 


30 


30 


30 
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Table  4.  Matrix  Residual  Stress  for  the  Thermal  Histories  of  Table  3 


Case 


a% 


Case 


1 

2 

3 

4 

5 

6 

251 

242 

220 

231 

230 

232 

217 

216 

214 

207 

224 

206 

7 

8 

9 

10 

11 

12 

210 

209 

225 

229 

234 

239 

189 

188 

200 

204 

208 

213 

*  Results  in  rows  (i)  and  (ii)  represent  the  residual  stress  immediately  after  reaching 
room  temperature  and  after  30  days  at  room  temperature,  respectively. 
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FIGURE  CAPTIONS: 


Fig.  1.  Rate  and  strain  rate  history  dependence  of  modified  9Cr-lMo  steel  at 
538*  C. 

Fig.  2.  Cyclic  loading  with  repeated  relaxation  periods  of  modified  9Cr-lMo  steel 
at  538*  C.  Cyclic  softening  is  indicative  of  recovery  of  state. 

Fig.  3.  Stress-strain  diagrams  of  MMC3  matrix  at  various  temperatures. 

Fig.  4.  Long  term  creep  curves  of  MMC3  matrix  at  stress  levels  within  the 

elastic  range  of  the  stress-strain  curves  in  Fig.  3  at  538*  C  and  600’ C. 

Fig.  5.  Development  of  matrix  stress  in  fiber  direction,  and  matrix  equilibrium 

stress  during  cool-down  from  the  assumed  manufacturing  temperature  of 
1000*  C.  The  inset  shows  the  decrease  of  the  overstress  during  the  room 
temperature  hold  b-c.  MMC3 

Fig.  6.  Matrix  residual  stress  developed  during  cool  down  of  MMC3  from  the 
assumed  manufacturing  temperature  at  1000*  C.  The  influence  of  cooling 
rate  is  apparent.  After  a  hold  of  30  days  at  room  temperature  the 
smallest  residual  stress  of  214  MPa  is  obtained  a  cooling  rate  of 
0.001*  C/s.  The  model  shows  stress  relaxation  at  room  temperature. 

Fig.  7.  The  effects  of  cooling  rate  change  on  the  matrix  residual  stress  at  room 
temperature.  The  final  residual  stress  for  Case  4  is  207  MPa,  compared 
to  224  MPa  for  Case  5. 

Fig.  8.  Influence  of  cooling  rate  and  30  days  temperature  holds  at  600*  C  or  at 
800*  C  on  the  matrix  residual  stress  at  room  temperature.  In  this  case 
the  lowest  residual  stress  is  188  MPa  for  Case  8  about  a  14%  reduction 
compared  to  Fig.  6. 

Fig.  9.  Influence  of  cooling  rate  and  1  day  temperature  holds  at  600*  C  or  at 
800*  C  on  the  matrix  residual  stress  at  room  temperature.  In  this  case 
the  lowest  residual  stress  is  204  MPa  for  Case  10. 
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ABSTRACT :  An  incremental  multiaxial  life  prediction  law  (IMLP)  is  proposed  which  consists 
of  the  three-dimensional  thermoviscoplasticity  theory  based  on  overstress  (TVBO)  combined 
with  a  multiaxial  damage  accumulation  law  (MDA)  to  compute  the  life-time  or  cycles-to-crack 
initiation.  Crack  growth  is  not  considered  in  this  paper  but  is  needed  to  ascertain  the  useful  life 
of  a  component.  The  method  is  intended  for  application  to  high  temperature  low-cycle  fatigue 
with  and  without  hold  times  and  for  triangular  and  trapezoidal  waveforms  when  creep-fatigue 
interaction  takes  place. 

The  deformation  behavior  is  determined  by  solving  the  coupled  differential  equations  of 
TVBO  for  the  strain  variation  of  interest,  i.e.  continuous  cycling,  hold  times  or  fast/slow  or 
slow/fast  loading.  Only  the  cyclic  neutral  version  of  TVBO  is  used  here  although  cyclic 
hardening  and  recovery  of  state  formulations  are  available. 

The  incremental  damage  accumulation  law  consists  of  a  fatigue  and  a  creep  damage  rate 
equation.  When  the  sum  of  creep  and  fatigue  damage  reaches  one,  crack  initiation  is  said  to 
occur.  The  damage  accumulation  equations  assume  that  the  combined  actions  of  stress  and 
inelastic  strain  rate  contribute  to  damage  and  damage  evolution  does  not  influence  the 
constitutive  equation.  Fatigue  damage  always  accumulates  but  a  negative  creep  damage  rate  is 
possible  to  allow  for  healing  (creep  damage  is,  however,  always  positive).  In  accordance  with 
scarce  experimental  evidence,  the  maximum  inelastic  shear  strain  rate,  a  hydrostatic  pressure 
modified  effective  stress  as  well  as  a  parameter  which  depends  on  the  multiaxiality  of  loading 
are  used  in  each  damage  rate  equation.  The  multiaxiality  loading  parameter  depends  on 
maximum  inelastic  shear  strain  rate  for  fatigue  damage,  while  it  is  a  function  of  maximum 
principal  stress  for  creep  damage. 

All  material  constants  for  TVBO  and  MDA  are  determined  from  isothermal  tests  on  Type 
304  Stainless  Steel  (SS)  at  538°C  using  data  of  Zamrik  [1],  Blass  and  Zamrik  [2],  and  Blass  [3]. 
The  damage  accumulation  law  correlates  fatigue  life  under  biaxial  (tension-torsion)  cycling  with 
and  without  hold  times.  Only  the  results  of  one  biaxial  test  series  was  available  to  compare  the 
generally  favorable  predictions  (correlations)  with  experiments. 
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KEY  WORDS:  thermoviscoplasticity,  multiaxial  creep-fatigue  interaction,  thermomechanical 
loading,  304  stainless  steel,  thermal  fatigue 

Introduction 

The  design  of  machines  and  devices  for  application  in  severe  loading  conditions  such  as 
variable  temperature,  multiaxial  stress  state,  variable  frequency,  hold-times  with  creep  and 
relaxation,  is  a  problem  of  growing  importance.  The  interrelationships  between  the  thermal  and 
the  mechanical  deformation,  between  creep  and  fatigue,  and  between  the  multiaxial  stress  state 
and  the  failure  mode  are  very  complicated  and  need  to  be  modeled. 

Creep-fatigue  interaction  is  a  problem  occurring  in  high  temperature  nuclear  vessels,  jet 
engines,  and  steam  and  gas  turbines  due  to  temperature  change  such  as  startups  and  shutdowns 
and  has  been  widely  studied.  In  simulated  service  testings  components  are  subjected  to  periodic 
sawtooth,  trapezoidal,  and  other  thermomechanical  loadings,  to  study  the  time-dependent  low- 
cycle  fatigue  damage  development.  Significant  time(rate)-dependent  effects  are  found.  The 
analysis  of  the  low-cycle  fatigue  life  of  these  structural  components  must  not  only  account  for 
the  time  (rate)  dependency  but  also  for  multiaxiality  of  the  stress  state. 

Most  of  the  creep-fatigue  interaction  problems  were  investigated  at  isothermal,  uniaxial 
conditions.  The  approaches  range  from  algebraic  to  incremental  formulations.  The  former  must 
assume  a  typical  cycle  whereas  arbitrary  loading  histories  can  be  considered  using  the 
incremental  laws. 

Coffin  [4]  introduced  the  frequency-modified  Coffin-Manson  equation  with  redefined 
frequency  for  hold-time  fatigue  tests  to  describe  the  low-cycle  fatigue  behavior  under  uniaxial 
trapezoidal  waveform  loadings.  To  account  for  slow-fast,  fast-slow  wave  form  effects  Coffin 
[5]  proposed  the  "frequency  separating  method",  in  which  the  tension-going  frequency  plays  a 
major  role  in  the  fatigue  life  computation.  Manson  et  al.  [6]  developed  the  "strain  range 
partitioning"  method  to  calculate  the  low-cycle  fatigue  life  under  uniaxial  creep-fatigue 
interaction.  This  method  is  then  extended  to  the  analysis  of  multiaxial  creep-fatigue  interaction 
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conditions  [1,7]. 

Majumdar  and  Maiya  [8]  introduced  an  incremental  life  prediction  law  for  uniaxial  creep- 
fatigue  interaction.  Later  Majumdar  extended  it  to  a  multi  axial  version  and  correlated  the  biaxial 
time-dependent  fatigue  life  of  304  SS  at  1000°F  [9].  Krempl  et  al.  [10]  modified  Majumdar  and 
Maiya's  [8]  law.  Essentially,  plastic  strain  was  replaced  by  stress.  This  new  law  was  combined 
with  the  viscoplasticity  theory  based  on  overstress  (VBO)  [11]  to  correlate  and  predict  the  low- 
cycle  fatigue  lives  under  uniaxial  creep-fatigue  interaction  conditions. 

Usually  these  approaches  are  isothermal  and  are  applied  to  thermal  fatigue  by  considering 
only  the  highest  temperature  (usually  the  worst).  Unfortunately  thermomechanical  fatigue 
experiments  [12]  can  exhibit  a  much  lower  fatigue  life  than  those  found  at  the  highest 
temperature  of  the  cycle  under  the  same  mechanical  loading.  Extension  of  life  prediction  to 
variable  temperature  conditions  requires  that  material  properties  be  introduced  as  a  function  of 
temperature  and  that  the  effects  of  thermal  expansion  be  properly  recognized.  One  such 
approach  will  be  presented  below. 

Life  prediction  laws  which  lend  themselves  naturally  to  the  evaluation  of  the  life  spent  under 
variable  loading  are  those  formulated  in  incremental  form  [8,10,13].  By  virtue  of  their 
incremental  nature  they  can  be  integrated  for  any  stress  or  strain  path  and  give  an  indication  of 
the  life  used  up  under  such  paths.  In  the  case  of  periodic  loading,  only  one  cycle  needs  to  be 
considered  as  in  the  case  of  algebraic  laws. 

Due  to  the  path  dependence  of  the  inelastic  deformation  of  metals,  material  models  for  the 
prediction  of  deformation  must  also  be  formulated  in  an  incremental  fashion.  Such  an 
incremental  formulation  couples  naturally  with  an  incremental  life  prediction  law.  However,  it 
is  also  possible  to  integrate  the  constitutive  equation  for  a  certain  typical  cycle,  to  plot  the  results 
in  terms  of  stress  versus  strain  and  to  determine  the  quantities  of  interest  for  algebraic  life 
prediction  laws  from  the  calculated  hysteresis  loops  instead  of  from  the  experimental  ones. 

The  purpose  of  this  paper  is  to  introduce  an  incremental  multiaxial  life  prediction  law 
(IMLP)  for  multiaxial  creep-fatigue  interaction  under  thermomechanical  loading.  IMLP  consists 
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of  the  three-dimensional  thermoviscoplasticity  theory  based  on  overstress  (TVBO)  [14]  and  a 
multiaxial  damage  accumulation  law  (MDA).  Time-dependent  thermomechanical  behavior  and 
temperature-dependent  material  properties  are  modeled  by  TVBO,  and  the  multiaxial  creep- 
fatigue  damage  is  determined  by  integrating  two  temperature-dependent  damage  rate  equations 
using  the  inelastic  strain  rates  and  stress  computed  from  TVBO.  The  calculated  cycles  to  failure 
are  compared  with  the  observed  values  and  the  results  are  discussed. 

Theory 

Ihermoviscoplasticitv  Theory  Based  on  Overstress  (TVBO) 

The  theory  developed  by  Lee  and  Krempl  [14]  is  for  infinitesimal  strain  and  orthotropy.  It  is 
of  unified  type  and  does  not  use  a  yield  criterion  and  loading/unloading  conditions.  The  elastic 
strain  is  formulated  to  be  independent  of  thermomechanical  path  and  the  inelastic  strain  rate  is  a 
function  of  overstress,  the  difference  between  stress  a,  and  the  equilibrium  stress  g ;  it  is  a  state 
variable  of  the  theory. 

The  long  term  asymptotic  values  of  stress,  equilibrium  stress,  and  kinematic  stress  rates, 
which  can  be  obtained  for  a  constant  mechanical  strain  rate  and  ultimately  constant  temperature, 
are  assumed  to  be  independent  of  thermal  history  as  are  the  ultimate  levels  of  the  rate-dependent 
overstress  and  of  the  rate-independent  contribution  to  the  stress,  see  Yao  and  Krempl  [15]. 
Therefore  the  material  functions  and  constants  can  in  principle  be  obtained  from  isothermal  tests 
within  the  temperature  range  of  interest. 

All  material  constants  can  be  functions  of  temperature.  This  dependence  is  not  explicitly 
displayed.  The  temperature  dependence  can  be  the  usual  Arrhenius  relation  or  can  deviate  from 
that  model. 

For  the  representation  of  the  equations,  the  usual  vector  notation  for  the  stress  tensor 
components  6  and  the  small  strain  tensor  components  £  are  used.  Lower  and  upper  case  letters 
with  a  A  denote  6x1  and  6x6  matrices,  respectively. 
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Flow  Laws  --  In  the  context  of  an  infinitesimal  theory,  the  total  strain  rate,  de/dt.  is 
considered  to  be  the  sum  of  elastic,  ded  /dt,  inelastic,  d£m  /dt.  and  thermal  strain  rates,  de*  /  dt , 

6  »  +  &“+£*.  (1) 

A  superposed  dot  represents  the  total  time  derivative,  d/dt. 

For  each  strain  rate,  a  constitutive  equation  is  postulated.  The  elastic  strain  is  assumed  to  be 
independent  of  thermal  history,  therefore, 

ii  =  f(Cld)  =  C,d+e'd 

dt  (2) 

where  C'1  is  the  compliance  matrix.  The  additional  term  C  ‘a  contributes  to  the  total  strain  rate 
for  temperature  dependent  elastic  material  properties.  It  insures  that  the  elastic  behavior  is  path- 
independent,  see  Lee  and  Krempl  [16]. 

The  inelastic  strain  rate  is  only  a  function  of  the  overstress  £.  It  denotes  the  difference 
between  the  stress  o  and  the  equilibrium  stress  g,  a  vector  state  variable  of  the  theory. 
Accordingly, 

t  =  K'lx  •  (3) 

The  viscosity  matrix  controls  the  rate  dependence  through  the  positive,  decreasing  viscosity 
function  k[rj- 

The  thermal  strain  rate  is  given  by 

I*  =&f  (4) 

with  &  the  coefficient  of  thermal  expansion  vector.  T  is  the  temperature  difference  from  some 
datum  temperature. 

Growth  Laws  for  the  State  Variables  -  In  addition  growth  laws  for  the  two  state  variables  of 
TVBO,  the  equilibrium  stress  g  and  the  kinematic  stress  f ,  are  given  as 

|-q[nd+T^|jp6+{q[r]-6(q[n-p(l-q[rDl)“r 


(5) 


(7) 


respectively,  with 

T2  =  xlix,  02  =  — -r z*Hz,  x  =  d- g,  and  z  =  g-f 
A 

In  the  above  the  dimensionless  modified  shape  functions  q  controls  the  shape  of  stress-strain 
diagram.  The  dimensionless  constant  p  represents  the  ratio  of  the  tangent  moduli  at  the 
maximum  strain  of  interest  to  the  corresponding  viscosity  factors,  p  t  0.  The  invariant  0  is 
related  to  the  rate  independent  contribution  to  the  stress.  The  vector  £  represents  the  difference 
between  the  equilibrium  stress  g  and  the  kinematic  stress  f.  Asymptotic  analyses  for  the 
uniaxial  isothermal  case  in  [15,17]  show  that  f  determines  c  ultimately.  The  purpose  of  (6)  is 
to  set  this  slope  which  can  be  positive,  zero  or  negative.  The  representations  of  the  material 
matrices  for  isotropy  are  given  in  Appendix  I. 

The  theory  given  above  represents  cyclic  neutral  behavior.  Rate  sensitivity,  relaxation  and 
creep  are  modeled.  Since  no  recovery  of  state  is  included  the  creep  behavior  is  controlled  by  the 
sign  of  p.  If  p  >  0  the  equations  can  only  represent  primary  creep.  Primary  and  secondary  creep 
may  be  modeled  for  p  =  0;  primary,  secondary  and  tertiary  creep  can  be  represented  in  principle 
if  p  <  0.  Note  also  that  p  sets  the  slope  of  the  stress-inelastic  strain  curve  of  the  maximum 
inelastic  strain  of  interest  through  (6),  see  the  discussion  of  VBO  in  [1 1,15,17]. 

When  recovery  of  state  is  included  in  the  model  [18-20]  the  creep  behavior  is  no  longer 
completely  controlled  by  the  sign  of  p  and  secondary  creep  can  be  reproduced  at  stress  levels 
which  are  in  the  linear  region  of  the  stress-strain  diagram.  Also  the  isothermal  formulation  of 
VBO  has  been  extended  to  cyclic  hardening  [21-22].  It  is  possible  to  include  this  property  as 
well  as  recovery  of  state  in  the  TVBO  theory.  This  will  be  done  in  a  future  paper. 

The  Incremental.  Multiaxial  Damage  Accumulation  Law 

The  multiaxial  damage  accumulation  law  (MDA)  is  proposed  based  on  the  modification  of 
the  incremental  life  prediction  law  for  uniaxial  creep-fatigue  interaction  [13].  The  model 
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includes  the  effect  of  hydrostatic  stress  on  creep  and  fatigue  damage. 

The  importance  of  hydrostatic  stress  on  the  low-cycle  fatigue  life  has  been  acknowledged 
[23-24].  The  materials  loose  ductility  and  become  brittle  under  hydrostatic  tension  while  the 
brittle  materials  become  more  ductile  under  hydrostatic  pressure.  To  model  the  hydrostatic 
effects  the  triaxiality  factor  TF  (=  is  used  in  the  model,  where  ou  is  the  first  stress 

invariant  and  is  the  von  Mises  effective  stress.  (Indicial  tensor  notation  is  used  in  this  part.) 

The  present  law  is  intended  for  the  prediction  of  crack  initiation,  which  is  assumed  to  occur 
along  the  plane  of  maximum  inelastic  shear  strain  rate  [25].  The  creep  damage  is  assumed  to  be 
cavity-type  which  initiates  on  grain  boundaries  normal  to  the  maximum  principal  tensile  stress 
direction  [9,26].  The  proposed  incremental  multiaxial  damage  accumulation  law  consists  of  a 
fatigue  and  a  creep  damage  rate  equation  Df  and  Dc,  respectively.  Damage  is  only  a  counter  and 
its  evolution  does  not  influence  the  constitutive  equations.  Fatigue  and  creep  damage  are  set  to 
be  zero  initially  (for  a  virgin  or  fully  annealed  material),  and  crack  initiation  occurs  if  the  sum  of 
fatigue  and  creep  damage  reaches  one.  Following  [13]  the  incremental  law  is  given  as 


Df  = 


£? 

_ii 


l"f 


IsfL 


Of 


mf 


(8) 


L* 

Tc 

ec 

IsS 


Failure  is  said  to  occur  when 


Df  +  Dc  =  1. 


(9) 

(10) 


L*  is  the  fatigue  loading  function  which  models  the  effects  of  multiaxial  loading  and 
temperature  T.  It  is  assumed  to  be  controlled  by  the  ratio  of  and  fi*,,  where  £*,  is  the 
normalized  maximum  inelastic  shear  strain  rate,  and  where  £*  is  the  normalized  inelastic  strain 
rate  perpendicular  to  £*,  [9,25].  The  word  "normalized"  denotes  that  the  multiaxial  inelastic 
strain  rates  reduce  to  the  uniaxial  value  for  uniaxial  loading.  For  the  case  considered  here,  (axial 
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and  torsional  loadings),  £*  =^in  and  £*,  =[(£m)2  +  4/9(ym)2]Q5,  where  £*„  and  Y„  are  the  inelastic 
strain  rates  for  axial  and  torsion,  respectively.  L*  is  the  creep  loading  function  which  represents 
the  effects  of  the  multiaxial  loading  and  temperature.  L*  is  a  function  of  the  ratio  of  maximum 
principal  stress  a t  and  the  von  Mises  effective  stress  G#  [9].  We  define 


Lf  s  Lf[ct,T]  = 


|Lf[T],  a >0 
[L7IT],  a  <  0 


(11) 


L*  =  L*[(3,T]  = 

Pn 

P  = 


a  = 


[l*[TJ,  (3  >0 
[l;[T],  p  <  o 

O] 

°eff 


(12) 


where  ein 

In  addition  two  modified  effective  stresses  O#  and  for  fatigue  and  creep,  respectively,  and 
two  multiaxiality  factors  MFf  and  MFC  are  defined  as 


°dr  =  °cff{l+a(l“TF)} 

(13) 

^  =  CF«ff(l  +  b(l-TF)} 

(14) 

MFf  =  {l  +  a(l-TF)P 

(15) 

MFc  =  [l  +  b(l-TF)P. 

(16) 

L*  >  0  is  postulated  and  the  fatigue  damage  always  accumulates  but  a  negative  creep  damage 
rate  is  allowed  (creep  damage  is,  however,  always  positive)  through  L*.  For  instance,  L+c  =  1 
and  L~  =  -1  are  assumed  for  the  uniaxial  case  in  tension  and  compression,  respectively  [13]. 
Constants  Tf,  Tc,  £f,  and  6C  in  equations  (9-16)  are  introduced  for  dimensional  considerations. 
They  are  set  equal  to  one  in  an  appropriate  units.  The  other  constants  nf,  1%,  cf,  nc,  mc,  <jc  a,  and 

b  must  be  determined  from  appropriate  tests  under  multiaxial  creep-fatigue  interaction. 
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Numerical  Experiments 

Evaluation  of  constants 

To  model  the  multiaxia]  thermal  time-dependent  fatigue  behavior  the  material  properties  of 
TVBO  and  MDA  must  be  known  as  a  function  of  temperature.  For  a  complete  determination  of 
the  viscoplastic  properties  strain  rate  change  and  relaxation  tests  are  needed.  Since  such  results 
are  generally  not  available  the  present  analysis  uses  whatever  data  are  available  augmented  by 
"educated  guesses"  of  the  behavior  to  arrive  at  the  material  constants.  The  temperature- 
dependent  material  properties  of  TVBO  and  MDA  are  found  from  isothermal  conditions  and  are 
interpolated  for  variable  temperature.  For  instance  a  decrease  in  modulus,  and  flow  stress  with 
increasing  temperature  has  been  assumed  in  Fig.  1  for  an  A1  alloy  of  Ref.  [28]. 

TVBO  together  with  equations  (8-16)  constitute  the  incremental  multiaxial  life  prediction 
law  and  must  now  be  applied.  The  boundary  conditions  and  the  material  properties  must  be 
specified  for  calculation.  For  integration  of  the  coupled  set  of  differential  equations  the  IMSL 
routine  DGEAR  is  used  on  a  SUN  3  work  station. 

The  steady-state  hysteresis  loops  under  tension,  torsion,  and  proportional  biaxial  loading 
with  and  without  hold  time  for  304  SS  at  538°C  [1]  are  used  to  approximately  determine  the 
material  constants  of  TVBO  at  538°C.  The  constants  are  listed  in  Table  1. 

Using  TVBO  and  MDA  life-time  at  538°C  can  be  calculated.  Experimental  failure  points  of 
uniaxial,  torsional,  and  biaxial  low-cycle  fatigue  tests  with  and  without  hold-time  for  304  SS  at 
538°C  [2,3]  are  used  to  identify  the  material  constants  of  MDA.  By  virtue  of  the  uniaxial  low- 
cycle  fatigue  life  at  538°C  and  the  assumptions  [13] 

L±  =  fL*{  =  i,  e^>o 

f  {L-f=0,ein<0,  (17) 

the  material  constants  of  fatigue  damage  nf,  cf,  and  nif  are  obtained.  The  constant  "a"  in  eq.  (15) 
and  fatigue  loading  function  L*[a,T]  can  be  found  using  the  data  for  torsional  and  proportional 
biaxial  low-cycle  fatigue  tests  at  538°C,  respectively.  Following  the  same  procedures  for  the 
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determination  of  nf,  of,  and  m,  and  using  the  assumptions  [13] 

L±=|L;  =  l,a>0 

[L;  =  -l,  a<0  (18) 

for  uniaxial  case,  the  material  constants  nc,  oc,  mc,  and  b,  and  creep  loading  function  L*[P,T]  can 

be  evaluated  from  uniaxial  and  biaxial  hold-time  low-cycle  fatigue  tests  at  538°C. 

For  simplicity  the  multiaxiality  factors  MFC  and  MFf  are  assumed  to  be  0.5  for  torsional 

fatigue  tests  with  and  without  hold-time,  respectively,  to  determine  the  constants  a  and  b.  The 
material  properties  for  MDA  are  shown  in  Table  2. 

The  dependence  of  the  fatigue  loading  function  L*  on  jot)  is  shown  in  Fig.  1,  where  M  is 
determined  at  the  maximum  strain  of  the  cycle.  In  Fig.  1  L+f  increases  from  0.17  to  1  as  H 
increases  from  0  (pure  torsion)  to  1  (uniaxial),  while  the  opposite  is  true  for  L"f  which  decreases 
from  0.17  to  0  whiled  M  increases  from  0  to  1 .  For  biaxial  loading  0  <  |otj  <  1 .  L+f  =  LTf  for  pure 
torsional  loading,  since  the  direction  of  shear  should  have  no  influence  on  crack  initiation.  The 
creep  loading  function  L*  versus  (3  is  shown  in  Fig.  2.  P  is  determined  at  the  maximum  strain  of 
interest.  L*  increases  from  0.3  to  1  as  p  increases  from  0.577  (pure  torsion)  to  1  (uniaxial).  For 
biaxial  cases  P  is  between  0.577  and  1.  L"  is  assumed  to  be  equal  to  -1  for  the  uniaxial 
compression  to  account  for  the  healing  effect  observed  in  the  experiments  [12,26].  For  torsional 
and  biaxial  cases  P  ^  0  and  L”  is  postulated  to  be  zero  since  no  healing  was  reported  in  [9]. 

Deformation  behavior 

Deformation  behavior  computed  using  TVBO  are  shown  in  Figs.  3  and  4.  In  Fig.  3  two 
hysteresis  loops  for  completely  reversed  strain-controlled  loading  at  a  strain  amplitude  of  ±0.5% 
at  steady  state  at  538°C  are  shown.  Tensile  and  symmetric  holds  of  600s  are  introduced.  The 
inelastic  strain  range  of  the  symmetric  hold  test  is  slightly  larger  than  that  of  tensile  hold  test. 
Steady-state  hysteresis  loops  for  slow-fast  and  fast-slow  tests  are  shown  in  Fig.  4.  The  two  loops 
are  almost  symmetric  with  respect  to  the  origin.  A  near  vertical  drop  is  observed  in  the 
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transition  of  the  changing  from  the  fast  strain  rate  10'3 1/s  to  the  slow  strain  rate  10*6  1/s. 

Life  prediction 

The  calculated  and  observed  biaxial  low-cycle  fatigue  lives  together  with  two  lines 
indicating  a  deviation  of  a  factor  of  2  in  life  are  shown  in  Figs.  5  and  6  for  the  cases  without  and 
with  hold-time,  respectively.  Because  of  the  scarcity  of  the  experimental  data,  only  the  data 
points  for  strain  ratio  R  =  2(R  =  AY/A£)are  predictions  in  Fig.  5.  The  predicted  lives  in  Fig.  5 
are  within  the  bounds  and  are  acceptable.  The  results  of  the  uniaxial,  torsional,  and  biaxial  hold¬ 
time  tests  are  shown  in  Fig.  6.  Although  three  points  are  outside  of  the  bounds,  the  trend  is 
correct  and  is  thus  acceptable. 

6.2.3  Discussion 

IMLP,  which  consists  of  the  thermoviscoplasticity  theory  based  on  overstress  (TVBO)  and 
the  multiaxial  damage  accumulation  law  (MDA),  is  applied  to  correlate  and  predict  the  low- 
cycle  fatigue  lives  of  304  SS  at  538°C  under  biaxial  creep-fatigue  interaction.  The  material 
constants  of  TVBO  and  MT  *  for  304  SS  at  538°C  are  identified  using  the  experimental  data  of 
[1]  and  [2-3],  respectively,  n  TVBO  theory  used  here,  effects  of  recovery,  aging,  and  cyclic 
hardening  are  neglected.  There  are  some  indications  that  recovery  and  aging  are  important  at 
538°C  in  304  SS.  A  quantitative  assessment  of  these  effects,  however,  cannot  be  obtained  from 
the  available  low-cycle  fatigue  data.  They  are  consequently  not  modeled. 

If  IMLP  is  applied  to  thermal  fatigue,  both  eqs.  (1)  and  (5)  have  additional  terms.  These 
additional  terms  influence  not  only  the  elastic  but  also  the  inelastic  behavior  [16]  and 
consequently  affect  the  predicted  low-cycle  fatigue  lives.  The  application  of  IMLP  to  predict  the 
low-cycle  fatigue  life  under  thermal  multiaxial  creep-fatigue  interaction  will  be  presented  in  a 
future  paper.  The  temperature-dependent  material  properties  of  TVBO  and  MDA  can  be 
determined  from  isothermal  tests  at  different  temperatures. 

Although  the  calculated  lives  in  Fig.  6  do  show  three  points  which  are  beyond  the  limits  of  a 
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factor  of  ±2  on  life,  the  trends  of  the  computed  lives  are  m  the  proper  direction.  The  three 
points  are  a  uniaxial  hold-time  test,  a  biaxial  R=1  hold- time  test  and  a  symmetric  hold-time  test 
in  torsion.  It  can  be  seen  from  Table  2  in  [9]  that  the  fatigue  life  of  the  uniaxial  test  with  0.5% 
strain  ange  and  60  minutes  tensile  hold-time  (the  first  out-of-bound  point)  is  unusually  short. 
The  biaxial  test  has  the  smallest  effective  strain  range  of  all  the  tests  and  the  deformation 
behavior  shows  very  little  inelasticity.  In  this  region  small  deviations  of  the  predicted  stress- 
strain  behavior  from  the  real  one  can  play  an  important  role  in  the  life  calculation.  It  should  be 
further  considered  that  a  complete  data  set  was  not  available  for  determination  of  the  constants. 
Some  properties  had  to  be  assumed.  Deviations  have  to  be  expected.  The  final  unusual  point  is 
for  torsional  test  with  0.55%  effective  strain  range  and  6  minutes  symmetric  hold  time.  The 
calculated  value  is  much  lower  than  the  observed  value.  We  have  no  explanation  for  this 
behavior. 

The  present  paper  intends  to  show  the  capabilities  of  modeling  the  time-dependent  multiaxial 
thermal  fatigue  behavior  using  the  thermoviscoplasticity  theory  based  on  overstress  (TVBO)  and 
multiaxial  damage  accumulation  law  (MDA).  The  trends  are  encouraging.  For  the  complete 
evaluation  of  the  predictive  capability  a  consistent  set  of  data  is  necessary.  Some  will  be  used  to 
determine  the  needed  material  constants,  others  should  be  used  to  check  on  the  predictive 
capability  of  the  theory.  Variable  amplitude  and  thermal  fatigue  tests  should  be  included  in  the 
latter  set.  Finally,  MDA  is  not  restricted  to  periodic  loadings,  it  can  in  principle  be  applied  to 
arbitrary  deformation  histories. 
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Appendix  I 


itnces  tor  isotropy 

The  nonzero  components  of  the  symmetric  elastic  modulus  matrix  Q  l  and  the  symmetric 

,  ,  A  . 


viscosity  matrix  k-1  are  represented  by 

(C'*)n  =  (C* 1  )22  =  (C_1)33  =  1/E 
(C-1)44  =  (C-«)55=(C-,)66=1/G 
(C‘l)jj  =  -  V/E,  i,  j  =  1,  2,  3,  and  i  *  j 
and 

(K1),!  =  (K-,)22  =  (K1)33  =  1/Ek[n 
(K-1)44=(K-i)55  =  (K,)66  =  3/Ek[n 
(K**)jj  =  -l/2Ek[n.  i,  j  =  1, 2,  3,  and  i  *  j 


(A-l) 


(A-2) 


where  inelastic  incompressibility  is  assumed  and  G  = 


2(1 +v)' 


The  positive  decreasing  viscosity  function  k[r]>  dimension  of  time,  controls  the  rate 
dependence.  H  is  a  dimensionless  matrix,  the  nonzero  components  are  given  by 

Hu  =  ^22  =  Hj3=  1 
H44  =  H55  =  H66=3 

Hjj  =  -0.5,  i,  j  =  1, 2, 3,  and  i  *  j.  (A3) 

The  coefficient  of  thermal  expansion  vector  is  & 

a1  =  [a  a  a  0  0  0  ]  (A4) 

All  components  are  material  properties  which  must  be  identified  for  a  given  material. 
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Table  1--Material  Properties  of  TVBO  for  AISI  304  SS 


E  (MPa)  =  155000  v  =  0.29 

q[H  =  VlH/H  p  =  E/E 

r 

Viscosity  Function:  k[H  =  k,(l  +  r~)'^3 

k2 

k,  =  314200  (s),  k2  =  60  (MPa)  k3  =  28 
Shape  Function:  \jf[r]  =  c,  +  (c2-c,)exp(-c3r) 

Cj  =  79500  (MPa),  c2  =  151900  (MPa),  c3  =  0.18  (MPa  ') 

E,  =  2500  (MPa),  A  =  240  (MPa),  Inelastic  Poisson’s  Ratio:  =  0.5 


Table  2-Material  Properties  for  Damage  Accumulation  Law 


Fatigue  Damage 

Tf  =  1  (s) 

%  =  1  (1/s) 
nf  =  0.83 
Of  =  1000  (MPa) 
nif  =  1.835 
a  =  -0.3146 


Creep  Damage 

Tc  =  1  (s) 

£c=l(l/s) 
nc  =  0.274 
Oc  =  1021.6  (MPa) 
mc  =  5.667 
b  = -0.1184 


Figure  Captions 

Fig.  1  Fatigue  loading  functions  vs.  H  for  304  SS  at  538°C. 

Fig.  2  Creep  loading  function  vs.  f$  for  304  SS  at  538°C. 

Fig.  3  Strain-control  steady-state  hysteresis  loops  of  304  SS  at  538°C  under  tensile  hold 
and  symmetric  hold  loadings. 

Fig.  4  Strain-control  steady-state  hysteresis  loops  of  304  SS  at  538°C  under  slow/fast  and 
fast/slow  loadings.  Near-vertical  drops  are  at  the  transitions  from  fast  to  slow 
loadings. 

Fig.  5  Observed  fatigue  lives  versus  calculated  fatigue  lives  using  the  IMLP  for  different 
biaxial  loadings.  The  data  for  R=2  are  predictions. 

Fig.  6  Observed  fatigue  lives  versus  calculated  fatigue  lives  using  the  IMLP  for  different 
biaxial  hold  time  loadings. 


ri 


Stress  (MPa) 


300 

200 

100 

0 

-100 

-200 


(psjeinopo) 


RESIDUAL  STRESSES  -  ffl 
Science  and  Technology 

Volume  1 


64 


(i  ctijw  Residual  Stresses  III 


HKSIUUAL  STRESSES  EFFECTS  ON  THERMAL  CYCLING  BEHAVIOR  OF 
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ABSTRACT 

I  lie  vanishing  fiber  diameter  model  (VPD)  and  the  thermoviscoplasticity  theory 
based  <m  overstress  (TVBO)  are  combined  to  analyze  the  thermomechanical  behavior 
of  angle-ply  laminates  using  classical  laminate  theory.  TVBO  is  a  "unified"  theory 
which  does  not  separately  postulate  constitutive  equations  for  creep  and 
rale  independent  plasticity.  All  inelastic  deformation  is  considered  rate-dependent  and 
■lie  concept  of  a  yield  surface  is  not  used.  Creep,  relaxation,  rate  sensitivity  and  cyclic 
behavior  are  are  included  in  this  analysis  tool  where  the  composite  is  characterized  by 
the  filter  (matrix)  volume  fraction.  As  an  example,  numerical  experiments  illustrate  the 
influence  of  residual  stresses  and  ply  angle  on  tlie  free  thermal  expansion  behavior  of 
(li/AI  angle-ply  laminates. 


INTRODUCTION 

Metal  matrix  composites  are  being  considered  for  use  over  a  wide  tange  of 
lciii|tciuture.  This  includes  high  temperature  service  where  rate(time)-dependertt  effects 
such  as  cicep,  relaxation  and  rate  sensitivity  play  an  important  role.  These  effects  can 
also  lie  found  at  low  homologous  temperature,  but  are  not  considered  important 
I  devnied  temperature  service  always  implies  variable  temperature  as  the  components 
have  in  lie  brought  to  the  operating  temperature  at  the  start  of  the  equipment  and  they 
will  lie  cooling  down  when  it  ceases  ojieration.  Under  variable  temperature,  the 
imssihlc  difference  in  the  coefficients  of  thermal  expansion  (CTE)  of  the  fiber  and  of 
the  mct»l-malrix  can  cause  internal  stresses  which  affect  the  mechanical  behavior  and 
flic  lifetime  of  the  metal  matrix  composites.  Of  specific  interest  here  is  the  influence  of 
irsidiinl  stresses  due  to  cool-down  from  manufacturing  temperature  on  the  subsequent 
ihctmal  cycling  behavior.  Following  previous  developments  for  a  single  ply.  see  [1] 
and  1 2 1,  we  adopt  (he  simple  laminate  model  of  (3j  to  formulate  a  theory  of 
thciummcchanical  behavior  of  laminates,  liach  ply  is  characterized  by  the  fiber 
volume  fraction,  the  fiber  and  matrix  mechanical  properties.  To  compute  the  laminate 
lichavior  die  lay-up  must  also  be  known.  Here  we  restrict  ourselves  to  the  thermal 

cycling  lichavior  of  symmetric  angle-ply  composite  laminates  (±^°),. 

The  matrix  behavior  is  modeled  by  the  thermoviscoplasticity  theory  based  on 
ovciF’.itSS  (TVBO)  formulated  for  orthotropy  in  [4],  A  simple  composite  model,  the 
vanishing  fiber  diameter  model  (VFD)  of  |5|  is  combined  with  TVBO  to  obtain  the 
three  dimensional  equations  describing  the  iliermomechanical  behavior  of  the 
cntu|Misitc  continuum  represented  by  a  ply  with  the  fiber  and  matrix  volume  fractions 
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as  parameters.  This  theory  consists  of  19  coupled,  nonlinear  differential  equations 
which  have  to  be  solved  under  a  given  set  of  boundary  conditions  for  the  prescribed 
loading  and  temperature  history.  This  theory  is  completely  derived  in  [1]  and 
applications  are  reported  in  [2].  The  purpose  of  this  paper  is  to  investigate  the  effects 
of  residual  stresses  and  the  ply  a»<gle  ($)  on  i...  thermal  cycling  behavior  of  angle-ply 
metal  matrix  laminates. 

THE  COMPOSITE  MODEL  AND  NUMERICAL  SIMULATION 
Preliminaries 

For  the  present  investigation  the  fiber  is  assumed  to  be  transversely  isotropic,  elastic 
with  temperature-independent  properties.  The  matrix  is  postulated  to  be  isotropic  and 
thermoviscoplastic  and  to  be  represented  by  TVBO  (4).  When  the  VFD  model  [5]  is 
combined  with  the  TVBO  the  composite  is  characterized  by  a  set  of  19  coupled,  first 
order,  nonlinear  differential  equations  which  can  be  found  in  [1].  These  equations  are 
specialized  for  the  case  of  plane  stress  to  represent  a  lamina  reducing  the  number  of 
coupled  nonlinear  differential  equations  to  10.  To  obtain  the  laminate  behavior,  the 
usual  coordinate  transformation  rules  and  the  approximations  known  from  simple 
laminate  theory  (3]  are  adopted.  The  overall  stress  rates  are  now  obtained  as  a  function 
of  ply  angle,  ply  thickness,  laminate  thickness  and  number  of  plies  thus  adding  another 
set  of  three  coupled,  nonlinear  differential  equations.  This  theory  enables  the 
simulation  of  in-plane  loading  of  composite  angle-ply  laminates  under  isothermal 
conditions  or  for  uniformly  changing  temperature.  For  a  continuum  representation  of 
the  ply  behavior,  laminate  theories  have  been  published  in  [6,7].  Details  of  the  present 
development  can  be  found  in  [8]. 

For  a  single  ply,  the  reference  and  material  coordinate  systems  a r-  denoted  by  1,  2, 

6  and  x,  y,  s,  respectively.  Superscripts  r  and  m  denote  fiber  and  matrix,  respectively. 

For  numerical  calculations  material  properties  must  be  known  as  a  function  of 
temperature.  Since  all  material  constants  of  the  theory  can  be  functions  of  temperature 
a  wide  variety  of  thermomechanical  behavior  can  be  modeled.  However,  the  fiber  and 
matrix  properties  must  be  known  from  suitable  experiments  which  must  include  the 
characte.ization  of  the  rateftime)-  dependent  behavior.  Such  data  is  scarce,  specifically 
for  metal  matrix  composites  intended  for  elevated  temperature  service.  However,  such 
data  are  being  developed  and  the  theory  can  be  applied  to  these  true  high  temperature 
systems  in  the  future.  For  the  purposes  of  this  paper  a  Gr/AI  metal  matrix  system  is 
simulated,  for  which  properties  were  found  from  test  data  and  reasonable  assumptions, 
see  [2].  Since  the  Graphite  fiber  has  a  negative  coefficient  of  thermal  expansion 
interesting  behaviors  are  found  during  experiments  involving  thermal  cycling  of  a 
single  ply,  see  [9]. 

In  this  paper  only  free  thermal  cycling  is  simulated,  the  ply  or  laminate  is  only 
subjected  to  a  uniform  temperature  change  which  causes  stresses  to  be  developed 
between  fiber  and  matrix  and  between  the  laminae.  This  interaction  not  only 
influences  the  mechanical  behavior  [2]  but  also  affects  the  overall  coefficient  of 
thermal  expansion  which  needs  to  be  known.  The  set  of  governing  differential 
equations  is  specialized  for  zero  overall  stresses.  Since  no  closed  form  solution  seems 
to  be  possible,  the  differential  equations  are  integrated  numerically,  a  numerical 
experiment  is  being  performed.  The  numerical  integration  was  done  on  a  Sun  3/60 
work  station  using  the  IMSL  routine  1X3 EAR.  The  output  data  file  was  then  plotted 
using  Templegraph.  The  plotted  results  can  be  compared  with  experimental  results 
where  available.  To  integrate  the  set  of  coupled  differential  equations  for  a  laminate, 
about  30s  running  time  on  the  Sun  3/60  is  needed. 
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Iteiiduii  Stresses  upon  Cool-Down  from  Manufacturing  Temperature  for  s  Gr/Al 
Lsiuinate 

Overall  stresses  are  assumed  to  be  zero  and  the  temperature  is  decreased  at  a 

constant  rate  of  0.033  °C/s.  It  is  assumed  that  the  composite  is  stress  free  at  660  °C 
and  that  perfect  bonding  between  fiber  and  matrix  and  between  olies  start  at  that 
icmpcraiure.  Since  the  coefficient  of  thermal  expansion  is  larger  for  me  matrix  than  for 
the  fibers,  tensile  matrix  stresses  and  compressive  fiber  stresses  in  the  1 -direction 

develop  in  a  +12°  ply  as  shown  in  Fig.  1  for  Gr/Al  with  cf  «  0.5.  At  point  1  room 
temperature  is  reached.  Due  to  the  rate  dependence  of  the  matrix  at  room  temperature, 
ilie  snesses  relax  to  point  2  with  lime.  Fig.  1  also  plots  the  evolution  of  the  matrix 

equilibrium  stress  g|m,  a  state  variable  of  TVBO  (it  is  similar  to  the  backstress  of  other 

theories).  The  difference  <J\m  -  gim  is  the  overstress  of  the  matrix  and  it  "drives" 

inelastic  deformation.  The  inset  shows  the  oversuess  0im  -  g)m,  rapidly  decreasing  with 
lime.  After  30  days  the  overstress  is  nearly  zero  and  the  residual  stress  state  is  nearly 
constant  at  point  2.  Small  changes  may  still  occur,  but  for  practical  purposes  the 
tesidtial  stress  state  remains  stationary  from  thereon. 

All  residual  quantities,  matrix  stress  and  state  variables  enter  as  initial  conditions  for 
simulation  of  subsequent  tests.  They  can  affect  the  modeled  behavior  and  therefore 
time  appears  to  influence  it  until  equilibrium  is  reached.  Then  the  model  predicts  that 
the  subsequent  response  is  independent  of  the  rest  time  at  room  temperature.  In 
subsequent  numerical  experiments,  the  residual  stress  states  at  point  1  and  at  point  2  are 
designated  as  Case  1  and  Case  2,  respectively.  The  differences  between  the  subsequent 
responses  of  Cases  1  and  2  represent  the  influence  of  the  relaxation  of  the  residual 
stresses. 

Ilie  Influence  of  Residual  Stresses  on  the  Thermal  Cycling  Behavior  of  Gx/Al 
Composite. 

The  thermal  cycling  behavior  of  Gr/Al  angle-ply  laminates  is  of  special  interest  due 
to  the  negative  axial  coefficient  of  thermal  expansion  (CTE)  of  Graphite.  It  gives  rise 
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to  some  unusual  expansion  behavior,  see  [2,9 1.  The  composite  laminate  is  free  to 
expand  (overall  stresses  are  zero)  and  is  subjected  to  a  temperature  cycle  starting  from 

room  temperature  to  ±  120  °C  at  a  rate  of  0.033  °C/s. 

The  resulting  1 -direction  strain-temperature  hysteresis  loops  are  depicted  in  Fig.  2 

for  a  unidirectional  and  a  (±12°),  laminate.  The  hysteresis  loops  are  similar,  but  the 
angle-ply  laminate  expands  more  than  the  unidirectional  one.  It  is  seen  that  both 
laminates  expand  on  the  segment  0-1  but  then  contract  with  increasing  temperature, 

segment  1-2.  Upon  decrease  of  temperature  from  120  °C  the  laminates  shrink  as 
expected  but  expand  at  point  3  although  the  temperature  continues  to  decrease.  This 
pattern  continues  in  the  subsequent  reversals.  At  point  4  a  600  s  temperature  hold  is 
introduced  and  the  strain  decreases  by  a  small  amount  to  point  S,  the  laminates  "creep" 

under  zero  external  load.  For  (±1 2°),  laminate  the  strain  increment  is  small  in  segment 
0-1  but  the  strain  decreases  more  in  segment  1-2  than  for  the  unidirectional  laminate 

(±0°),.  During  600s  temperature  hold  more  creep  strain  accumulates  for  (±12°),  than 

for  (±0°),.  No  residual  stresses  resulting  from  cool-down  from  manufacturing 
temperature  are  considered  in  Fig.  2. 

To  show  the  influence  of  residual  stresses,  Cases  I  and  2  are  simulated  in  Figs.  3 

and  4  for  (±12°),  laminates,  respectively.  Cooling  down  takes  place  on  0-1.  While  the 
composite  rests  free  of  overall  stresses  at  room  temperature,  the  overall  strain  increases 
on  path  1-2,  see  Fig.  4  (this  portion  is  absent  in  Fig.  3  which  depicts  Case  1).  At  2 
temperature  cycling  begins,  the  composite  expands  first,  2-3,  but  starts  to  shrink,  3-4 
and  then  the  pattern  of  Fig.  2  continues.  However,  this  time  the  first  pan  of  the  first 
cycle  2-3  is  not  inside  the  subsequent  loop  as  it  was  the  case  for  Fig.  2.  see  segment 
0-3.  Rather  the  first  segment  is  shifted  and  the  shift  depends  on  the  case  considered. 
The  residual  stresses  of  the  fiber,  matrix,  and  plies  alter  the  initial  hysteresis  loop. 

This  unusual  behavior  is  due  to  the  internal  stresses  between  fiber  and  matrix.  This 
is  illustrated  for  Case  2  in  Fig.  3  where  the  development  the  matrix  and  fiber  stresses  of 

a  12°  ply  during  cycling  (the  cool-down  ponion  0-2  is  omitted)  is  depicted.  For 
identification  the  numbering  scheme  of  Fig.  3  and  in  Fig.  4  is  used.  Cycling  starts  at 
point  2  with  the  residual  stresses  present  from  the  previous  history.  As  the  temperature 


Rp  }.  Hi.  4.  S— -  R*.  3.  Id, C».  J. 

M0>  C  Mi  nkdaqaadi  cjcMm  m  <■  R*.  Z  Cm  I. 


68 


increases  the  magnitude  of  the  matrix  and  the  fiber  stresses  decrease  almost  linearly 
until  yielding  sets  in  at  3.  It  is  also  seen  that  the  matrix  overstress  is  nearly  zero  on  the 
scale  of  the  graph  on  path  2-3,  indicative  of  the  absence  of  time-dependent  deformation 
in  this  region.  The  matrix  starts  yielding  at  points  3  and  3  where  the  breaks  in  Figs.  3 
and  4  occur.  During  inelastic  deformation  the  stiffness  of  the  matrix  is  considerably 
reduced  and  its  restraint  on  the  graphite  fibers  which  want  to  shrink  with  increasing 
ieni|)ernture  is  reduced.  The  laminate  shrinks  on  3-4.  Nearly  elastic  stiffness  prevails 
on  4-5  until  the  matrix  yields  at  point  5  where  the  temperature-overall  strain  loops 
show  a  distinctive  break.  It  is  clear  that  the  unusual  behavior  is  due  to  the  matrix 
yielding  and  the  negative  axial  CTE  of  Graphite. 

'Hie  "micro  creep  strain”  developed  during  a  600  s  temperature  hold  at  point  6  is  not 
noticeable  on  Figs.  3  and  4  but  die  stress  drop  is  observable  in  Fig.  3.  For  practical 
|iur|Hises  the  laminate  behaves  in  a  time-independent  manner. 

Due  to  the  distinctive  appearance  ot  the  overall  strain-temperature  hysteresis  loops  it 
is  possible  to  define  overall  elastic  and  inelastic  CTEs.  For  simplicity  the  elastic  and 
inclustic  CrEs  are  determined  as  tangents  to  the  hysteresis  loops  during  temperature 

iiicicnse  in  20°-50°C  and  in  the  100°-120°C  ranges,  respectively,  at  the  first  and  the 
fit  ill  reversals.  The  results  are  given  in  Fig.  6.  While  no  residual  stress  effects  are 
found  in  the  elastic  range,  the  inelastic  CTEs  in  the  first  and  fifth  reversals  are  smaller 
iliiiu  the  CrEs  without  residual  stresses.  The  inelastic  CTEs  are  invariably  negative 

mid  icacli  a  maximum  absolute  value  at  ^  •  30°  for  all  cases. 

DISCUSSION 

The  thennoviscoplasticity  theory  based  on  overstress  is  used  in  conjunction  with  the 
vanishing  fiber  diameter  model  in  a  simple  analysis  of  the  thermal  cycling  behavior  of 
niigle-ply  composite  laminates  with  and  without  residual  stresses.  Realistic  but 
assumed  material  properties  permit  the  execution  of  numerical  experiments.  The 
present  theory  exhibits  rate-dependent  behavior.  The  first  example  is  the  redistribution 
of  the  residual  stresses  while  the  composite  element  is  sitting  stress  free  at  room 
icui|>einiure  after  cool-down  from  manufacturing  temperature.  The  theory  predicts  that 
this  redistribution  will  come  to  an  end  after  some  time  which  depends  on  material 
constants,  especially  the  viscosity  function  used.  In  the  present  application  the 
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redistribution  is  almost  finished  after  30  days.  While  the  stresses  redistribute  the  time 
spent  at  room  temperature  appears  to  have  an  influence  on  the  subsequent  behavior. 
Another  example  is  the  creep  strain  accumulation  during  a  600s  temperature  hold  in 

Fig. 2.  The  creep  strain,  although  small  is  larger  for  (±12°),  than  for  (±0°),.  The  matrix 
contribution  to  the  deformation  increases  as  the  ply  angle  increases  and  as  a 
consequence  rate  dependence  is  bound  to  increase  with  increasing  ply  angle. 

The  development  of  the  internal  stresses  shown  in  Fig.  5  is  the  reason  for  the 
anomalous  free  thermal  expansion  of  the  Gr/AI  composite  laminates.  The  results  of 
Figs.  3-3  suggest  that  residual  stresses  are  responsible  for  the  special  shape  of  the 
hysteresis  loop  and  the  special  form  of  the  first  cycle.  The  special  form  of  the  first 
cycle  was  found  with  experiments  on  a  single  ply  in  [9].  Our  theory  shows  that  this 
pro|ieriy  carries  over  to  angle-ply  laminates. 

Disregarding  the  first  cycle,  residual  stresses  are  shown  to  have  an  effect  on  the 
overall  inelastic  CTE  of  a  laminate,  see  Fig.  6.  They  decrease  the  absolute  value  of  the 
inelastic  CTEs.  In  this  sense  they  are  beneficial.  A  nonlinear  relationship  between 
CfE  and  ply  angles  exists  in  every  case  indicative  of  very  complex  interactions 
between  CTEs  of  the  constituents  and  the  inelastic  thermomechanical  behavior  of  the 
matrix.  For  the  case  without  residual  stresses  the  CTEs  vs.  $  curves  correspond  to  the 
trend  of  the  results  obtained  with  a  time-independent  plasticity,  finite  element  model  of 
the  laminate  [10]. 

The  present  analysis  also  permits  to  determine  the  fiber  and  matrix  stresses  in  every 
ply  and  this  information  is  useful  for  lifetime  calculations  which  are  not  performed  here 
but  are  considered  elsewhere,  see  (8). 
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ABSTRACT 

The  vanishing  fiber  diameter  model  (VFD)  and  the  thermoviscoplastidty  theory 
based  on  overatresa  fTVBO)  are  used  to  analyse  the  thermo-mechanical  behavior  of 
angle-ply  composite  laminates  using  classical  laminate  theory.  TVBO  is  a  "unified" 
theory  which  does  not  separately  postulate  constitutive  equations  for  creep  and 
rate-independent  plasticity.  All  inelastic  deformation  is  considered  rate-dependent  and 
the  concept  of  a  yield  surface  is  not  used. 

Assuming  that  fiber  and  matrix  are  stress  free  at  the  manufacturing  temperature  and 
remain  perfectly  bonded  during  cool  down  to  room  temperature  the  model  permits  the 
calculation  of  residual  stresses  between  fiber  and  matrix  which  can  influence  the  subsequent 
thermomechanical  deformation  behavior.  A  time-dependent,  slowly  diminishing 
redistribution  of  the  residual  stresses  is  predicted  while  the  composite  is  sitting  stress  free 
at  room  temperature.  As  a  consequence  subsequent  mechanical  behavior  depends  on  time 
spent  at  room  temperature  until  the  stress  redistribution  is  complete  which  for  the  chosen 
material  properties  happens  to  occur  after  30  days.  Tension/compression  asymmetry  for  a 

unidirectional  and  a  (*12°),  B/Al  laminate  are  two  examples  for  which  detailed  numerical 
analyses  are  performed.  The  results  are  encouraging  and  reflect  the  trends  of  the  few 
available  experimental  results. 

INTRODUCTION 

Future  airplanes  and  space  structures  need  to  be  made  of  materials  with  high  specific 
strength  and  stiffness  as  well  as  high  fatigue  and  fracture  resistance  Metal  matrix 
composites  are  prime  candidates  for  these  applications.  When  thermal  and  mechanical 
cycling  is  involved  as  is  frequently  the  case,  stresses  between  fiber  and  matrix  may  develop 
when  a  mismatch  of  the  coefficients  of  thermal  expansion  of  matrix  and  fiber  is  present. 
These  internal  stresses  mar  affect  the  mechanical  behavior  of  the  composite  and  may  lead 
to  premature  failure.  It  is  therefore  necessary  to  develop  analysis  tools  to  predict  and 
alleviate  these  internsl  stresses  in  the  design  stage.  Since  rate  (time)-dependent  effects  are 
frequently  present  a  thermoviscoplastic  analysis  is  in  order. 

In  an  early  experimental  investigation  Cheskis  and  Ileckel  [1970]  used  X-ray 
techniques  to  meuure  fiber  and  matrix  stresses  in  a  2024  Al/W  composite.  They  showed 
that  the  yield  behavior  of  the  composites  is  significantly  influenced  by  manufacturing 
residual  stresses. 

Dvorsk  and  Rao  [1976]  nsed  a  plasticity  theory  to  compute  the  residual  stresses  in 
heat-treated  metal  matrix  composites.  They  concluded  that  the  residual  stresses  found 
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after  beat-treatment  are  significant  in  magnitude  and  a  high  hydrostatic  stress  component 
in  the  matrix  at  the  fiber-matrix  interface  may  cause  fracture  or  fatigue  damage. 

The  purpose  of  this  paper  is  to  present  a  simple  tool  to  analyze  the  thermomechanical 
behavior  of  metal  matrix  composite  laminates  for  time  dependent  deformation  including 
rate  sensitivity,  relaxation  and  creep.  To  this  end  the  thermoviscoplasticity  theory 
(TVBO)  of  Lee  and  Krempl  [1991]  is  combined  with  the  vanishing  fiber  diameter  model 
(VFD)  of  Dvorak  and  Bahei-El-L  )in  [1982]  to  determine  the  plane  stress  behavior  of 
angle-ply  laminates  using  standard  classical  laminate  theory.  Of  special  interest  are  the 
influences  of  fabrication  residual  stresses  on  the  mechanical  behavior.  The  residual  stresses 
which  develop  during  cool-down  from  manufacturing  temperature  and  which  can 
redistribute  with  time  while  the  composite  it  stress  free  at  room  temperature  are  found  to 
have  a  significant  influence  on  the  room  temperature  tension/compression  behavior.  The 
TVBO  theory  used  here  represents  viscoplastic  behavior  which  is  sometimes  called  "cold 
creep",  i.e.  the  creep  behavior  in  metals  teen  at  low  homologous  temperature.  The  growth 
laws  for  the  state  variables  must  be  augmented  by  a  suitable  recovery  of  state  term  to 
represent  secondary  creep  in  the  quasi  elastic  region  of  the  stress-strain  diagram.  Such 
modifications  are  easily  implemented  but  are  not  pursued  here  due  to  the  lack  of  high 
temperature  composite  creep  data. 

THE  COMPOSITE  MODEL.  THEnMOVlSCOPLASTIClTY  THEORY  BASED  ON 
OVEUSTRESS  (TVBO)  AND  TBE  VANISHING  FIBER  DIAMETER  MODEL  (VFD) 

The  Governing  Equations 

The  three  dimensional  thermoviscoplastidty  theory  based  on  overstress  has  been 
developed  by  Lee  and  Krempl  [1991].  In  the  present  analysis  a  plane  stress  state  in  a 
fibrous  ply  it  assumed.  The  usual  vector  notation  for  the  stress  tensor  components  a  and 
the  small  strain  tensor  components  c  are  used  for  the  representation  of  the  equations. 
Boldface  capital  letters  denote  3x3  matrices. 

Stresses  and  strains  without  a  superscript  designate  quantities  imposed  on  the 
composite  as  a  whole.  Superscripts  r  and  a  denote  fiber  and  matrix,  respectively.  The  fiber 

volume  fraction  is  cr  and  ca  denotes  the  matrix  volume  fraction  with  cr  +  c*  *  1.  The 
fiber  is  transversely  isotropic  thermoelastic,  the  matrix  is  isotropic,  indastically 
incompressible  and  tnermoviscoplastic  as  represented  bv  TVBO.  Fiber  orientation  in  the 
x-direction  is  postulated,  see  Fig.  1.  The  x  y  s  is  the  preferred  or  on-axis  coordinate 
system  and  1  2  0  is  the  off-axis  system.  For  convenience  in  writing  we  denote  the  vectors 
which  are  referred  to  be  the  off-axis  system  with  »  prime. 

For  the  VFD  model,  Dvorak  and  Bahei-Ei-Din  [1982],  the  following  constraint 
equations  hold 


si  >  si  ■  if  for  1  -  y,  s 
ff,  -  cf  ai  +  c*  of 

it  **  c*  i[  +  ca  it  for  1  ■  y,  s  (I) 

«*■«*■  **■ 

When  they  are  combined  with  the  TVBO  equations  by  Lee  and  Krempl  [1991]  the 
composite  is  characterised  by  the  following  set  of  equations:  (details  can  be  found  in  Yeh 
and  Krempl  [1990]) 

i  «  U-'w  +  (Ka)*'Xa  +  (fcf)  V  +  (&")•'«*  +  at  (2) 

together  with  a  separate  growth  law  for  the  ai  component  of  the  matrix 
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In  addition  growth  laws  for  the  two  date  variable*  of  TVBO,  the  matrix  equilibrium  stress 
g"  and  the  kinematic  stress  P,  are  given  aa 


and 
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In  the  above  inelutic  incompressibility  for  the  matrix  i*  aaaumed.  C'1  ii  the  overall 

compliance  matrix  and  (K-)’1  i*  the  viscosity  matrix.  The  matrices  (Rf)'*  and  (RBV' 
contain  time  derivative*  of  the  elastic  constants  of  the  fiber  and  the  matrix,  respectively. 
All  components  of  these  four  matrices  are  listed  in  Appendix  I.  The  viscosity  function 

k*[ra]  and  the  dimensionless  shape  function  qB(rB]  are  decreasing  (q*{0]  <  1  is  required, 
see  Lee  and  Krempl  (1091]}  and  control  the  rate  dependence  and  the  shape  of  the 
stress-strain  diagram,  respectively.  (Square  brackets  following  a  symbol  denote  "function 

oP.)  The  quantity  p"  represents  the  ratio  of  the  tangent  modulus  Ef  at  the  maximum 

inelutic  strain  of  interest  to  the  viscosity  factor  KB.  It  sets  the  slope  of  stress-inelutic 

strain  diagram  at  the  maximum  strain  of  interest.  En,  L,  &  are  defined  in  Appendix  I. 
An  explanation  of  TVBO  is  given  by  Lee  and  Krempl  (1991}. 

Eq.  (3)  is  used  to  calculate  the  instantaneous  axial  matrix  streu  which  can  not  be 

obtained  from  the  overall  boundary  conditions  directly,  o?  is  affected  by  mechanical  and 
thermal  loadings  and  their  loading  paths.  For  instance  for  pure  thermal  loading  (overall 
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(train  are  zero),  c?  together  with  g",  i?  will  develop  due  to  the  difference  in  the 
coefficient!  of  thermal  expansion  of  fiber  and  matrix,  lee  (3);  these  matrix  (tresses  in  the 
fiber  direction  cause  coupling  between  the  mechanical  and  thermal  loading  in  the  inelastic 
range.  ^The^details  0f  derivation  and  explanation  of  equations  (1-2)  are  given  by  Yeh  and 

In-Plane  Deformation  of  a  Sintl#  Plv 

Transformation  of  strain,  stress,  and  the  state  variable  vector  are  defined  by 

tr»  Nsr' 

(7) 

8*-Mg- 

The  superscript  r  denotes  fiber,  matrix,  or  composite.  The  transformation  matrices  N  and 
M  are,  see  Tsai  and  Hahn  (1980], 


N 


w*  n*  wn 
n*  w*  — wn 
-2wn  2wn  w1-®1 


(8) 


M 


w1  n1  2wn 
n*  w*  — 2wn 
-wn  wn  w1-®* 


(») 


where  w  =  cold  and  n  »  sind,  i  is  defined  in  Figure  1.  From  equations  (2)  and  (7)  we  then 
have,  see  Krempl  and  Lee  (1988], 

i'  »  N-U-'M  V  +  N'1(K,)'1Mx,’  +  N-'(ft,)‘W 


+  N*,(4■)*,ll«■,  +  N-*at  (10) 

In-Plane  Deformation  of  a  Laminate 

For  description  of  laminates,  the  laminate  code  of  Tsai  and  Hahn  [1980]  is  adopted. 
The  average  stress  of  the  laminate  is  defined  as 

wpsj^wthi  (11) 

where  h  is  the  laminate  thickness,  hi  the  ply  thickness  of  the  i — ih  ply,  and  p  and  n  denote 
laminate  and  the  number  of  plies,  respectively.  The  strain  is  constant  through  the 
laminate  thickness  and  is  given  by 

. .»)  (12) 

The  average  stress  rate  «rp’  is  obtained  from  (10)  and  (11) 

wp-  « Ji(M-*CN]i |l  V -^[(M-KXK'J-'Mx"’)  +  (it^rO-W* 

+  M**C(ft")’'M«-)  +  M'KJSt]  i  |l.  (13) 
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Inspection  reveals  that  the  first  term  on  the  right  hand  side  of  (13)  is  the  rate  form  of  the 
elasticity  equations  found  in  Tsai  and  Hahn  J19B0]  except  that  the  elasticity  matrix  is 
replaced  by  the  matrix  obtained  from  the  VFD  model.  This  matrix  has  the  same 
symmetries  as  the  orthotropic  matrix  of  elastic  moduli.  It  is  seen  from  the  Appendix  that 

the  matrices  (K*)'1,  (ftf)"'  *“d  (&*)"'  *re  not  symmetric.  For  specially  stacked  laminates, 
such  as  symmetric,  antisymmetric,  angle  ply,  the  matrix  products  appearing  in  (13)  have 
certain  symmetries  which  for  the  first  term  are  known  from  Tsai  and  Hahn  [1980]. 

It  is  clear  from  (13)  that  the  individual  ply  stresses  cannot  be  prescribed,  only  the 
average  stresses  or  the  strains  and  the  uniform  temperature  can  be  enforced.  The  following 
cases  can  be  distinguished  (the  isothermal  case  is  recovered  when  the  temperature  rate  is 
zero). 


Average  Stress  and  Temperature  Control.  For  average  stress-temperature  control, 
the  average  stress  rates  in  all  directions,  the  temperature  rate,  and  the  geometry  of  each 
layer  must  be  specified.  In  addition,  the  initial  overall  stresses  and  strains  and  those  of  the 
fiber  and  the  matrix  and  the  initial  temperature  are  needed.  The  ply  or  laminate  strains  as 
well  as  the  ply  stresses  can  then  be  obtained  by  integrating  Eqs  (2-13)  simultaneously. 

Strain  and  Temperature  Control.  For  strain  and  temperature  control  the  strain 
rates,  the  temperature  rate,  the  geometry  of  each  layer  as  well  as  appropriate  initial 
conditions  are  needed.  The  average  stress  and  the  ply  stresses  are  obtained  simply  by 
solving  Eqs  (2-13)  simultaneously. 

NUMERICAL  SIMULATION 


General  Remarks 
Eqs.  |2-13) 


behavior. 


constitute  the  differential  equations  which  describe  the  laminate 
)ue  to  the  nonlinearity  a  closed  form  integration  is  impossible  for  realistic 
material  data.  To  show  the  capability  of  the  theory  numerical  experiments  must  be 
performed  using  the  same  boundary  and  initial  conditions  as  in  real  experiments.  Once 
integrated  all  the  variables  appearing  in  the  governing  differential  equations  are  known  as  a 
function  of  time.  The  variables  of  interest  can  be  plotted  and  represent  the  response  of  the 
theory  to  the  particular  boundary  conditions.  For  different  boundary  conditions  a  different 
response  will  be  obtained  since  TVBO  exhibits  path  dependence. 


Also  material  properties  must  be  known  for  the  fiber  and  the  matrix  as  a  function  of 
temperature.  These  material  properties  include  the  usual  elastic  properties  and  the 
coefficient  of  thermal  expansion  and  the  inelastic  properties  of  the  TVBO  model.  For  the 
purposes  of  this  paper  a  Boron/  Aluminum  system  is  simulated.  The  matrix  viscoplastic 
properties  are  known  at  room  temperature  from  experiments  reported  by  Yao  and  Krempl 
[  1985]  for  a  6061-T6  A1  allov.  An  A1  alloy  of  the  same  designation  may  have  slightly 
different  properties  when  used  in  a  composite,  but  the  general  trend  is  reproduced.  Since 
no  experimental  results  were  found  at  other  temperatures  a  plausible  temperature 
dependence  was  postulated.  The  elastic  properties  and  the  coefficient  of  thermal  expansion 
for  the  B  fiber  are  listed  in  Table  1.  They  are  assumed  to  be  independent  of  temperature 
for  simplicity.  The  matrix  properties  which  are  dose  to  6081-T8  A1  alloy  are  listed  in 

Table  2.  They  yield  the  matrix  stress-strain  diagrams  at  a  strain  rate  of  10"*  s'1  depicted 
in  Fig.  2.  A  decrease  in  modulus,  flow  stress  and  the  asvmptotic  tangent  modulus  with 
increasing  temperature  is  modeled.  The  following  numerical  experiments  represent  tests 
with  a  material  which  has  the  stress-strain  diagrams  depicted  in  Fig.  2. 


Two  an^le-ply  laminates  with  plies  of  equal  thickness,  (*0°),  and  (*12°),,  are  chosen 
for  the  numerical  simulations. 

The  numerical  integration  wu  done  on  a  Sun  3/60  work  station  using  the  IMSL 
routine  DGEAR.  The  output  data  file  wu  then  plotted  using  Templegraph.  To  integrate 
the  set  of  coupled  differential  equations  for  a  laminate  approximate  30s  running  time  is 
needed. 
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The  composite  cool*  down  (tom  the  manufacturing  temperature  At  a  constant  rate  of 
0.033  °C/i  without  the  ApplicAtion  of  external  force*.  It  ii  usumed  that  the  composite  is 

stress  free  at  600  °C  and  that  perfect  bonding  between  fiber  and  matrix  and  between  plies 
start  at  that  temperature.  Fig.  3  shows  the  development  of  the  matrix  stresses  in  the 

1—djrection  for  +12®  ply  of  a  B/Al  (*12°),  laminate  with  cf  =  0.1.  Since  the  coefficient  of 
thermal  expansion  is  larger  for  the  matrix  than  for  the  fibers  a  tensile  matrix  stress  is 
developed  which  increases  with  decreasing  temperature.  Also  shown  are  the  evolution  of 
matrix  equilibrium  and  matrix  kinematic  stress,  the  two  state  variables  of  the  TVBO.  At 
point  1  room  temperature  is  reached.  Due  to  the  viscoplastic  nature  of  the  matrix  the 

stresses  relax  to  point  2  with  time.  The  inset  shows  the  overstress  a 1  —  gl,  which  "drives" 
the  inelastic  deformation,  rapidly  decreasing  with  time  at  room  temperature.  After  30  days 
the  residual  stress  state  is  nearly  constant.  The  current  value  of  the  stress,  equilibrium  and 
kinematic  stresses  enter  as  initial  conditions  for  simulation  of  subsequent  tests.  They  can 
affect  the  modeled  subsequent  behavior  and  therefore  time  appears  to  influence  it.  During 
the  first  30  days  the  model  predicts  that  the  subsequent  response  depends  on  time  but 
becomes  independent  of  the  rest  time  thereafter.  On  the  scale  of  this  graph  the  kinematic 

variable  fl  does  not  appear  to  change  with  time.  Uowever,  the  digital  output  confirms  the 
slight  increase  predicted  by  Eq  (S). 

In  the  simulation  of  subsequent  behavior  the  residual  stresses  at  point  1  and  at  point 
2  form  the  initial  conditions  for  Case  1  and  Case  2,  respectively. 

Influence, at  Residual  Stresses  on  Boom  Temoerature  Mechanical  Behavior 

In  this  case  (*0°),  and  (*12°),  B/Al  angle-ply  composite  laminates  with  c'sO.l  are 
considered  and  uniaxial  numerical  tensile  and  compressive  tests  in  the  1-direction  are 

performed  at  a  strain  rate  of  10*4  s'1.  When  a  strain  magnitude  of  0.5%  is  reached  the 
overall  stress  is  kept  constant  to  allow  creep  deformation  to  evolve  during  a  short  period  of 
300s. 


Fig.  4  shows  tensile  and  compressive  overall  stress-strain  behavior  of  tests  of  a  (*0°), 
laminate  in  1-direction  (which  is  the  fiber  direction  in  this  case)  for  no  residual  stresses 
and  with  residual  stress  states  corresponding  to  Case  1  and  Case  2. 

A  significant  influence  of  residual  stresses  on  the  laminate  stress-strain  diagram  is 
demonstrated.  It  can  be  seen  that  the  stress-strain  diagram  with  no  residual  stresses  is 
point  symmetric  to  the  origin  and  that  the  residual  stresses  promote  tension-compression 
asymmetry.  Due  to  the  high  initial  values  of  the  matrix  stresses  for  Case  1  more 
asymmetry  is  found  for  Case  1  than  for  Case  2.  On  the  graph  the  initial  slopes  are  equal 
but  the  transition  to  inelasticity  and  the  initial  inelastic  slope  are  dependent  on  the 
residual  stresses.  The  level  of  the  tensile  overall  stress  is  considerably  lower  for  Case  2 
than  for  the  case  without  residual  stresses.  However  the  opposite  is  true  in  the  compressive 
direction.  Since  it  is  unlikely  that  a  tensile  test  will  be  performed  right  after  reaching  room 
temperature  and  since  the  overstress  decrease*  rapidly  with  time,  see  inset  in  Fig.  3,  an 
experiment  would  likely  yield  the  results  of  Case  2.  During  the  300s  stress  hold  a  small 
amount  of  creep  strain  develops  which  on  the  scale  of  the  graph  is  equal  in  tension  and 
compression  and  for  all  three  cases.  This  creep  strain  is  "cold  creep"  which  is  observed  at 
room  temperature,  see  Yao  and  Krempl  (1985]  and  Ericksen  [1973],  and  is  modeled  by 


The  same  tests  are  then  performed  on  (*12°)f  laminates.  The  laminate  stress,  the 
matrix  stress  and  matrix  equilibrium  stress  of  a  ply  are  plotted  vs.  overall  strain  in  the 
1-direction  in  Figs.  5,  6,  and  7.  The  laminate  stress  levels  are  somewhat  lower  than  the 

corresponding  tests  for  the  (*0°)».  Again  residual  stresses  promote  tension/compression 
asymmetry.  In  Fig.  5  all  stresses  start  from  sero  and  initially  the  matrix  overstress  *  "  - 

g“  is  sero  on  the  graph.  Consequently  the  laminate  stress-strain  diagram  is  linear  with 
the  corresponding  elastic  slope.  As  overstress  develops  the  stress-strain  diagram  bends 
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over  and  proceeds  with  a  reduced  slope.  Simultaneously  it  is  observed  that  the  overstress 
is  nearly  constant.  (A  characteristic  of  TVBO  is  the  attainment  of  an  asymptotic  solution 
for  constant  strain  (stress)  rate  tests,  see  Yao  and  Krempl  [1985]  and  papers  dted  therein.) 
When  the  stress  is  held  constant  creep  develops  ana  the  overstress  decreases.  This 
indicates  that  creep  is  primary,  i.e.  the  strain  rate  decreases.  The  creep  strain  of  the  three 

cases  for  (*0°),  is  smaller  than  for  (*120),.  For  Cases  1  and  2  of  both  laminates  more  creep 
strain  is  accumulated  in  tension  than  in  compression  owing  to  a  slightly  larger  tensile  than 
compressive  matrix  overstress.  The  difference  of  creep  strain  accumulation  between  cases 
with  and  without  residual  stresses  negligible  on  the  scale  of  the  graph.  Also  the  final  value 
of  the  overstress  appears  to  be  independent  of  the  initial  conditions.  In  Figs.  6  and  7  the 
initial  values  of  the  matrix  stresses  are  clearly  noticeable.  Finally  the  characteristic 
overstress  value  is  reached  as  straining  continues. 

DISCUSSION 

The  thermoviscoplasticity  theory  based  on  overstress  was  used  in  conjunction  with 
the  vanishing  fiber  diameter  model  in  a  simple  analysis  of  the  mechanical  behavior  of 
angle-ply  composite  laminates  with  and  without  residual  stresses.  Realistic  but  assumed 
material  properties  permitted  the  execution  of  numerical  experiments.  They  show  how  the 
residual  stresses  develop  during  cool-down  and  subsequently  influence  the  mechanical 
behavior.  The  validity  of  the  analysis  rests  on  the  material  properties  used  which  were 
partially  determined  from  experiments  and  partly  established  with  plausible  assumptions. 
While  the  magnitude  of  the  stresses  and  strains  may  vary  with  material  data  the  general 
trend  of  the  results  will  not.  When  the  stress  level  after  cool  down  exceeds  the  elastic 
range  TVBO  will  always  predict  a  time-dependent  redistribution  of  the  residual  stresses. 
The  magnitude  of  the  stress  change  will  depend  again  on  the  material  properties.  The 
diminishing  rate  of  redistribution  which  ultimately  comes  to  rest  is  again  a  general 
property  of  TVBO.  The  same  is  true  for  the  creep  behavior,  the  present  version  of  TVBO 

will  always  predict  primary  creep  as  long  as  the  fiber  is  elastic  and  the  constant  pa  >  0. 
To  represent  high  temperature  creep  where  secondary  creep  can  be  observed  at  stress  levels 
within  the  quasi  linear  region  of  the  stress-strain  diagram  the  growth  laws  for  the  state 
variables  must  be  augmented  by  a  static  recovery  term. 

The  tensile  stress-strain  diagrams  reported  in  Fig.  4  correspond  qualitatively  with 
those  reported  by  Cheskis  and  Heckel  [1970].  In  both  cases  a  break  in  the  slope  of  the 
overall  stress-strain  diagram  is  observed  when  the  matrix  starts  to  deform  inelastically  in 
an  appreciable  manner.  The  presence  of  residual  stresses  shift  the  location  of  this  break 
point,  see  Fig.  4.  Also  residual  stresses  cause  tension-compression  asymmetry  and  larger 
tensile  creep  strain. 

The  initial  residual  matrix  tensile  stresses  of  a  ply  in  1-direction  introduce  the  bias 
to  model  the  tension/compression  asymmetry.  This  can  be  seen  in  Figs.  5-7  for  the 
laminates.  The  presence  of  tensile  residual  matrix  stresses  is  responsible  for  the  early  yield 
in  the  tensile  direction  and  the  delay  for  the  compression  tests,  see  Figs.  6  and  7.  In 
isothermal  TVBO  the  growth  laws  for  the  stress  and  the  equilibrium  stress  are  formulated 
in  such  a  way  that  the  asymptotic  equilibrium  stress  is  independent  of  the  initial 
conditions.  This  property  seems  to  carry  over  to  the  present  composite  theory. 

Another  feature  of  the  present  theory  is  its  ability  to  model  rate  dependence.  The 
redistribution  of  the  residual  stresses  while  the  composite  element  was  sitting  stress  free  at 
room  temperature  after  cool-down  from  manufacturing  temperature  is  caused  by  the 
rate-dependent  constitutive  equation.  The  theory  predicts  that  this  redistribution  will 
nearly  come  to  an  end  after  some  time  which  depends  on  material  constants,  especially  the 
viscosity  function  used.  In  the  present  application  the  redistribution  is  almost  finished 
after  30  days.  While  the  stresses  redistribute  the  time  at  room  temperature  appears  to 
have  an  influence  on  the  subsequent  behavior.  Experimental  results  confirming  this 
behavior  are  not  available.  Since  the  changes  in  residual  stresses  are  most  rapid  initially, 
see  inset  of  Fig.  3,  the  changes  are  hard  to  detect  experimentally.  From  a  knowledge  of  the 
properties  of  TVBO  it  can  oe  said  that  an  increase  in  the  cooling  rate  would  increase  the 
residual  stresses  at  room  temperature  and  their  redistribution  rate.  However,  the  influence 
of  rate  is  likely  going  to  be  small.  Specifically,  the  stress  cannot  be  lowered  significantly  by 
decreasing  the  cooling  rate.  The  lowest  stress  that  can  be  reached  is  the  asymptotic 
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equilibrium  itreti.  It  if  not  known  whether  thii  correipondi  to  the  equilibrium  stress 
plotted  in  Fig.  3  exactly.  But  it  would  not  be  unreasonable  to  assume  that  it  would  be  the 
atreii  reached  in  an  infinitely  flow  cooling  rate.  It  thould  also  be  noted  that  this  is  the 
limit  in  continuous  cooling.  The  theory  permits  a  stress  drop  below  this  limit  when  the 
temperature  is  held  constant  as  can  be  seen  in  Fig.  3.  The  rate  dependence  will  increase 

with  an  increase  of  the  matrix  mode  of  deformation.  For  the  (*12°),  laminates  the  creep 
strain  in  300s  is  slightly  higher  than  that  for  the  corresponding  tests  in  the  fiber  direction, 
compare  Fig.  4  with  Figs.  5  —7.  An  increase  in  the  angle  would  accentuate  the  creep 
behavior  which  will  always  be  primary  for  the  material  properties  postulated  in  Table  2. 

The  present  paper  intends  to  show  the  capabilities  in  principle.  For  the  exact 
modeling  of  a  metal  matrix  composite  various  refinements  are  possible.  Included  are  the 
consideration  of  of  modeling  of  cyclic  hardening/softening  of  the  matrix  or  the  inclusion  of 
"high  temperature"  creep  by  including  a  static  recovery  term  in  the  growth  law  for  the 
state  variables,  see  Krempl  and  Majors  [1090].  Also  for  a  specific  composite  the 
determination  of  the  matrix  and  fiber  properties  as  a  function  of  temperature  is  a 
formidable  task.  The  simple  VFD  model  could  be  replaced  by  an  advanced  one.  However, 
the  present  simple  approach  has  given  some  insight  into  the  influence  of  residual  stresses 
and  of  rate-dependence  on  the  mechanical  behavior  of  a  metal  matrix  composite. 
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APPENDIX 

For  the  transversely  isotropic  (fiber)  end  the  isotropic  (matrix)  elastic  properties  the 
usual  designations  are  employed.  For  convenience  the  following  quantities  are  defined  and 
used 

E„  -  cfE{,  +  c"E" 

L  =  -  ^*ElT 

Ziy  *  C 'vly  +  c“u". 


The  components  of  the  overall  elastic  compliance  matrix  C*1  are 


<C-)«  -  -i- 


m-i\  m  cf  |  c*  cfc*La 
77  El„  EB  Ej,E"E, 

(C-')r,  =  "  (CV 

ED 

(c*%-4+— 

gL  Gb 


with  all  other  (C-')y  =  0. 


The  viscosity  matrix  (K*)*1  is  given  by  the  components  (the  argument  of  the 
viscosity  function  ka  is  omitted) 
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(K 
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All  other  (KB)i|  »  0. 

The  components  of  the  "extra  terms"  (ftf)**  and  (ft")*1  are 
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ABSTRACT 

The  vanishing  fiber  diameter  model  together  with  the  thermoviscoplastidty  theory 
based  on  overstress  are  used  to  analyze  the  thermomechanical  ratchetting  behavior  of  a 
SiC/Ti  unidirectional  metal  matrix  composite.  For  the  present  analysis  the  fibers  are 
assumed  to  be  isotropic  thermoelastic  and  the  matrix  constitutive  equation  is  the  isotropic 
thermoviscoplastidty  theory  based  on  overstress  wr  mperature-  iependent  recovery  of 
state.  Yield  surfaces  and  loading/unloading  condit:  ire  not  use  .  in  the  viscoplasticity 

theory  for  the  matrix  in  which  the  inelastic  strain  rat  solely  a  function  of  the  overstress, 
the  difference  between  stress  and  equilibrium  stress  state  variable  of  the  theory.  All 
material  functions  and  constants  can  depend  on  current  temperature.  Assumed  but 
realistic  material  elastic  and  viscoplastic  properties  as  a  function  of  temperature  which  are 
dose  to  SiC  and  Ti,  respectively,  permit  the  computation  of  the  stresses  of  the  constituents 
and  mechanical,  thermal,  creep,  and  ratchetting  strains. 

Numerical  experiments  of  in— phase  and  out-of-phase  thermomechanical  loadings  are 
performed  in  fiber  and  transverse  directions.  In  the  fiber  direction  very  little  difference  is 
found  in  the  ratchetting  behavior  for  in— phase  and  out-of-phase  loadings,  while  in  the 
transverse  direction  in— phase  loading  accumulates  more  mechanical  ratchetting  strain  than 
out-of— phase  loading.  In  the  fiber  direction  very  little  deviation  from  linear  behavior  and 
very  small  ratchetting  strain  are  observed.  Rate  dependence  of  the  matrix  is  the  driving 
force  of  the  significant  transverse  ratchetting  strain. 


INTRODUCTION 

Inelastic  strain  accumulation  under  cyclic  stress  controlled  loading  (ratchetting 
behavior)  is  a  special  design  concern.  Chaboche  [1]  introduced  cyclic  time-independent 
plasticity  theory  to  interpret  the  ratchetting  behavior  of  316  stainless  steel.  He  concluded 
that  an  increase  of  stress  range  for  a  given  mean  stress  will  increase  ratchetting  strain. 
Ruggles  and  Krempl,  [2,3]  studied  the  zero-to-tension  ratchetting  behavior  of  304  stainless 
steel  and  found  that,  in  this  case,  rate  dependence  is  the  major  driving  force  of  the  inelastic 
strain  accumulation. 

The  purpose  of  this  paper  is  to  investigate  the  ratchetting  behavior  of  SiC/Ti  fibrous 
metal  matrix  composite  in  both  fiber  and  transverse  directions  under  thermomechanical 
loading  by  numerical  experiments.  The  fiber  is  assumed  to  be  thermoelastic  and  isotropic, 
and  the  matrix  is  assumed  thermoviscoplastic  and  isotropic  including  static  recovery  of 
state.  The  vanishing  fiber  diameter  model  [4]  is  combined  with  the  thermoviscoplastidty 
theory  based  on  overstress  (TVBO)  [5]  for  a  composite  model. 

Numerical  experiments  of  uniaxial  zero— to— tension  mechanical  loading  (stress- 
control)  with  simultaneous  temperature  changes  are  performed.  In  this  case  the 
temperature  and  the  load  can  be  made  to  increase  simultaneously  (in-phase  loading)  or 
mechanical  loading  and  temperature  can  move  in  different  directions  (out-of— phase 
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loading),  see  Fig.  1.  Of  specific  interest  is  the  difference  in  ratchetting  behavior  in 
in— phase  and  out-of— phase  loadings.  Both  the  fiber  direction  behavior  and  the  transverse 
direction  behavior  for  a  SiC/Ti  composite  are  investigated. 


THE  COMPOSITE  MODEL 

For  the  representation  of  the  equations,  the  usual  vector  notation  for  the  stress  tensor 
components  a  and  the  small  strain  tensor  components  e  are  used.  Boldface  capital  letters 
denote  6x6  matrices. 

Stresses  and  strains  without  a  superscript  designate  quantities  imposed  on  the 
composite  as  a  whole.  Superscripts  f  and  “  denote  fiber  and  matrix,  respectively.  The  fiber 
volume  fraction  is  cf  and  c°  denotes  the  matrix  volume  fraction  with  cf  +  c®  »  1. 

A  unidirectional  fibrous  composite  element  is  assumed  with  fiber  orientation  in  the 
3-direction.  When  the  VFD  (4]  model  is  combined  with  the  TVBO  model  |5|  the 
composite  is  characterized  by  the  following  set  of  equations:  (details  can  be  found  in  [6j) 


£  =  U'a  +  (K*)'1!*  +  (Rf)  V  +  (it*)-1**  +  aT  (1) 


together  with  a  separate  growth  law  for  the  of  component  of  the  matrix 


*-£*-*!  n*,+*»>-s£le 

E„  E„  E.» 


-±-(W  -  ^E-)l  (ffi  +  d)  +  -%-of  -  } 

(E-)J  J  (E$3)2  (E")2  > 

_^EiaE !(a*-o|)T. 

Ejj 


(2) 


In  addition  growth  laws  for  the  two  state  variables  of  TVBO,  the  matrix  equilibrium  stress 
g“  and  the  kinematic  stress  are  given  as 


g*  =  q“[r“]o“  + 1  %{,r-V  +  (q*[r*)  -  f(q*[r*]  - 


k-[r»] 


(4) 
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with 


(rB)2  =  (x*)1  H  (x") 

(0”)2  =  — ^— {*■)*  H  (*“) 

(A^ 

(n-)2  =  (g-)‘  H  (g“) 

x"  =  <7"-g“ 

*"  =  §■-?  (5) 

The  recovery  function  R®  for  the  matrix  is  postulated  to  be 

R*[n*]  =  {sign(D)[l  -  (1  -  |U|)‘^] 

+  sig»(V)[l-(l  +  |V|H)  (6) 

where 

U  =  -R4  +  R5(~— -ft-l), 

Rj  —  Ri 

V  =  R4  +  R5(— "  +  R>), 

Rj  —  R| 

and  Rj,  R2,  R3  are  functions  of  temperature.  The  recovery  function  depends  on 
temperature  and  equilibrium  stress,  and  is  assumed  to  activate  at  400*  C  when  equilibrium 
stress  reaches  300  MPa  (threshold),  and  to  become  saturated  if  equilibrium  stress  is  larger 
than  360  MPa.  The  threshold  value  decreases  and  the  saturated  value  increases  as  the 
increase  of  the  temperature.  Recovery  is  negligible  when  the  current  temperature  is  lower 
than  400*  C.  A  discussion  of  the  recovery  of  state  formulation  within  TVBO  is  given  in  [7]. 


In  the  above  C*1  is  the  overall  compliance  matrix  and  (K*)_1  denotes  the  viscosity 

matrix.  The  matrices  (Rf)'1  and  (R®)*1  contain  time  derivatives  of  the  elastic  constants  of 

the  fiber  and  the  matrix,  respectively.  All  components  of  the  matrices  C1,  (K®)*1,  (Rf)*1, 

(Rm)-i,  and  H,  and  the  definition  of  the  quantities  E33,  L,  a  are  given  in  [6].  The  viscosity 
function  k®[r®]  and  the  dimensionless  shape  function  q®[r®]  are  decreasing  (q®[0|  <  1  is 
required)  and  control  the  rate  dependence  and  the  shape  of  the  stress-strain  diagram, 
respectively.  (Square  brackets  following  a  symbol  denote  "function  of.)  The  quantity  p® 

represents  the  ratio  of  the  tangent  modulus  E?  at  the  maximum  inelastic  strain  of  interest 
to  the  viscosity  factor  K®.  It  sets  the  slope  of  stress-inelastic  strain  diagram  at  the 
maximum  strain  of  interest.  A  detailed  explanation  of  the  TVBO  and  the  composite  model 
are  given  in  [5]  and  [6],  respectively. 


NUMERICAL  SIMULATION 

Eqs.  (1)  -  (5)  constitute  the  three  dimensional  model  which  must  be  reduced  to  the 
one  dimensional  case.  The  boundary  conditions  must  be  specified  in  addition  to  the 
uniform  temperature  history.  Also  the  material  properties  of  the  composite  constituents 
must  be  known  as  a  function  of  temperature.  Only  the  elastic  properties  of  the  SiC  fibers 
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are  known  reasonably  well,  see  Table  1.  The  thermoviscoplastic  properties  of  the 
Ti-matrix  were  assumed  by  using  data  from  Krempl  et  al.  [8]  of  Ti-alloy  at  room 
temperature  and  by  postulating  that  the  stress  level  at  a  given  strain  and  strain  rate 
decreases  with  increasing  temperature.  The  temperature  dependence  of  the  constants  is 
given  in  Table  2.  When  TVBO  is  integrated  for  the  tensile  test  with  a  constant  strain  rate 
of  10 s*1  the  isothermal  stress-strain  diagrams  depicted  in  Fig.  2  result.  They  represent 
the  postulated  matrix  properties. 

For  the  integration  of  the  coupled  set  of  differential  equations  the  IMSL  routine 
DGEAR  is  used. 

Numerical  experiments  of  uniaxial  zero-to-tension  mechanical  loading  (stress- 
control)  with  simultaneous  temperature  changes  are  performed  in  both  fiber  and  transverse 
directions.  In  Fig.  3  in-phase  stress  and  temperature  controlled  thermomechanical  loading 
is  applied  in  fiber  direction  to  reach  450  MPa  and  320*  C  using  the  indicated  rates.  The 
rates  are  then  changed  to  impose  five  cycles  of  in-phase  loading  in  the  fiber  direction.  In 
Fig.  3  both  the  total  and  the  mechanical  strain  are  used  to  plot  the  stress— strain  diagrams. 
Only  little  ratchetting  strain  is  accumulated,  and  some  matrix  stress  relaxation  is 
observed.  Matrix  stress  range  and  matrix  mean  stress  of  the  first  cycle  are  378  MPa  and 
84  MPa,  respectively.  In  Fig.  4  the  same  initial  loading  is  performed  followed  by  five 
cycles  out-of— phase  loading.  The  matrix  stress  range  (504  MPa)  and  the  matrix  mean 
stress  (100  MPa)  is  increased  compared  to  Fig.  3.  Although  the  ratchetting  strain  is  higher 
than  in  Fig.  3  it  is  still  small  and  does  not  appear  to  be  progressive.  The  same  numerical 
processes  are  now  applied  in  transverse  direction  and  the  results  are  shown  in  Fig.  5,  6  for 
in-phase  and  out-of-phase  cases,  respectively.  The  matrix  stress  ranges  and  the  matrix 
mean  stresses  are  the  same  for  both  cases.  Significant  ratchetting  strain  is  accumulated 
during  the  five  cycles  of  in-phase  loading  in  Fig.  5,  while  only  little  ratchetting  strain  for 
the  out-of-phase  case  is  shown  in  Fig.  6. 


DISCUSSION 

Ratchetting,  the  accumulation  of  strain  under  cyclic  loading  involving  stress  boundary 
conditions,  is  driven  by  inelasticity,  it  is  not  a  phenomenon  of  linear  elasticity.  Isothermal, 
time( rate)-independent  analyses,  see  Chaboche  [1],  and  rate  dependent,  viscoplastic 
analyses,  see  Krempl  and  Ruggles  [31,  have  been  performed.  Depending  on  loading 
conditions  plasticity  or  viscoplasticity  effects  may  dominate. 

In  the  present  case  variable  temperature  and  composites  are  considered.  For  in-phase 
and  out-of— phase  loading  in  the  fiber  direction,  the  cyclic  stress  range  used  is  such  that 
very  little  inelasticity  develops.  This  is  mostly  due  to  the  stiffening  effects  of  the  fibers. 
As  a  consequence  insignificant  ratchetting  strain  is  seen  to  develop  in  Figs.  3  and  4. 
Although  one  would  expect  more  ratchet  strain  accumulation  for  the  in-phase  case  than  for 
the  out-of— phase  case  on  account  of  the  simultaneous  increase  of  stress  and  temperature 
and  a  simultaneous  decrease  in  strength,  this  expectation  is  not  borne  out  by  the 
calculations. 

However,  the  results  for  the  transverse  direction  confirm  this  expectation,  see  Figs.  5 
and  6,  where  in-phase  loading  shows  considerably  larger  ratchetting  strains  than  the 
out-of-phase  case.  In  the  absence  of  any  reinforcement  effects  of  the  fibers,  the  behavior  is 
completely  determined  by  the  matrix  properties  and  ratchetting  turns  out  to  be  significant 
in  Fig.5.  The  decrease  in  temperature  while  the  stress  increases  results  in  a  considerable 
reduction  of  the  ratchet  strain  in  Fig.  6.  From  this  analysis  it  appears  that  the  transverse 
direction  iB  more  susceptible  to  ratchetting  than  the  fiber  direction.  At  the  same  time  it 
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has  to  be  realized  that  the  VFD  model  provides  no  restraint  in  the  transverse  direction  so 
that  the  computations  give  certainly  a  worst  case  scenario. 

In  Figs.  3  through  6  we  have  plotted  both  the  total  and  the  mechanical  strain  for 
illustrative  purposes.  Due  to  the  stress-controlled  loading  the  thermal  strain  simply  adds 
to  the  mechanical  strain.  As  a  consequence  the  stress-strain  diagrams  using  the  total  and 
the  mechanical  strain  are  very  similar.  The  situation  would  be  different  in  strain 
controlled  loading  which  could  be  simulated  as  well. 

It  has  to  be  realized  that  the  simulation  has  been  performed  with  assumed  material 
properties,  this  is  especially  so  for  the  inelastic  properties  of  the  matrix  material.  The 
predictions,  which  appear  to  be  reasonable,  are,  of  course,  only  as  good  as  these 
assumptions.  For  an  application  the  fiber  and  matrix  properties  should  be  determined  bv 
suitable  mechanical  tests  at  various  temperatures  (isothermal  tests  suffice  for  TVBOj 
before  the  model  is  used  to  numerically  predict  the  behavior  of  the  composite.  These 
predictions  should  then  be  compared  with  actual  tests  performed  under  the  same  boundary 
conditions  as  the  numerical  experiments.  If  both  results  agree  reasonably  the  theory  is 
validated  for  design  use.  Unfortunately  no  such  experiments  appear  to  be  available. 

Although  recovery  of  state  was  included  in  the  formulation,  the  numerical  experiments 
involve  only  short  times  in  which  recovery  of  state  does  not  significantly  contribute  to  the 
deformation  behavior.  A  discussion  of  recovery  of  state  formulations  and  their  effects  on 
model  predictions  can  be  found  in  Majors  and  Krempl  [7].  The  present  formulation 
includes  the  recovery  term  only  in  the  growth  law  for  the  matrix  equilibrium  stress,  see  Eq. 
(3).  It  enables  the  modeling  of  secondary  creep  in  the  quasi-linear  region  of  the 
temperature  above  the  thresholds  given  after  Eq.  (6). 
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Table  1  Thermodastic  Properties  for  SiC  Fiber 
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1000°C  -*  1350°C 

— 4.9E— 6 

1350°C  -  1410°C 

5.6E— 6 

>  1410° 

r^JT  Estimated,  temperature  dependence  due  to  Hillig  [9] 

[**):  Estimate 

(***):  Lara-Curzio  and  Stemstein  [10] 
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Table  2  Thermoelastic  and  Thermoviscoplastic  Properties  of  the  Ti  Matrix  with 
Temperature-Dependent  Recovery  Function  (*) 

E®  =  51149  +  696.7T  -  2.205T2  +  0.0025T3  -  1.017T4  (MPa),  T  <  773°K 
=  297251  -  668.7T  +  0.693T2  -  3.41E-4T3  +  6.26E-8T4,  T  >  773°K 

Gm  =  19523  +  266T  -  0.842T2  +  9.52E-4T3  -  3.88E-7T4  (MPa),  T  <  773°K 
=  113455  -  255T  +  0.265T2  -  1.3E-4T3  +  2.39E-8T4,  T  >  773°K 

*  =  0.31,  a®  =  9.0E— 6  (m/m/°C) 

ki  =  314200  (s),  k2  =  117  (MPa) 
k3  =  20.64  -  7.3E-3T  (MPa),  T  <  773°K 

*  16.52  -  0.013T  +  3.53E— 5T2  -  3.64E-8T3  +  1.25E-11T4,  T  >  773°K 

E?  =  1333.3  -  0.6937T  (MPa) 

A®  =  -44  +  8.82T  -  0.034T2  +  4.86E-5T3  -  2.45E-8T4  (MPa),  T  <  773°K 
=  2712  -  6.3T  +  0.0057T2  -  2.31E-6T3  +  3.53E-10T4,  T  >  V73°K 

Ci  =  152941  -  954T  +  4.56T2  -  9.37E-3T3  +  6.57E-6T4  (MPa),  T  <  573°K 
=  -846653  +  4706T  -  8.87T2  +  7.11D-3T5  -  2.08E-6T4,  573  <  T  <  1073°K 
=  157042  -  263T  +  0.146T2  -  2.58E-5T3  -  5.22E-10T4,  T  >  1073°K 
c2  =  166382  -  612T  +  3.2T2  -  7.12E-3T3  +  5.19E-6T4  (MPa),  T  <  573°K 
=  160341  -  99.6T  -  0.104T2  -  6.8E-5T3  +  1.57E-ST4,  573  <  T  <  1073°K 
=  71000  +  6.1  IT  -  0.0455T2  +  7.91E-6T3  +  2.35E-9T4,  T  >  1073°K 
c3  =  -0.124  +  9.8D-4T  -  2D-6T2  +  1.57E-9T3  (MPa'1),  T  <  573°K 
=  -1.634  +  8.98E-3T  -  1.6B-5T2  +  9.67E-9T3,  573  <  T  <  1073°K 
=  -14.44  +  0.017T  -  1.41E-6T2  -  7.42E-10T3,  T  >  1073°K 

R1  =  2773  -  15.6T  +  0.044T2  -  5.47E-5T3  +  2.39E-8T4  (MPa),  T  <  773°K 

=  906  -  1.82T  +  1.22E— 3T2  -  2.69E-7T3,  T  >  773°K 

R2  =  5355  -  38.7T  +  0.116T2  -  1.55E-4T3  +  7.42E-8T4  (MPa),  T  <  773°K 

=  929  -  0.55T  -  1.21E-3T2  +  1.26E-6T3  -  3.2E-10,  T  >  773°K 
R3  =  9.4E-4  +  5.9E-6T 

Inelastic  Poisson’s  Ratio:  0.5 

P)  Estimated  and  Krempl  et  al.,  [8]  ~~ 
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Fig.  3  Axial  stress-total  strain  and  axial  stress-mechanical 

strain  curves  for  SiC/Ti  under  stress  and  temperature 
controlled  cyclic  in-phase  thermomechanical  loading; 
see  Fig.  1  for  a  definition  of  the  loading  history. 
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stress-mechanical  strain  curves  for  Si^/Ti  under 
stress  and  temperature  controlled  .  j  ^iic  in-phase 
thermomechanical  loadin^  see  Fig.  1  for  a  definition 
of  the  loading  history. 


